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Abstract

In this article, the majority dom-chromatic sets of a bipartite graphs are studied. The characterization
theorems on the majority dom-chromatic number y,,, (G) for bipartite graphs are determined. Also its

relationship with other graph theoretic parameters and the majority dom-chromatic number for
complement of a bipartite graphs are investigated.
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1. Introduction

All the graphs G = (V,E) considered here are simple, finite and undirected. The
concept of domination is early discussed by Ore and Berge in 1962. Then Haynes et.al [2]
defined the domination number y(G). The majority domination number y,,(G) was
introduced by Swaminathan and Joseline Manora [6] is the smallest cardinality of a

minimal majority dominating set S € V(G) of vertices and satisfies |N[S]| = ”@H
Janakiraman and Poobalaranjani [3] defined the dom-chromatic set as a dominating setS <
V(G) such that the induced subgraph < § > satisfies the property y(< S >) = x(G),

where y(G) is the chromatic number of G. The minimum cardinality of a dom-chromatic
set S is called dom-chromatic number and is denoted by y.,(G).

Definition : 1.1 [4] The set S € V(G) is called the Majority Dominating Chromatic set
(MDC- set) of agraph G if the set S is a majority dominating set and satisfies the property
x(< S >)=yx(G) where < S > is a induced subgraph of G. It is also called a majority
dom-chromatic set of a graph.A majority dom-chromatic number (MDC-number) y, (G)

Is defined as the smallest cardinality of the majority dom-chromatic set of a graph G.
Results on y,(G) and y,(G) : 1.2 [4] and [ 6]

(i)  Forapath P, and cycle C,, v (G) = E] p = 3.

. y p

(i) Ifagraph G = K, theny,, (G) = H
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(iii) LetG =mK,,m = 1.Thenyy, (6) = [¢| + Lp 2 2.
(iv) Let G be any graph of order p. Then y,,, (G) = p if and only if G is vertex color

critical.
(v) Foragraph G = Ky, Yy (G) = 2.
{[g] , if p=2(mod6)
(vi) Forany cycle Cy,, vy, (G) = E] +1, if p=0,4 (mod 6)
k p , if pisodd .
B .ifp=12G(mode)

(vii) If G is apath then y,, (G) = ’
[g] +1 ,if p=0345 (mod 6).

(viii) Foragraph G = D, s, yu,(G) = 2.

(ix) LetG = K;,_, be astar graph. Then y,, (G) = 2.

(x)  [3] LetG be atree of diameter 3. Then v, (G) < p — A(G).

2. Characterisation Theorems for Bipartite Graph

Theorem: 2.1 Let G be a connected bipartite graph with p vertices. Then yy, (G) = 2 if
and only if Gy =K,, m<n a path G =P;,i<8 and G3 = Byy such that
IN[u;] U N[v,]| = %and d(uy,v;) = 1, where u; € V;(G) and v, € V,(G) .

Proof :

Let yu, (G) = 2. (1) Then
x(G) =2 = x(< § >),where S is a majority dom-chromatic set of ¢ with |S| = 2.

Case: (i) Suppose diam(G) =1 then the graph G = K,,. Since K, is vertex color
critical, yu, (G) = p. By assumption (1), the only graph ¢ =K, = K, ;is complete
bipartite.

Case: (ii) Suppose diam(G) = 2 then the graph G becomes K,,,,,, m <n, P;and K, ,,_;
, astar. Since yy, (G) = 2, by the result(1.2) , we obtain the graphs which have a structures
as Gy =C,=K,, and G; = K;,,_4, G, = P;and also G; = By y includes the following
structure with diam(G) = 2.
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G5 Fig(i)
For G;,S = {uz,v,} € V(G) such that d(u,v,) = LIN[S]| = [N[uz] UN[v,]| =[]
and y(< S >) = 2 = y(G). Itimplies that S is a majority dom-chromatic set of G5. Hence
Gz = By y With these properties.
Case: (iii) Suppose diam(G) = 3. The bipartite graph G becomes P, and D, , a double
star. Since yy, (G) = 2, by the result (1.2)(vii), vy, (P,) = 2. Hence G, = P,. In D, ,

r < s, by assumption (1), S = {uy,v,} is the subset of G such that d(u,) < E] — 1, and

d(vy) = E] — 1 with d(uqy,v,) = 1, where u; € V;(G) and v, € V,(G) and |N[S]| =

IN[u,] U N[v,]| = E] Also y(<S§S>)=2=y(G). Hence S is a majority dom-
chromatic set of G. It implies that G, = Bxy = D, 5,7 < s.

Case: (iv) Suppose diam(G) = 4. Then the bipartite graphs are P, ,p = 5 and any bipartite
. p

graph Byy. By the result (1.2)(vii), vy, (P, ) = H =2,p=5678and yu,(P,) >

2,if p 29.Since yy,(G) = 2, the only bipartite graph G, = Ps to Pg. For a bipartite

graph Byy, if S = {uy, vy Ju; € V(G) suchthat [N[u;] U N[v,]| = E] and d(uq,vy) =1,

where u; € V;(G) and v, € V,(G) with diam(G) =4 , then S is a majority dom-
chromatic set of Byy. Also clearly x(< S >) =2 = x(G) and satisfies the assumption
(1). Hence the bipartite graph Gz = By with the above said properties and also the only
bipartite graphs are G, = P to Pg.

Conversely, let ¢ = K,,,,, , m < n which is complete bipartite with p = m + n. By the
result (1.2)(v) and (vii), yi, (G1) = 2and forapathy,, (P;) =2,if i=2,..,8.LetG; =
By y be a graph with bipartition V;(G) and V,(G). Let u; € V;(G) and v; € V,(G) such
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that d(uq, v,) = 1. Since [N[u,] U N[v,]] 2% and y(< S >)=2=yx(G). Hence S =
{uy,v,} is a majority dom-chromatic set of G and y,, (G3) = 2.

Proposition: 2.2 Let G be any bipartite graph By y with p vertices and without isolates.
Then ¥, (G) < [E| + 1 and ,, (6) = [E| + 1 if and only if 6 = Ky, j = 1,23 Kz ,
P, and mK,, m > 1.

Proof : Let G = By y be a bipartite graph with {u, ,u, , ...,uy, } and {vy,v, , ..., v, } and
V(@) =p=m+n.

Case : (i) Suppose G =K,,,, is a complete bipartite with m <n. Let §=
{u,,v, },whereu, e V(X)and v, € V(Y). Then |[N[S]| = [N[uy ]| + |N[v, ]|

=(n+1)+(m+1)= E] Therefore S is a majority dominating set of G. Since G is
complete bipartite, y(G) = 2 = y(< § >). It implies that S is a majority dom-chromatic
set of G. Hence y, (G) < [S| =2 = E] + 1, where p = 2,3,4. Thus the graph becomes
G =K1, K15, Ky 3 and K;,. When p = 5,for ¢ = K,;, , ,m < n, by the result (1.2)(v),
Yuy(G) =2 < E] + 1. Hence, yp, (G) < E] +1forG =K, , m <n.
Case: (i) The graph G is not complete and connected bipartite.

Then the minimally connected bipartite graph is a path P,, p = 2. By known result
(1.2)(vii), yuy( By) = E] or E] + 1. Hence in this structure, when p = 2, 3, 4,
V(@) =2 = 2|+ 1= | + 1. When p = 5,1, (6) = [] or [E] + 1 < [B] + 1.
Hence, yu, (G) < E] +1,if, p=>2.

Case: (iii) The graph G is not complete and disconnected bipartite.

Then the graph structure becomes mK, ,mP,, mC, and mPy. In such cases, by the result
(1.2)(iii), yp, (MK;) = E] + 1 and all other graphs the majority dom-chromatic number

is Ya, (G) < E] + 1. Hence yp,(G) < E] + 1. From the above cases, we obtain
Yy (6) < [B| + 1.

Conversely , let vy, (G) = E] + 1. By case (i), if G is a complete bipartite graph, we
obtain the graphs ¢ = K; ;,j = 1,2,3 and K, ,. By case (ii), if G is not complete bipartite
then the graphs are G = P,, P;, P, = K;41,K1,, P, . Also by case (iii), if G is not complete
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and disconnected bipartite, the graph G = mK,, m = 1. Hence y, (G) = E] + 1 if and
onlyif G =K, ;,j =12,3,K;,, P,and mK,, m = 1.

Proposition: 2.3 Let G be any connected bipartite graph with p vertices. Then y,, (G) =
|| ifand only if G = P, P,,C, and Ky .

Proof: Assume that y,, () = E] (1)

Since G is connected bipartite graph, y(G) = 2.

Case: (i) If diam(G) = 1,then G = K, and vy, (G) = 2 = p , which is a contradiction to
the assumption (1). Hence ¢ # K,.

Case: (i) If diam(G) = 2, then G = P, Cy, K, ,,. By the result (1.2)(vii), yy,(P3) =2 =
|| By the result (1.2)(vi), ¥1,(Cs) = [5|- Suppose G = K, 5 , by the result(1.2)(ix) ,

VM)((G) =2= [E]

2
Case: (iii) If diam(G) = 3, then G = P,and D, ;. By the result (1.2) (vii), yy,(G) =2 =
2] 1n ;.. , by the result (1.2)(viii), Y1,/ (G) = 2. The condition (1) holds when r = s =
1.
Case: (iv) If diam(G) = 4, then G = P,, C, , p = 5 and any other graphs. By the result
(12)(vil) , Yary (6) = [E] + 1 = 2 < [E], which is a contradiction to the condition (1).

Thus from the above four cases, G must be P;,P,,C, and K; 3 .

The converse is obvious.

Proposition: 2.4 Suppose G is a disconnected bipartite graph. If the graph structures are
Gy =Ki3UmK,, misevenandm =2 ,G, =mB, , m=4,p=3and G3 =

mK1,3 ,ym = 3 then )/MX(G) == % .

Corollary: 2.5 Let G be a disconnected bipartite graph. . If the graph structure is K; 3 U
mK, , m is odd then vy, (G) = §+ 1.

Proposition: 2.6 Let G be a disconnected bipartite graph without isolates. Then
VYuy (G) =§ifand onlyif G=mK,,1<m<3.

Proof : Letyy,(G) =2 (1)

>
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Since G be a disconnected bipartite graph, let G4, G-, ..., G, are the components of G and
V(G) =V(Gy) ..UV (Gy).

Case (i) : All components are of diameter 1. Then the graph G = mK,. By the assumption
(1), when G = mK, if m = 2 and 3 then G = 2K, and 3K,. It implies that y,, (G¢) = 2

and 3 = g. Suppose m > 4 , then by the result (1.2)(iii), ya, (G) = E] +1< g. It is a
contradiction to the assumption (1).
Case (ii) : Suppose G contains the components which are of diameterl and 2.

Then G = K, UmK,, where G = Ky, G, = mK, and V(G) =
{u,uqg, ..., Us, Uy, oo, Vo Withp = 1 + t + 2m.
subcase : (i) If |t] = E] —land 2m =p — (E] —1 ) then the majority dom-chromatic
set S = {u, u,} where u,u; € V(G,) such that |[N[S]| = E] and y(G,) =2 = y(< S >).
It implies that S is a majority dom-chromatic set of G and y,,, (G) = 2 < g, if [t| > E] —
1, which is a contradiction to (1). Therefore G # K; . UmK, .

subcase : (ii) If |t] < E] — 2 then the MDC-set S = {u,u,, vq, vy, ..., Ui}, Where |k| =
E] — (1 +t) such that IN[S]|=1+t+ 2k > E] Also y(G) =2 = y(< S >). Hence
Yy (G) = 1S = Q2 +k) < g, it is a contradiction to (1). Hence the graph G # K, U
mkK, .

Case (iii) : If the components G; of G with diam(G;) = 2,i = 1,2, ..., k then yy, (G) <
g . From the above cases, we get the graph structures become G = mK, , 1 <m < 3.

Conversely, let G = mK,, m < 3. Then by the result (13)(iii) , 1, (6) = 2| + 1 =2

>
Proposition: 2.7 Let G be a disconnected graph which is not bipartite with isolates. Then
Yz (6) < 2| and v, (6) = [E] if and only if G = pK,.

Proposition : 2.8 For a disconnected graph with p vertices, y, (G) = E] if and only if
G, =mK,,m=23and G, = K; U (p — t)K,, where K, is a complete graph of ¢
vertices with [t| < E]
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Proof: Let G be a disconnected graph p vertices. Suppose vy, (G) = E] then S is a

majority dom-chromatic set with E] vertices. Also the chromatic number of the induced
subgraph < S > and the graph G are equal.

Case (i) : The graph G without isolates. Then G = mK,,m = 2. By the result (1.2)(iii),
VYuy (G) = E] + 1. It implies that when G = 2K,,3K,, ¥y, (G) = E] If G = mK; or
G =mP; then yy,(G) < E] If each components of G such as mK,, m=>=4 ,

mK,,mP;,t =3 theny,, (G) < E] Hence the graph G; = mK,,m = 2,3.

Case (ii): The graph G has isolates. Let y, (G) = E] Then the majority dom-chromatic

set S contains E] vertices. It implies that, by the result (1.2) (iii) , the graph G = K, =
K; U (p — 1K;.

Subcase: (i) If diam(G) = 1 then the components of the given disconnected graph
becomes a complete graph with isolates. i.e) G = K; U (p — t)K; ,t = 2. Since

Yuy (G) = E] and [t| < E] , the graph structure is ¢ = K; U (p — t)K;, where K, is the
complete graph of t vertices.

Subcase : (ii) If diam(G) = 2 then the components of the disconnected graph become
Gl = P3 U (p - 3)K1 or GZ == Kl,t U (p - (t + 1))K1 or G3 = C4_ U (p - 4‘)K1. Then
Yay (G1) < E] and yu, (G,) < E] In particular, G, = K;; U(p—2)K; =K, U (p —
2)Ky and yy,(G,) = E] Since v, (G) = E] and [t| < E] the majority dom-chromatic

set S must contain E] vertices. Since G is disconnected graph with isolates, anyone

component’g’ of G must be vertex color critical with [V (8)| # t < E] and other remaining
vertices are isolates. Hence the graph G takes the structure G = K; U (p — t)K; where K;
is a complete graph which is vertex color critical and (p — t) isolates.

Subcase: (iii) Let diam(G) = 3. Then the disconnected graph becomes G, = PB. U
(p — 1)Ky or G, = Dy v, U (p — (t1 + t3))K; , Where P, is a path on r vertices and D, .,
Is a double star with (t; + t,) vertices. The majority dom-chromatic number of these

graphs G, and G, iy, (G) < [g] Since yu, (G) = E] G must have a vertex color critical

component ‘g’ and isolates. Hence |V(S)| =t < E] and (p — t) isolates. Hence the only
graph structure G = K; U (p — t)K;, where K, is the complete graph of ¢ vertices and |t| <

3
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Conversely, let G = K, U (p — t)K;, where |t| < E] Since K, is the complete graph, it
is a vertex color critical. Then by result (1.2) (iv), yu, (G) = p. If [t]| = E] then the graph
G = KE] U (EJ Kl) and ¥, (G) = E] If |¢] < E] then |¢t| = E]. The graph G becomes
G = Kjp U (p — E])Kl. The majority dom-chromatic number y,,(G) = E] + (E] -
ED = E] Suppose |¢] > E] then G = K.+ U (p — t")K,, where [t'| > |t]. Since K,/ isa
complete graph with t' vertices , yu, (G) =t' >t = E] Hence for a disconnected graph

YA p _\|p
with isolates and |t] < H Yuy (G) = H
3. ¥Ym, for complement of a graph ¢

Proposition: 3.1 Let the bipartite graph G with diam(G) = 3. Then yy, (G) = yMX(C?)
if and only if G = P, , where G is the complement of G.

Proof: Let the equality holds and uv be the dominating edge of G. Let |N[u]| =
m,|N[v]| =nand p = m + n. In the graph G, both N(u) and N (v) are of cardinality 2.
The set {N(u) U N(v)}isa K,1n_» graph, x(G) = m + n — 2 and {N(u) U N(v)} be the
majority dom-chromatic set for G = yy,(G) = m+n — 2. Since yu,(G) = vy, (G),

m+n

——=m+n-— 2. It implies that m + n = 4. Hence the graph must be P, and C,. The

converse is obvious.

Proposition: 3.2 If the graph G = K,, is the vertex color critical graph then 1 <y, (G) <
p

HE

Proof: Since the complete graph G = K,, is the vertex color critical graph, 1 <y, (G) <

p. The complement of K, is G = K_p. By the result (1.2)(ii), the majority dom-chromatic

number is yu, (G) = E] And the lower bound attains for G = K,. Hence the result.

Proposition: 3.3 Let G = K,,,, m <nand m,n > 3 be a complete bipartite graph.
Then majority dom-chromatic number of acomplement G is yy,(G) = E] and yp, (G) <
)/M)((G_)-

Proof: Let G = K,, U K,, be the complement of G where K,,, and K,, both are complete
graphs with m and n vertices.

Case: (i) Suppose m =n,n+ 1,n+ 2. Since K,,, and K,, are vertex color critical and
p=m+n,yy,(G)=n orn+1and yy,(G) =n+ 2.Henceyy, (G) = max{m,n}.
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Case: (i) Letm <nandn =m + 3. Since K,,, and K,, are vertex color critical and p =
m+n,m< E] and n > E] Hence yMX(G) = max{m,n}. If G = K;,,, , m < n, then

by the result(1.2) (v), yumy(G) =2. By case (i), yyy(G) =norn+1= E] and

Yz (G) = +2 > |B] By case (ii), yuy (G) =, if m < n. Itimplies that y,, (G) > [2].
Hence, vy, (G) < yuy(G), if mn =3.

Proposition: 3.4  Let G be a bipartite graph with diam(G) = 6. Then y, (G) =
ym(G) + 1, if G is the complement of G and y,,(G) is the majority dominating number of
G.

Proof : If diam(G) =6 ,then G = P,, p = 7. The complement G contains two vertices
with degreed( u)) =p—2,i=1pand d( v;)=p—3,i=2,..,p —1. It gives that
there are atleast two vertices with degree d( u;) > E] — 1 and the majority dominating
number of G is yy(G) = 1. Since G contains a triangle, x(G ) = 3 and y,, (G) = 3.
Hence, yu,(G) =yu(G) + 1.

4. Bounds of Y, (G)

Proposition : 4.1 If G is a vertex color critical and a non-trivial connected graph with
p = 2then 2 < yu, (G) < p. These bounds are sharp.

Proof : Since G is connected and non-trivial graph with p = 2, x(G) = 2 and y,, (G) =
2. Also since G is a vertex color critical graph , by known result (1.2)(iv), yu, (G) = p.
Hence 2 < yu, (G) <p,p = 2.When G = K, and G = K, the lower and upper bounds
are sharp.

Proposition: 4.2 Let G be a connected bipartite graph with p vertices. Then y,, (G) =p
ifandonlyifG =K, ,p = 2.

Proof: Let G be a connected bipartite graph with p vertices. Since y,, (G) = p, then

the graph must be a vertex color critical. The only connected bipartite vertex color critical
graph is K,. It implies that G = K,. The converse is obvious.

Proposition: 4.3 If ¢ be a graph of diam(G) = 3 then y, (G) = 2 and yu, (G) =
yu(G)+1.

Proof: Let G be a connected graph and diam(G) = 3. Then the graph G has the structure
with two central vertices u and v which are adjacent with some pendants. Then G = P,
and G = D, ;,r < s whererand s number of pendants at u and v respectively. Then by

result (i) 1.2), v, (G) = [{v}| = 1.
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Case: (i) Ifs =r,r+ 1,r + 2 then both u and v are adjacent to some number of pendant
vertices. Since y(G) =2, S ={u,v} be the majority dom-chromatic set of G and

Ymy (G) = [S| = 2. Hence yy, (G) = yu(G) + 1.
Case: (ii) If r <sands =r + 3. Choose S = {u, v}, where u and v are central vertices
of G . Then |N[S]| =d(w) +d(v) = r+s+2=p > [g]

Therefore, S is majority dominating set of G. Also y(G) = 2 = y(< S >).

Hence S will be the majority dom-chromatic set of G and y,, (G) = [S| = 2. Since
Ym(G) = 1,yy,(G) =yu(G) + 1. This result is true for G = P,.

Proposition: 4.4 Let G be a bipartite graph of diam(G) < 5. Then y,, (G) = 2 and
Ymy(G) =yu(G) +1.

Proof: Since the graph G is bipartite, the graph structures are B, ,p < 6, K; ,, , C4 and K.

Case : (i) Suppose diam(G) = 1, then the bipartite graph G becomes only K, . By result
[5], yu(G) = 1and x(G) = 2 and by result (1.2)(iv), yu,(G) = 2 . Hence 1y, (G) =

yu(G)+1.

case: (ii) If diam(G) = 2, then the graph structures be G = P; or K, ,,. By the result
(1.2)(i) , ym(G) = 1. Also by result (1.2)(vii), ym,(G) = 2. In both graphs, yu, (G) =
yu(G) + 1.

case : (iii) Letdiam(G) = 3. Then the graph becomes G = P, orand D, ; . By Proposition
(4.3), the result is true.

case : (iv) when diam(G) = 4 and 5 , the bipartite graph is P,,p < 6. By the result
(1.2)(i) , ¥ (G) = 1. Since x(G) = 2, the set {v,, v} be the majority dom-chromatic set
of G, where v,, v; € V(Ps). Hence yp, (G) = 2 = yu(G) + 1.

Hence, for all cases, yu, (G) = yu (G) + 1.
Proposition: 4.5 Let G be a bipartite graph with diam(G) = 6. Then

(1) vmy (@) =yu(G),if p=12(mod6)
(i) ¥y (6) = yu(G) +1,if p=03,45 (mod 6).

Proof: If the bipartite graph G with diam(G) = 6, then G = P, , a path with p > 6. By
the result (1.2)(i), yx (G) = |2, for all p = 7 and by the result(1.2)(vii)

IJFMR2205073 Volume 4, Issue 5, September-October 2022 10


https://www.ijfmr.com/

» 3 International Journal for Multidisciplinary Research (IJFMR)

ILJFMR E-ISSN: 2582-2160 e Website: www.iifmr.com e Email: editor@ijfmr.com

[B] = yu(G) , if p =12 (mod 6)
YM)((G) ={:°
E] +1=yy(G)+1,if p=0345(mod 6).
Hence the result.

Proposition: 4.6 Let G be a 3-regular bipartite graph with p vertices. Then

B . ifp=24(@mods)

Yy (G) =
* £l +1, if p=0,6 (mod ).
Proof : LetV,(G) = {vl, Uy, ...,vg} and V,(G) = {ul,uz, ...,ug} with p = 2m.
2 2

Case: (i) Letp = 2,4 (mod 8). Let S = {v;,u;, v}, Vj4q, ..., v} be the subset of G with
S| = t = ¥, (G) such that d(v,, u;) = 1 and d(v;, u;) = 4. Then

t—2
IN[S]| = |N[v;] + N[u,]| +Zd(uj) —(t=2)=6+4(t—2)=4t—2
=1
>[2| Let p=8r+2. Then IN[S]|=4t—2=4[F|-2=4(L2)-2=2-2+
2> [2] Let p = 8r+4. Then IN[S]| =4t —2=4[%| —2=4(=2)-2=C-2+

2> E] Since d(vy,u,) = 1, the induced subgraph < S > contains K, and (< S >) =
2 = x(G). Thus S is a majority dom-chromatic set of G and y, (G) < S| = [g]

(1)
Suppose that S = {vy,uy, v}, ..., v} with S| =t =y, (G) such that d(vy,uy) =1,
d(v;,vj) =4 and |N[S]| = E] Since S contains the induced subgraph K, and
X(< S >) =2 = x(G). Therefore [N[S]| < 4t = 4y, (). Since [N[s]| =[], [%| =

4y, (G). It implies that y,, (G) = %E]
Hence vy, (G) = E] )
Combining (1) and (2) , Y, (G) = [g] if p = 2,4 (mod 8).

Case : (i) Let p = 0,6 (mod 8). LetS; = {vy,uy,v; ..., v} be the subset of V(G) with
150 =t = 2| + 1 =yuy (6) and x(< S, >) =2. Let p =8r. Then |N[S,]| = 4t —
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2=4(]f[+1)-2=4(3+1)-2=4[F|+2>2+2> | Letp = 8 + 6. Then
|N[Sl]|=4t1—2=4([§]+1)—2=4(S”6+1)—2=4[§]+2>§+2>[§].

8
Hence |N[S,]| = [g].Therefore S;is a majority dom-chromatic set of G and y,,, (G) <

1S, =¢t, = [g] + 1. Applying the same argument as in case (i), yp,(G) = E] + 1

Hence yy, (G) = E] +1,ifp = 0,6 (mod 8).

Proposition: 4.6 If the graph G is a bipartite with diam(G) < 2 then y, (G) <p —
A(G)+ 1and yy,(G) =p—A(G)+1ifandonlyif 6 = K, ,P;and Ky, ,p = 2.

Proof: Let G be a bipartite graph with diam(G) < 2. I1f A(G) = 1, the graph G becomes
K,. By the result (), vy, (G) =2=p—-AG) +1,if G =K, . If A(G) = 2, the graph
structures becomes P,, a path and K, , . Since diam(G) < 2, if G = P;, by the result
(1.2)(vii), yuy(G) =2=p—A(G) +1 and yy, (K, ) =2 <p—A(G) + 1. Suppose
A(G) = 3. Then G = K35 . By the result (1.2)(v), yu, (K33 ) =2 <p—A(G) + 1. If
A(G) = 4 then the graph G becomes K., ,,,m = n = 4. By the result (1.2)(v), yu, (G ) =
2<p—A(G)+1. Thisistrue for A(G) =1,2,3, ..., (p—2). Suppose A(G) =p — 1.
Then the only bipartite graph ¢ = K;,,_; . By the result (1.2)(ix), yu,(G) =2 =p —
A(G) + 1. Hence from the above cases, yu, (G) < p — A(G) + 1. Also from the above
cases, Yy, (G) =p —A(G) + listrueifandonly if 6 = K, ,P3and Ky ,,_1,p = 2.

Proposition: 4.7 Let G be a bipartite graph with diam(G) = 3. Then yy, (G) <p —
A(G). Also yy,(G) = p — A(G) ifandonly if 6 = Pyand D, , v =1ands =p — 3.

Proof: Let G be a bipartite graph with diam(G) = 3. By the result (1.2)(x), y,(G) <p —

A(G). Since yy,(G) < v, (G), Ymy(G) < v, (G) <p—A(G). Hence yu,(G) <p-—
A(G).

Let yu, (G) = p — A(G). 1)

Case : (i) Since diam(G) = 3, the graph G has a dominating edge uv with some pendants
at u and v. Let V(G) = {u, v, uy, ..., Uy, V1, 0y, ..., Us} Where u;, i = 1,...,7 and vj,j ==
1, ..., s are pendants with r < p — 3 and s > 1. Clearly , since G is bipartite, y(G) = 2.
By the assumption (1), S = {u, v, vy, ..., u;} is a majority dom-chromatic set with |S| =
p—A(G) =t.

Subcase: (i) Let d(u) =p — 2 and d(v) = 2. Since G has a dominating edge e = uv,
Yumy (G) = [S| = 2. By the assumption (1), yu, (G) = p — A(G). It implies that 2 = p —
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d(u) = 2 = p — (p — 2). Itgives the structure of the graph G withd(u) = p — 2,d(v) =
2andthegraphisG = D, 5, r <swithr=1ands =p — 3.

Subcase: (ii) Letd(u) <p — 3 and d(v) = 3. The majority dom-chromatic set for the
graph G is S = {u, v}. Itimplies that y, (G¢) = |S| = 2. By the assumption (1), vy, (G) =
p—AG) =p—d) =p—(p—3) =3.Hence, yu,(G) <p—AG).

Subcase: (iii) If d(u) =p — 2 and d(v) = p — 2 then the majority dom-chromatic set
becomes S = {u, v}. Itimplies that v, (G¢) = [S| = 2. By the assumption (1), yu, (G) =
p—AG)=p—du)=>2=p—(p—2).Since dlu)=p—2andd(v) =p—2,r=
s=1=p=r+s+2=4.

Hence the graph G with p = 4 vertices and diam(G) = 3 is P, .

Case: (ii) Suppose G has no dominating edge e = uv. Then the graph G is a wounded
spider with diam(G) = 3 and the graph contains a vertex u with d(u) = g and d(u;) <

2,u; € (V(G) — {u}). Hence S = {u,u,} be the majority dom-chromatic set of G with
d(u,) = 2,whered(u,u;) = 1andyy, (G) = |S| = 2. By the assumption (1), yu, (G) =

p—AG)=p—7="2.Hence yy,(G) <p—AG).
Thus, yu,(G) =p —A(G) ifandonly if G = P,and D, 5, r = 1and s = p — 3.
5. Conclusion

In this paper, we studied majority dom-chromatic number for a bipartite graph. The
characterisation theorems on y,,(G) for bipartite graphs are established and its
relationship with other domination parameters are discussed. Some results of a
disconnected graph and the majority dom-chromatic number for the complement G of the
graph G are investigated.
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