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Abstract

R.S.Bhat and S.S.Kamath defined the strong independence number so.(G) and proved that so (G) < LEJ

. In this paper we characterize the class of graphs attaining the upper bound. We also characterize the
graphs which attain the upper bound in Vizing type results for strong (weak) independence numbers.
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1. Introduction
Let G = (V, X) be any graph. For any ve V the set N(v) = {u V| uve X } is called the open
neighbourhood of the vertex v. R.S. Bhat and S.S.Kamath [1] and [10] defined the strong (weak)
coverings as follows. For an edge x =uv, v strongly covers the edge x if deg (v) >deg (u) in G. Then
u weakly covers x. AsetScV isastrong vertex cover [SVC] (Weak Vertex Cover [WVC]) if every
edge in G is strongly (weakly) covered by some vertex in S. The strong (weak) vertex covering number
sp=sp(G) (wp =wp(G)) isthe minimum cardinality of a SVC (WVC). A minimum vertex covering is
written as g -set and a minimum SVC (WVC) is written as sp-set (wp-set).A vertex veV is strong
(weak) if d(v)>d(u) (d(v)<d(u)) forevery ueN(v) inG. Astrong (weak) set which is independent
is called a strong independent set [SIS] (weak independent set [WIS]). The strong (weak) independence
number s = sa(G) (Wa = wa(G)) is the maximum cardinality of an SIS (WIS). Later, This concept
was extensively studided in [2], [3], [4], [5]. The domination number is the minimum number of vertices
needed to dominate all the vertices of G. The concept of domination is well atudied in [6], [7], [8], [9]
[11], [12].
S.S. Kamth and R.S. Bhat [1] obtained the relationship between these four new parameters which is
similar to Gallais Theorem.
Theorem 1[3]. For any isolate free graph G with p vertices,

sa+ wp=p

wa+ sf =p

The following bound for strong independence number is obtained in [10].

Theorem 2 [10]. For any connected graph G with p vertices sa < LgJ
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We now characterize the graphs for which sa = LgJ . In this direction we define the following new types

of graphs.
1. K-SEMIREGULAR GRAPHS

A graph G issaid to be k-semiregular if all the vertices in G are of degree k except one vertex of
degree k £1. We thus have two class of k-semiregular graphs. A graph G is said to be k-semiregular
graph of first kind or A-semiregular graph if all the vertices are of degree k = A, except one vertex of
degree k —1. On the other hand, a graph G is said to be k-semiregular graph of second kind or 8-
semiregular graph if all the vertices are of degree k =&, except one vertex which is of degree k +1.

The k-semiregular graphs of both kinds for k = 3, 5 are shown in the Fig.2.1. The vertex v shown in
each figure represents the one vertex of degree k £1. Immediately we observe that the number of edges

pk — pk +1

! and that of second kind is . Hence if G isany

inany k-semiregular graph of first kind is

k-semiregular graph of first kind by joining the minimum degree vertex v with any other nonadjacent
vertex we get a k-semiregular graph of second kind.

Example 1. V, V@
V
; E

3-Semiregular 3-semiregular 5-Semiregular 5-Semiregular
graph of first graph of second graph of first  graph of second
kind kind kind kind

Fig. 2.1

Il. B-graph

A LEJ regular or semiregular graph G is said to be a B- graph if the vertex set V of G can be partitioned

in to two sets V1 and V; satisfying the following
() ViisanSIS and (i) | = EJ .

Any B-graph with p vertices is denoted as Bmm. Note that the complete bipartite graph KMM is a

202 202

subgraph of B .
20

2112
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Example 2.
G1 G2 Gs Gs
4-regular 5-semiregular 3-regular graph 3-semiregular  graph
Bhat’s graph Bhat’s graph but not a Bhat’s but not a Bhat’s graph
araph
Fig. 3.1

Kn,n is an- regular B-graph on 2n vertices. G1 and G in Fig. 3.1, are the examples of B-graph. Note that
any LEJ regular graph or semiregular graph is not a B-graph. For example, the graph Gsis a 3-regular

graph but not a B-graph as V cannot be partitioned in to two sets Vi and V2 such that V1 is an SIS and

V,| = LEJ . For the same reason Ggis a 3-semiregular graph which is not a B-graph.

Proposition 3.1 For any connected graph G with p vertices, sa = LEJ if and only if G is a spanning

subgraph of B- graph such that V1 is an SIS.

Proof. If G is any spanning subgarph of a B-graph, then V1 is a maximum SIS and hence sa = LEJ

Conversely, suppose sa (G) = LEJ If G is a B-graph the theorem is proved. So let us assume that G is

not a B-graph. Since sa (G) = LgJ , there exists an SIS D such that | D|=sa . Then Vi = D and and V2 =

V-D is a partition of G such that Vi is an SIS. To show that G is a spanning subgraph of a B-graph, we
construct a B-graph G starting from G as follows. Since G is connected and D is an SIS, we have any

vertex in G is at most of degree (gw If uand v are not adjacent in G, then  join uv by an edge for all

ueD and ve V-D. Then every vertex in D is of degree {gw and any vertex in V-D is of degree {gw or

LgJ Let S1={veV-D|d(v) = (gw Yand S2= {veV-D|d(v) = LEJ }.( S1 may be empty and then S; = V-

D).
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Claim: Sz is independent. Suppose x and y are adjacent in Sz. Since any vertex in S is adjacent to every

vertex in D we have x is adjacent to LEJ +1 vertices and therefore d(x) = LEJ +1= (gw , a contradiction.
Hence our claim. Let | S2|= k.
Case 1. If k is even then k = 2n and we can pair the vertices of Sz as (xi, yi) 1 <i<n and join each x; with

yi. Then every vertex in Sy is of degree (gw and thus the new graph Gz is a (gw -regular graph and hence
a Bhat’s graph.

Case 2. If k is odd then k = 2n +1 for some n. Then we can pair the vertices of Spas (X, yi) say 1 <i <
n and exactly one vertex v is left with no pair. Now join each x; with yi. Then every vertex in Sy is of

degree (21 and the one vertex v is of degree LEJ . Thus the new graph Gy is a (gw - semiregular graph
and hence a B- graph. [

The following bound for the number of edges when the strong independence number is given was obtained
in [3].

Theorem 3.2 [3]. Let G be a simple connected graph with p vertices, g edges and strong independence

p(p—k)J'

number sa =k. Then g < [ 5

Here we characterize the class of graphs for which q :[@J :

Theorem 3.3. Let G be a simple connected graph with p vertices, ¢ edges and strong independence

number sa =k. Then q = LMJ ifand only if G isa (p-k)-regular or semiregular graph.

Proof. Let G be a (p-k)-regular or semiregular graph with sa = k. Since any r-regular or r-semiregular
graph has % edges we have G has q = t—p(pz_ k)J. Conversely, let q = L—p(pz_ k)J . Then 2q = p(p-k)
or p(p-k) -1. If 2g = p(p-k) then this implies all the vertices in G are of degree (p-k) and hence G is a (p-
k)- regular graph. On the other hand if 2q = p(p-k) -1 = p(p-k) - (p-k) + (p-k) -1 = (p-1)(p-k) + (p - k -1).
This implies that G has (p-1) vertices of degree (p-k) and one vertex of degree (p-k -1). Hence G is a (p-
k) -semiregular graph. [

The next result gives a bound for number of edges when the weak independence number is given which
is proved in [10].

Theorem 3.4. Let G be a simple connected graph with p vertices, g edges and weak independence
(p+k-1)(p-k)

number wa =K. Then g < 5

(p+k-D(p-K)

We now characterize the graphs for which q = 5
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IV SPLIT GRAPHS.

A graph G = (V, E) is said to be a split graph if V can be partitioned in to two sets V1 and V. such that Vi
is independent and V> induces a complete graph and every vertex in V1 is adjacent to every vertex in Va.
In other words G isa split graph if G = K _, + K, with V =V, LV,, V,|=kand |V,| = p—k.
Theorem 4.1 Let G be a simple connected graph with p vertices, qedges and weak independence number
(p+k-1)(p—k)
2
Proof. Let G be a Split graph with wa = k. Then the vertex set of V can be partitioned in to two sets V1
and V2 such that V =V, UV,, |V,|=kand |V,| = p—k. The k vertices in V; are of degree (p-k) and the

(p-k) vertices in V> are of degree (p-1). Hence 2q = k(p-k) + (p-K)(p-1) = (p-k)(p+k-1). Hence the result
follows. Converse is trivial. [

wa =K. Then q = if and only if G is a Split graph.

In the next result we refine the bound given in Theorem 4.1. We recall the following definition defined
in [3]. Let Nw(v)={ueV|d(v)<d(u)}. Then the weak degree of the vertex v is defined as dw(v) =| Nuw(v)|
and the maximum weak degree of G is denoted as Aw(G) =max d, (V). It is proved that Aw(G)< 3(G)

where 6(G) is the minimum
degree of the graph G.
Theorem 4.2. Let G be a simple connected graph with p vertices, q edges and weak independence
number wa =k. Let A, >J so that A, -0 =r where r is any positive integer. Then q <
(p+k-D(p-k)-2r
2

This theorem suggests a better upper bound for wa in terms of order and size of the graph.

Corollary 4.2.1: Let G be a simple connected graph with p vertices and q edges.

. Further this bound is sharp.

Then wa< %+\/p(p—l)—2q—2r+%.

\% SEMISPLIT GRAPH.
Let G be a Split graph. Identify any one vertex v in V, and remove any r edges incident on

v. The new graph G’ so obtained is called a Semisplit graph. Any semisplit graph has (k-1) vertices of

degree (p-k), r vertices of degree (p-2), k-r vertices of degree (p-1) and one vertex of degree 6.

Example 3. The semisplit graph G obtained from the splitgraph G = K, + K shown in the Fig.8,

(p+k-D(p—-k)—-2r (15x4)-4
2 2

28.

satisfies q =
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Fig. 5.1. A semisplit graph

q= (P+K—yp—k)-2r

Theorem 5.1. Let G (p, q) be any graph with wa = k. Then 5

if and only if G

is a Semisplit graph.

p+k-D(p-k)-2r
2

kK-D(p—-K)+(p—-k—-r)+(k—=r)(p—1) +r(p—2). This implies G has (k-1) vertices of degree (p-k), r

vertices of degree (p-2), k-r vertices of degree (p-1) and one vertex of degree & = p-k-r. This implies that

G is asemisplit graph. Converse is trivial.

Proof. Suppose 2q = (

.Then2q= (p+k-1)(p—-k)—-2r=
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