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Abstract

The main objective of this paper is to prove common fixed point theorems for two pairs of weakly
compatible mappings satisfying CLR property in the framework of KM and GV fuzzy metric space by
using a new theory of A — class functions. some examples are also given in support of the result. in this
paper we prove some theorems without using the condition of completeness and closedness of range of
space. We will generalize the result of Kamal Wadhawa and Arvind Kumar Gupta.

keywords: A-class function, E.A. property, KM. & G.V. fuzzy metric space, weakly compatible
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1. INTRODUCTION :

Fixed point theory has been fructuous and generative area of research and it is one of the most powerful
tool of modern mathematical analysis. It is a beautiful combination of analysis, topology, and geometry.
The concept of fuzzy sets was given by Zadeh [5] in 1965. The notion of fuzzy metric space was
introduced by Kramosil and Michelek [6] in 1975. After a decade in 1994 George and Veeramani [2]
defined continuous t-norms and modified the concept of fuzzy metric space of KM. In 1986 Jungck [3]
proposed a generalization of the commuting mapping concept and introduced concept and introduced
compatible function. After then Jungck and Rhoadas [4] introduced the concept of weak compatibility,
which is new general form of compatibility. Many researchers used this concept to prove various
common fixed point theorems. In 2002Amri and E.l. Moutawakil [1] established a new property (E.A.)
which generalized the concept of non-compatible mappings. After some time in 2005, Liu et al [13]
gives the notion of common property (E.A) for a hybrid common (E.A) property requires special
condition that is closed-ness of ranges for the existence of fixed points. In 2011 W. Sintunavarat and P.
Kuman [12] give the idea of “common limit in the range property” (CLR) which does not require the
closed-ness of the subspace for the existence of fixed point. Further in the same order Imdad et al.[10]
expanded the concept of common limit in the range property to two pair of self-mapping, called(CLRst)
with respect mappings S & T .

Objective of this paper is to prove some common fixed point theorems for six self —mappings using
CLRsm, CLRt and CLR(swmytoy property in fuzzy metric space with the help of new theory of A-class
function. Our result modify the result of Kamal Wadhawa and Arvind Kumar Gupta [14.]
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2. PRELIMINARIES

Defination2.1: W. sintunavarat, P.kumam [12]. A binary operation* :[0,1] % [0, 1] — [0,1] is
continuous t-norm if for all a, b, ¢, d, € [0, 1] the following conditions are satisfied

1. (a*b) = (b*a) commutative.

2. (a*b)*c = a* (b*c) associative

3. a*1 = a identity element.

4. * is continuous.

5. a*b < c*d whenever a<cand b<d forall a, b, c, d € [0, 1].

Example 2.2: [12] there are some examples of t- norms.

1. (The product t- norm) T.P.: A mapping Tp :[0,1]x[0, 1]—[O0, 1] is defined by

Tp(a,b)=a.b

2. (The minimum t- norm) T.M.: A mapping Tm: [0,1] %[0, 1]—[0, 1] is defined by

Tm (a, b) = min {a, b}

Definition 2.3: (Kramosil and Michelek (1975) [6]) : Let X be an arbitrary set ,* is a continuous t-norm,
then the 3-tuple (X,M,*) is called a KM fuzzy metric space if M is a fuzzy set on XxXx[0,00) such that
the following axioms hold.

Forall x,y,zeXands, t>0,

(KM-1) M(x,y,0) =0 forall x,y, € X

(KM-2) M(x,y,t)=1 e x=yforall x,y, e X wheret >0,
(KM-3) M(x, y, t) = M(y, x, t) forall x, y, € X

(KM-4) M(x, y, t) * M(y, z, s) < M(x, z, t + 5)

(KM-6) lim;_,, M (x,y,t)=1forall x,y, e X

Definition 2.4: (George and Veeramani (1994) [2] ): A 3- tuple (X, M, *) is called a GV fuzzy metric
space where X is nonempty set,* is a continuous t-norm, and if M is a fuzzy set on Xx Xx[0,00) is satisfy
the following conditions.

Forall x,y,zeXands,t>0,

(GV-1) M(x,y,t) >0 forall x,y, e X

(GV-2) M(x,y,t) =1 o x=yforallx,y, e Xwheret>0,
(GV-3) M(x,y,t) =M (y, x, t) for all x, y, e X
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(GV-4) M(x, y, t) * M(y, z, 5) <M(x, z, t +55)
(GV-5) M(x, ¥, .):[0,00)—[0, 1] is continuous. Forall x, y,ze X and s, t >0

where M(x, v, t) is a degree of nearness between x and y with respect to t. and axiom (GV-1) and
(GV-2) wesee thatif x = yand @t >0

O<M(xyt)<l1l
Example 2.5: [12] Let (X, d) be a metric space, a * b = Tm (a, b) and for all x, y, € X

Where t>0,

t
t+d(x,y)

M(x, y, t) =

Then (X, M,*) is a GV — fuzzy metric space.

Definition 2.6: [7] 1. Let (X, M,*) be fuzzy metric space. Then a sequence {x,} in X is called
convergent to x € X if

lim,, ,M(xn,x,t) = 1
2. Let (X, M,*) be fuzzy metric space. Then a sequence {x,} in X is called Cauchy sequence if
lim—e M (Xn, Xp+em, ) =1  Bt>0and meN

3. A fuzzy metric space (X, M,*) is called complete if every Cauchy sequence convrgent to a point in
X.

Definition 2.7: Jungck and Rhoades [4] Suppose that fand g are two self — mappings which are defined
on nonempty set X. I. e. f, g : X — X, Then they are said to be weakly compatible If they are commute
at their coincidence point.

Fx=gx = fgx = gfx.

Definition 2.8: Aamri and ElI Moutawakli [1] Let f and g be two self — mappings of a metric space (X,
d). Then we say that fand g satisfy E.A. property if there exist a sequence {Xx,} in X. such that

im0 fx,=1lim, .. gx, =t ForsometeX

Definition 2.9: M. Abbas et al. [9] Let (X, M,*) be a fuzzy metric space, and A, B, S, T are four self —
mappings on X. Then A, B, S, T, are said to satisfy common (E.A.) property if there exists sequence
{xn} and {y,} in X such that

limp_o AXn = limy_o, SXn = limy_e Byn = limy_., Ty, = X For some X € X
For more information about common (E.A.) properties we refer to [11] and [13].

Definition 2.10: W. sintunavarat, P. Kumam [12] Suppose that (X, M,*) is a fuzzy metric space and f, g
: X — X. Then two mappings f and g are said to satisfy the common limit in the range g property if
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liMmye fx,= liMy_w gx, =0gx For some x € X

The common limit in the range of g property will be denoted by the (CLRQg) property.

First of all we show that two pairs (P, S) and (Q, T) of four self — mappings satisfying the (E.A.)
property along with the closed-ness of the subspace S(X) and T(X) always enjoy the (CLRs) and (CLRy)
properties with respect to S and T respectively with the help of following example.

Example 2.11: Wadhwa & Gupta [8] Let F (X, y) be any function of class A, X =[0, 2] and d: X x X
—[0,00) be usual metric defined by d(x , y) = | x-y| , For * is minium t- norm and for all x, y € X,

Mer 9 = ey

Then (X, M,*) is a GV — fuzzy metric space,
Suppose that P, Q, S and T are four self-mappings of X , defined as.

Efor0<x<1 xfor0 <x<1

1
P(x) =1 % and Q(x) = S forx=1
+2
Hoforl<x =2 2?xfor1<x32
) xfor 0 <x <1 ) 3TXfO7"OSx<1
Sx) = 33 and T(x)=
{Txfor1<xS2 x%forleSZ

Clearly P(X), Q(X), S(X), and T(X) are closed , and P(X) < T(X), & Q(X) < S(X). The seq. {x,} and
{yn} are defined by x, = 1+ 2 and Yo =1+ 1n in X such that

n+3’ 2_

lim, ., Px,= lim Sx,= 3 and limQy, = limTy, = z
n—-o 4 n-w n-ow 5

So the pairs (P, S) and (Q,T) satisfy the E.A. property

Here

lim Px,= lim Sx,=> =S (2),
n—oo

n—oo 4
That is % € S(X) , hence pair (P, S) satisfy the (CLRs) property. Again
limQy, = limTy,= = =T (1)

That is %c T (X), hence pair (Q, T) satisfy the (CLR~) property. Thus both pairs (P, S) and (Q, T) enjoys
the (CLRs) and (CLR<) properties with respectto Sand T.

IJFMR23011533 Volume 5, Issue 1, January-February 2023 4



https://www.ijfmr.com/

m International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.iffmr.com e Email: editor@ijfmr.com

Definition 2.12: Imdad et. [10] Two pairs (P, S) and (Q,T ) of self-mappings of a menger space (X,
M,*) are said to be satisfy the (CLRst) property with respect to mappings S and T, if there exist two
ssequences {Xn} and {yn} in X such that

lim,,_,, Pxp= lim Sx, = limQy, = limTy, =z
n—oo n—oo n —oo
Where  z e S(X) n T(X).

Definition 2.13: Wadhwa & Gupta [8] A — class functions. A mapping #: (0, 1] x (0, 1] = R" is called
A — class function, if it is continuous and satisfies following conditions.

1. Fxy) =x

2. F(x,y)=x = eitherx=1ory=1 for all x, y, € (0, 1]
3. F(L, =1

4. We denote A — class functions by .

Definition 2.14: [8] Let ¢ be a class of all mappings @ : [0, 1] — [0, 1] satisfying the condition
(@) @ is continuous and non-decreasing on [0, 1].
(@2) @ (x)>xforall x e (o, 1).
(1) @ (0)=0and @ (1) = 1.
Definition 2.15: [8] Let : [0, 1] - [0, 1] is monotonic increasing function with, B(t) >t and
Y (0)=0 and (1) =1.
MAIN THEOREM

Theorem 3.1: Let (X, M, *) be a fuzzy metric space and P, Q, D, M, S, T :X— are six self mapping
with P(X) € TD(x) and Q(X) € SM(x)such that

P{M(Px ,Qy, t) > F{ Y {Ma (X, ¥, t), D{Ma (x .y, t)} for all x, y € X where t >0,
where
Ma(x.y,t) > @{min {M(Px, SMx, t) M(Qy, TDy t),M(Px, TDy, t), M(SMX, Qy, 2t)} -------- (1)

Suppose that the pairs (P, SM) and (Q, TD) satisfy (CLRsm), (CLRyp) properties with respect to SM and
TD respectively and so (CLRswtp). Then the pairs (P, SM) and (Q, TD) have a point coincidence in X.
And if pairs (P, SM) and (Q, TD) are weakly compatible then P, Q, D, S, M, T have a uniqgue common
fixed point.

Proof: Suppose that (X, M, *) is a fuzzy metric space and and P, Q, D, M, S, T:X—X are six self
mapping with P(X) € TD (X) and Q(X) € SM (X) such that.

Case | : If the pair (P, SM) satisfy the (CLRsm) property, then there exists a sequence {xn} in X such
that
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Lim,_,Px, = lim,_, SMx, =z
Where z € SM(X)
Since P(X) € TD(X) , then there exists a sequence {y,}<X such that Px, = TDy,, on taking limit

Lim,.Px, = lim,,,TDy, =z

Now we show that lim,_., Qy, =z
Putx =x, Andy =y, in (1)
P M(Pxa, QYn,t) = 7 { {Ma(Xn, Yn, 1) , @ {Ma(Xn, Y, )}
Where
Ma (Xn, Vs £) > @ {min {M(PXn, SMXq, t) , M(QY . TDY 4, t), M(PXn,SMXn,t) , M (SMxXn, QYr, 20)}}
> @{min {M(PXn, SMxy, t) , M(QYr, TDY4, 1), M(PXn, TDY 4, 1) ,
M(SMXy, PXn, t) * M (PXn, QYn, 1)}}
liMy—ee Ma (Xn, Yn, t) >@{min {M(z, z, t), M(QY, z,t) , M(z, z, t), M(z, z, t)* M (z, QY+, 1)}}
=@ {min {1, M(QYn, z, 1), 1, 1*M(z, QYn, t)}}
=0 {M(QYn, z, )}
>M(QYny, z, t)
Now taking limit in equation (1)
P {limy, 5 M(PXn, QYn, )} = F {1 {limy5cMa (Xn, Yo, 1), @ {limy, . Ma(Xn, Yo, 1)}
Y {M(z, QYn, )} > F{ {M(QYn, z, )}, 2{M(QYn, z, )} } =Y {M(z, QY 1)}
Thus F{Y {M(z, QYn 1)}, B{M(z, QYn, 1)}} =9 {M(z, QY 1)}
Implies that
Either ¥ {M(QY», z, )} = Lor 3{M(z, QYo )} =1
= M(z, QYn t)=1
Hence lim,., QY =2
Case Il : If the pair (Q, TD) satisfy the (CLRtp) property , then we can prove it in the same way.

So the pair (P, SM) and (Q, TD) satisfying the (CLR(sm)tp)), then there exists sequence {x,, }and {Y} in
X such that
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lim e PXq = im0 SMX, = limy o QY = lim,, TDY =2
where z € SM (X) N TD (X), therefore there exists two points p, g € X such that
z =SM(p) and z = TD(q)
we have to show that
P(p) = SM(p) =z and Q(q) = TD(q) =z
Put x=x, and y=q in (1)
P {M (Pxn, Qq, D)} = { ¢ {Ma(Xn, G, D}, = O{Ma (Xn, 0, )}}
Where
Ma(Xn, @, £) = @ {min { M(PXa, SMx, t), M(Qg, TDg, t) , M(Px», TDg, t) , M(SMxn, Qq, 2)}}
> @{min {M(Px,, SMx,, t), M(Qq, TDgq, t), M(Px,, TDq, t), M(SMXx,, TDq, t)* M(TDq, Qq, t)}}
lim, ., Ma (xn, G, ) > @{min{M(z, z, 1), M(Qq, z, 1), M(z, z, 1), M(z, z, )* M (z, Qq, )}}
= @{min {1, M(Qq, z, 1), 1, 1* M(z, Qq, 1)}}
= 0{M(Qa, z, 1)}
>M(Qa, z, 1)
Again taking limit in equation (1)
P {lima_cs M(PXn, Qq, 1)} = F {9 { liMasee Ma (X0, 0, )}, B{ liMa Ma (Xn, G, 1) }}
¥ {M(z, Qq, )} > #{{M(Qa, z, )} , 8{M(QQ. z, O} } =¥ {M(z, Qa, 1)}
Thus,  #{¢ {M(Qq, z, 1), 6{M(Qq, z, )}} = ¢ {M(z, Qq, 1)}
Implies that
Either ¢ {M(z, Qq, )} =1 or=0 {M(Qq, z, )} =1
= M(z,Qq,t)=1
Hence Qq=z or Qq= Tq=z
So q is a point of coincidence of the pair (Q, TD)
Again we put x =pandy =g in (1)
M(p. a, 1) } =2 Z {9 {Ma(p, 9, D}, = {Ma(p, q, D}}
where

Ma(p. , 1) = @{min {M (Pp, SMp, t), M(Qq, TDq, 1) , M(Pp, Tq, 1), M(SMp, Qq, 20)}}
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> @{min {M(Pp, SMp, t), M(Qq, TDq, t), M(Pp, Tq, t), M(SMp, TDq, t)* M(TDgq, Qq, t)}}
> @{min {M(Pp, z, t), M(z, z, t), M(Pp, z, t), M(z, z, t) * M(z, z, t)}}
=@ {min {M(Pp, z,t),1, M(Pp, z,t) , 1*1 }}
=0 {M(Pp,z,1) }
>M(Pp, z, t)
Thus Y {M(Pp,z, ) }>7{Pp{MPp.z, 1)}, 6{M(Pp, z, )} = ¥ {M(Pp, z, )}
So F{¥ {M(Pp,z 1)}, 8 {M(Pp, z, }} =9 {M(Pp, z, 1)}
Implies that

either 3 {M(Pp, z,t)} =1 or @ {M(Pp, z 1)} =1
=>M(Pp,z,t)=1
=>Pp=z or Pp=SMp=z
Hence p is a point of coincidence of the pair (P, SM)
So Pp=SMp=Qq=TDqg=z
Since pairs (P, SM) and (Q, TD) are wekley compatible. Then

Pz=SMz=Qz=TDz

Now we show that z is common fixed point of mappings P, Q, D, M, Sand T.
We have ¢ (M(Pz, z, 1) =y {M(Pz, Qq, )} = {9 {Ma(z, 0, 1)}, B{ Ma(z, 0, 1)}}
Where
Ma(z, g, t) > @{min {M (Pz, SMz, t), M (Qq, TDgq, t), M(Pz, TDq, t), M(SMz, Qq, 2t)}}
> @{min{M(Pz, SMz, t), M(Qq, TDq, t), M(Pz, TDq, t), M(SMz, TDq, t) * M(TDgq, Qq, t)}}
= ¢{min {M(Pz, Pz, t), M(z, z, t), M(Pz, z, t), M(Pz, z, t) * M(z, z, t)}}
=@{min {1, 1, M(Pz, z, t), M(Pz, z, t) * 1 }}
= @0{M(Pz, z, t)}
> M{Pz, z, t)
Thus ¢ {M(Pz, z, 1)} > 7{y {M (Pz, 2, )}, 2{M(Pz, z, 1)} } > {M(Pz, z, 1)}
So F{y {M(Pzzn)}, B{M(Pz, z, 1)}} =y {M(Pz, z, 1)}
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Implies that
Either ¢ {M(Pz,z, )} =1 or =@{M(Pz, z, )} = 1
= M(Pz, 2, t) = 1
ThusPz=z=Pz=SMz =12z
In the same way
Qz=TDz=z
So Pz=SMz=Qz=TDz=z
Now, by putting x=Mz and y=z in (1)
Y {M(PMz, Qz, )= F {9 (Ma(Mz, 2, 1) , @ {Ma(Mz , Z,, 1)}
Where
Ma(Mz, z , t) > p{min{M(PMz, SM(M2), t) , M(Qz, TDz , t), M(PMz, TDz, 1),
M(SM(M2), Qz, 2t)}}
> p{min (Mz, Mz, t) , M (z,z,t) , M (Mz, 2, t) . M (Mz, z, t) * M (Mz, Mz, 1)
= p{min {M(Mz, Mz, 1), 1, M (Mz, z, t), M(Mz, z, t) * 1 }}
=¢p{min{ 1,1, M (Mz, z,t), M (Mz, z, t) *1}}
= ¢{M(Mz, z, 1)}
>M (Mz, z, 1)
Thus ¥ (M (Mz, 7, 1)} >F { {M Mz, 2, 1), 6{M(Mz, z, t)}} > {M(Mz, z, 1)
So
F{¥{MMz, 2, 1), 8{M Mz, 7, 1)} = {M(Mz, z, )}
Implies that
Either ¢ {M(Mz,z,t)}=1 or @¢{M (Mz,z 1)} =1
=M (Mz,z,t)=1
Thus
Mz=z=>Pz=SMz=S5z=1z

Now by puttingy =Dz and x=2zin (1), then
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¥ {M(Pz, QDz, 1) = F {¥ {Ma (z, Dz, )}, @ {Ma(z, Dz, )}}
Where
Ma (z, Dz, t) > ¢{min {M(Pz, SMz, t), M(QDz, TD(Dz), t), M(Pz, TD(Dz), t),
M(SMz, QD(Dz), 2t)}}
> ¢ {min {M(z, z, t), M(Dz, Dz, 1), M(z, Dz, t), M(z,Dz, t) * (Dz, Dz, t)}}
> @ {min{l, 1, M(z, Dz, t), M(z, Dz, t) * 1}}
=@ {M(z, Dz, t)}
> M(z, Dz, 1)
Thus
Y{M(z, Dz, )} = F {¢p {M(z, Dz, 1)}, 6{M (z, Dz, t)}} > {M(z, Dz, 1)}
So F{y{M(z Dz, 1)}, 2{M(z, Dz, )}} = ¥ {M(z, Dz, 1)}
Implies that
Y {M(z,Dz,t)} =1 or =@ {M(z,Dz, 1)} =1
= M(z Dz t)=1
Thus Dz=z .
Since TDz=z => Tz=z.
Therefore Qz=TDz=z=Qz=z.
By combining the above results, Pz=Sz=Mz=Qz=Tz=z
Thus z is common fixed point of P, Q, D, M, Sand T .
Hence z is common fixed point of P, Q, D, M, Sand T.
Suppose that w is another fixed point P, Q, D, M, S and T then by eq. (1)
Y{M@zw, ) } =y {M Pz, Qw, )} > Z{ Y {Ma (z, W, 1 )}, 2{Ma (z, w, 1 ) }}
Where
Ma (z, W, t ) > =p{min {M(Pz, SMz, t) , M(Qw, TDw, t), M{Pz, TDw, t) ,M(SMz, Qw, 2t)}
>@{min {M(Pz, SMz, t), M(Qw, TDw, t), M{Pz, TDw, t), M{SMz, Pz, t) * M (Pz, Qw, t)}}

= @{min{M(z, z, t), M(w, w, t) , M(z, w, t), M(z, z, t)*, M(z, w, t)}
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=@¢{min {1, 1, M(z, w, t), 1* M(z, w, t)}

=0 {M(z, w, )}

> M(z, w, t)

Thus

Y{M@zw} =9y {MPz, Qw, )} > F{P {Mzw} &{M(z, w, )}}=y {M(z, w, )}
So  F{Y{M(z w0}, {M(z w, )} =9 {M(z, w, 1)

= either p { M (z,w,t)} =1or @ {M(z w,t)} =1

= Mz, w,t) =1

Hence  z=w. So common fixed point is unique.

Corollary 3.2 : Let (X, M,*) be a fuzzy metric space and P, Q, D, M, S, T : X-»X are six self-meppings
with P(X) < TD(X) and Q(X) S SM(X) such that.

M (Px, Qy, t) > F { P{Ma(X, y, 1)}, Ma(X, y, 1)} forall x, y, € X where t >0,

Where

M (Px,Qy,t)+ M(SMx,TDy ,t) }}

Ma(X, y, t) > @ {min{M(Px, SMx, t), M(Qy, TDy, t), M(SMx, Qy, 1), M (PxSMx.0% M(Qy TDy )

Suppose that the pairs (P, SM) and (Q, TD) satisfy (CLRswm) , (CLRtp) properties with respect to SM
and TD respectively and so (CLR(swmyrp)). Then the pairs (P, SM) and (Q, TD) have a point of
coincidence in X. and if pairs (P, SM) and (Q, TD) are weakly compatible. Then P, Q, D, M, S, T have a
unique common fixed point.

Corollary 3.3: Let (X, M,*) be a fuzzy metric space and P, S, M X—X are three self-mappings with
following condition.

M(Px, Py, t) > F {Ma(X, y, 1), @ {Ma(X, y, t)}} for all X, y, € X where t >0,
Where

Ma(x, y, t) > @{{min M(Px, SMX, t), M(Py, SMy, t) , M(Px, SMy, t), M(SMX, Py, 2t)}}

Suppose that the pair (P, SM) satisfy (CLRsy) property. Then the pair (P, SM) has a point of
coincidence in X. and if pair (P, SM) is weakly compatible . Then P, S and M have a unique common
fixed point.
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