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Abstract- In this paper, we have defined recurrence and symmetry of different kinds in H- Hsu-structure
manifold. Some theorem establishing relationship between different kinds of recurrent H- HSU-Structure
manifold involving equivalent conditions with respect to projective, conformal, conharmonic and
concircular curvature tensors has been discussed recurrence parameter have also been studied. Index
Terms- Recurrence parameter,Curvature Tensors,C® -function,Hsu-structure manifold.

1.Introduction
If a differentiable manifold Vn, of differentiability class C*.there be in VVn,a vector valued linear function
F of classC®, satisfying the algebraic equation

X =-a¥x, for arbitrary vector field X . (1.1)

Where X=FX ,0< r < n and ‘a’is real or imaginary number,then {F} is said to give to Vn a Hyperbolic
HSU-structure defined by the equations(1.1) and the manifold Vn is called a Hyperbolic HSU —structure
manifold.Hyperbolic HSU-structure manifold or briefly H-Hsu-structure manifold.

Remark(1.1) : The equation (1.1) gives different structures for different values of ‘a’ and r .

If a=+1andr=2 it is an almost complex structure.

If a= tiandr =2, itisan almost product structure or a hyperbolic almost complex

structure.

If a=0, it an almost tangent structure or almost hyperbolic tangent
structure.

If a=0, s It is the hyperbolic m-structure.

Let the Hsu — structure Vn, be endowed with a Hermitian metric tensor g, such that

g(X,Y) -a"g(X.Y) =0,

Then{F,g} is said to give Vn a hyperbolic Hsu-structure metric manifold.

Agreement (1.1):In what follows and the above, the equations containing X,Y.,Z............ ,etc. hold for
these arbitrary vector in Vn,

The curvature tensor K,a vector —valued tri-linear function w.r.t the connexion D is given by

K(X, Y, Z) = DnyZ - DyDXZ - D[X’y]Z, (12)a
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Where
[X,Y] = DxY — DyX (1.2)b

The Ricci tensor in V,is given by
Ric(Y,Z) = (CIK)(Y, 2). (1.3)

Where by ( C{K)(Y, Z), we mean the contraction of K (X, Y, Z)with respect the first slot.
For Ricci tensor, we also have

Ric(Y,Z) = Ric(Z,Y), (1.4)a
Ric(Y,2) = g(r(V),2) = g(Y,7(2)), (1.4)b
(Cir)=R (1.4)c

Let W,C,L and V be the Projective,Conformal, conharmonic and concircular curvature tensors
respectively given by

W(X,Y,2) =K(X,Y,2) — ﬁ [Ric(Y,Z)X — Ric(X,Z)Y] (1.5)

C(X,Y,Z) = —(n—iz){Ric(Y, 2)X — Ric(X,2)Y — g(X, )r(Y) + g(Y, Dr(X)} +

(n—lin—z) [g(Y, Z)X — g(X' Z)Y]. (1.6)

L(X,Y,Z) =K(X,Y,Z) — (n%z) [Ric(Y,Z)X — Ric(X,2)Y — g(X, 2)r(Y) + g(¥, Z)r(X)].
(1.7)
VXY, Z) = K(X,Y,Z) - (:_1) [g(Y,2)X — g(X,Z)Y]. (1.8)

A manifold is said to be recurrent, if

(VK)(X,Y,Z,T) = A(TOK(X, Y, Z).

The recurrent manifold is said to be symmetric, if
A(Tyy = 0, in the equation (1.9).
Il RECURRENCE AND SYMMETERY OF DIFFERENT KINDS

Let Q, a vector — valued trilinear function be any one of the curvature tensors K,W,C,L or V. Then we
will define recurrence of different kinds as follows:

Definition(2.1). A —HSU-structure manifold is said to be (1)-recurrent in Q,if

a (VQ)(X,Y,Z,T) — Q((VF)(X,T),Y,Z) = a"P,(T)Q(X,Y, Z) (2.1)
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Where P;(T) is non — vanishing C* function.

Definition(2.2). A H-HSU- structure manifold is said to be (2)- recurrent inQ,if
a(VQ(X,Y,Z,T) - Q(X, VF)(Y,T),Z) = a"P,(T)Q(X,Y, Z) , (2.2)

Definition(2.3). A H-HSU- structure manifold is said to be (3)- recurrent inQ,if
a"(VQ)X,Y,Z,T) — Q(X,Y(VF)(Z,T) = a"P,(T)Q(X,Y,Z) , (2.3)

Definition(2.4). A H-HSU- structure manifold is said to be Ricci- (1)- recurrent ,if
a”(VRic)(,Y,Z,T) — Ric((VF)(Y,T),Z) = a"P,(T)Ric(Y,Z) , (2.4)

Definition(2.5). A H-HSU- structure manifold is said to be Ricci- (2)- recurrent ,if
a”(VRic)(,Y,Z,T) — Ric(Y,(VF)(Z,T) = a"P,(T)Ric(Y, Z), (2.5)

Definition(2.6). A -HSU-structure manifold is said to be (1,2)-recurrent in Q,if
a"(VQ)(X,Y,Z,T) = Q((VF)(X, T),Y,Z) + a"Q(X, (VF)(Y,T), Z)
= a"P,(TQ(X,Y,Z2), (2.6)a

or equivalently
a"(VQ)(X,Y,Z,T) — QIX(VF)(Y,T),Z) + a"Q((VF)(X,T),Y, Z)
= a"P,(TQ(X,Y,Z), (2.6)b

or equivalently
a?"(VQ)(X,Y,Z,T) —a"(Q((VF)(X,T),Y,Z) —a"Q(X, (VF)(Y,T), Z)
= a?>"P(T)Q(X,Y,2), (2.6)c

Definition (2.7). A —HSU-structure manifold is said to be (1,2)-recurrent in Q,if
a"(VQ)(X,Y,Z,T) = Q((VF)(X,T),Y,Z) + a"Q(X, Y, (VF)(Z,T))
= a"P,(T)Q(X,Y,2), (2.7)a

or equivalently

a"(VQ)(X,Y,Z,T) — QX,Y(VF)(Z,T )) + a"Q((VF)(X,T),Y,Z)

= a"P,(T)Q(X,Y,2), (2.7)b
or equivalently

a?"(VQ)(X,Y,Z,T) —a" (Q((VF)X,T),Y,Z) —a"Q(X,Y(VF)(Z,T))

= a’"Py(T)Q(X,Y,2), (2.7)c

Definition(2.8). A —HSU-structure manifold is said to be (2,3)-recurrent in Q,if
a"(VQ)(X,Y,Z,T) = Q(X,(VF)(Y,T),Z) + a”Q(X,Y, (VF)(Z,T))
= arpl (T)Q(X, Y; Z_)) (28)a
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or equivalently

a"(VQ)(X,Y,Z,T) —Q(X,Y,(VF)(Z,T )+ a"Q(X, (VF)(Y,T), Z)

= a"P(TQX,Y,2), (2.8)b
or equivalently

a’"(VQ)(X,Y,Z,T) —a" (Q(X,(VF)(Y,T),Z) —a"Q(X, (VF)(Y,T),Z)

= a?" P (T)Q(X,Y,2). (2.8)c

Definition(2.9). A H-HSU- structure manifold is said to be Ricci- (1,2)- recurrent ,if
a"(VRic)(,Y,Z,T) — Ric((VF)(Y,T),Z) + a"Ric(Y, (VF),Z,T))
= a"P,(T)Ric(Y,Z), (2.9)a

or equivalently
a"(VRic)(,Y,Z,T) — Ric(Y, (VF)(Z,T)) + a"Ric((VF)(Y,T), Z)
= a"P,(T)Ric(Y,2), (2.9)b

Or equivalently
a?" (VRic)(Y, Z,T) — a"(Ric((VF)(Y,T),Z) — a"Ric(Y, (VF)(Z,T)
= a?"P,(T)Ric(Y,Z). (2.9)c

Definition(2.10). A —HSU-structure manifold is said to be (1,2,3)-recurrent if
a"(VQ)(X,Y,Z,T) — Q((VF)(X,T),Y,Z) + a"Q(X,Y, (VF)(Z,T))
+a"Q(X, (VF)(Y,T),Z) = a"P,(T)Q(X,Y,Z), (2.10)a

or equivalently
a"(VQ)(X,Y,Z,T) — QX, VF)(Y,T ),Z) + a"Q((VF)(X,T),Y,Z)
+a"Q(X,Y,(VF)(Z,T)) = a"P(T)Q(X,Y, 2), (2.10)b

or equivalently
a"(VQ)(X,Y,Z,T) + a"Q((VF)(X,T),Y,Z) + a"Q(X, (VF)(Y,T), Z)
—Q(X,Y(VF)(Z,T)) = a"P,(T)Q(X, Y, 2). (2.10)c

Definition(2.11). A (1),(2),(3),(1,2),(1,3),(2,3) and (1,2,3)- recurrent H-HSU-structure manifold is said
to be Q-symmetric or Ricc-symmetric,if

P(T)=0 (2.11)

In the above equations,

Theorem (2.1) A Q-(1)-recurrent H-HSU-manifold is Q-(2)- recurrent for same recurrent parameter ,if

QUVF)(X, T),Y,Z) = Q(X, (VF)(Y, T).2). (2.12)

Proof: if a Q-(1)-recurrent H-HSU-manifold is Q-(2)-recurrent ,then we have
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ar(VQ)(X, Y,Z,T) - Q((VF)(X' T)' Y'Z) - arpl(T)Q(X' Y,Z) = ar(VQ)(X, Y,Z, T) - Q(X' (VF)(Y_';

From equation(2.13),we have the equation (2.12).
Conversely, let the equation (2.12)is satisfied and the manifold is Q(1)-recurrent ,then using equation in
(2.1),we get

a"(VQ)(X,Y,Z,T) — Q(X,(VF)(Y,T),Z) = a" P, (T)Q(X,Y, Z)

Which shows that the manifold is Q-(2)-recurrent.

Note(2.1)-Similarly, it can be shown that the Q-(3)-recurrent H-HSU-structure manifold is Q-(1)-
recurrent, if

Q(VAX,T),Y,Z) = Q(X,Y(VF)(Z,T)),

Or Q-(2)-recurrent, if

QX, (VF)(Y,T),2) = Q(X,Y(VF)(Z,T)),
And Ricci-(1)-recurrent H-HSU-manifold is Ricci-(2)-recurrence, if

Ric((VF)(Y,T),Z) = Ric(Y,(VF)(Z,T) for the same recurrence parameter.

Theorem (2.2) A Q-(1,2)-recurrent H-HSU-structure manifold is Q-(1,3)-recurrent for the same
recurrence parameter , iff

QX, (VF)(Y,T),2) = Q(X,Y(VF)(Z,T)). (2.14)

Proof.  Assuming that the Q-(1,2)-recurrent H-HSU-structure manifold is Q-(1,3)-recurrent then using
equation(2.14) in equation (2.6)b, we get

a"(VQ)(X,Y,Z,T) — Q(X,Y(VF)(Z,T)) + a"Q((VF)(X,T),Y, Z)

= a"Pi(T)Q(X,Y,2),

Which shows that the manifold is Q-(1,3)-recurrent.

Note(2.2).Similarly ,it can be shown that the Q-(2,3)-recurrent H-HSU-structure manifold is Q-(1,2)-
recurrent, iff

QUVF)(X,T),Y,Z) = Q(X,7,(VF)(Z,T))

Or Q-(1,3)-recurrent,iff

QX(VF)(Y,T),Z) = QUVF)(X,T),Y,Z)

For the same recurrence parameter .

Theorem (2.3). A Q-(1,2)-recurrent H-HSU-structure manifold is Q-(1)-recurrent for the same
recurrent parameter provided

a™Q(X, (VF)(Y,T),Z) = 0 (2.15)

Proof . Let the manifold is (1)-recurrent in Q then barring Y in equation (2.1),we get.
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a" (V) (X, Y,Z, T) — Q((VF)()?, T),Y, Z) =a"P,(T)Q(X, Y, Z) (2.16)

Now, assuming that a Q-(1,2)-recurrent H-HSU-structure-manifold is Q-(1)-recurrent then comparing
,equation (2.6)a and (2.16),we get the equation (2.15).

Note(1.3). Similarly, it can be shown that a Q-(1,2)-recurrent H-HSU-structure manifold is Q(2)-
recurrent for the same recurrence parameter,provided.

a"Q((VF)(X,T),Y,Z) = 0. (2.17)

Remark(1.1). Theorems of the type(2.3) can also be proved taking Q-(1,3)or Q(2,3)-recurrent
H-HSU-structure manifold instead of Q-(1,2)-recurrent and and Q-(1) orQ-(3) or Q-(2)-
recurrent manifold in place of Q-(1)-recurrent manifold.

Theorem (2.4) A Q(1,2,3)-recurrent H-HSU-structure manifold is Q-(1)-recurrent for the same recurrent
parameter provided.

a"Q(X, (VF)(Y,T),Z) +a’Q(X,Y,(VF)(Z,T)) = 0. (2.18)
Proof.  Let the manifold is Q-(1)-recurrent, then barring Y and Z in equation (2.1),we get

a"(VQ)(X,Y,Z,T) — Q((VF)(X,T),Y,Z) = a"P,(T)Q(X,Y,Z) (2.19)
Now assuming that a Q-(1,2,3)-recurrent manifold is Q-(1)-recurrent, then comparing equations (2.10)a
and (2.19),we get the equation (2.18).

Note(2.4).  Theorems of the type (1.4) can also be proved taking Q-(2) or Q-(3)-recurrent H-HSU-
structure manifold instead of Q-(1)-recurrent H-HSU-structure manifold.

Theorem(1.5) A Q-(1,2,3)-recurrent H-HSU-structure manifold is Q-(1,2)-recurrent H-HSU-manifold
for the same recurrence parameter ,provided.

a"Q(X,Y(VF)(Z,T) =0 (2.20)
Proof. Let the manifold is Q-(1,2)-recurrent, then barring Z in equation (2.6)a ,we get

a"(VQ)(X,Y,Z,T) — Q((VF)()?, T),Y, Z) +a"Q(X,(VF)(Y,T),Z)

= a"P(TQ(X,Y,Z), (2.21)

Now, assuming that a Q-(1,2,3)-recurrent H-HSU-structure manifold is Q-(1,2)-recurrent and then
comparing equations (2.10)a and (2.21),we get the equation (2.20).

Note(1.5). Theorems of the type(2.5)can also be proved taking Q-(1,3)-or Q-(2,3)-recurrent H-HSU-
structure manifold instead of Q-(1,2)-recurrent H-HSU-structure manifold.
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Theorem(2.6). In a recurrent H-HSU-structure manifold, if any two of following conditions

hold for the same recurrence parameter, then the third also hold:

€)) It is conformal (1)-recurrent ,
(b) It is conharmonic (1)-recurrent,
(o) It is concircular (1)-recurrent.

Proof. From the equation (1.6),(1.7),(1.8) we have

n

CX,Y,2) =LX,Y,Z) + = [K(X,Y,Z) —-V(X,Y,Z)] (2.22)
Barring X in equations (2.22) ,we get

CX,Y,2)=L(X,Y,Z) + (n’jz) [K(X,Y,Z) - V(X,Y,2)]. (2.23)

Now, from equation from from (1.1) and (2.23),we have

r

a’P,(T)C(X,Y,Z) = a"P,(T)L(X,Y,Z) + %Pl(T){K(X, Y,Z) -V(X,Y,Z)}
(2.24)

Differentiating equation(2.23) with respect to T, using equation (2.23) and then barring X in the
resulting equation, we get
—a"(VC)(X,Y,Z,T) + C(VF)(X,T),Y,Z) = —a" (VL)(X,Y,Z,T)
+L(TRHED,Y,2) +
+K((VFY(X,T),Y,Z) +a"(VV)(X,Y,Z,T)
—V((VF)(X,T),Y, Z)}. (2.25)

{(—a"(VK)(X,Y,Z,T)

Adding equation (2.24) and (2.25), we get

—a"(VC)(X,Y,Z,T) + C((VF)(X,T),Y,Z) + a"P,(T)C(X,Y, Z)
= —a"((VL)(X,Y,Z,T) + L(VF)X,T),Y,Z) + a" P, (T)L(X, Y, Z)

+ oy (CPROEY,ZT) +K((VH)XT),Y,2) +a Py (T)K(X,Y, 2)

+a" (WV)(X,Y,Z,T) = V((VF)(X,T),Y,Z) —a"P(T)K(X,Y,Z)}
(2.26)

If a (1)-recurrent H-HSU-Structure manifold is conformal-(1) recurrent and conharmonic-(1)-recurrent
for the same recurrence parameter then from equation (2.16), we get

a"(VW)(X,Y,Z,T) = V((VF)(X,T),Y,Z) = a" P, (T)V(X,Y, Z),

Which shows that the manifolds is concircular —(1)-recurrent.
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Similarly, it can be shown that if the recurrent manifold is either conformal-(1)-recurrent and
concircular-(1)-recurrent or conharmonic-(1)-recurrent and concircular-(1)-recurrent then it is either
conharmonic-(1)-recurrent or conformal-(1)-recurrent for same recurrence parameter.

Theorem(2.7) Ina (1,2) recurrent H-HSU-structure manifold, if any two of following conditions hold
for the same recurrence parameter, then the third also hold:

@ It is conformal  (1,2)-recurrent,
(b) It is conharmonic (1,2)-recurrent,
(© It is concircular (1,2)-recurrent.

Barring X and Y in equations (2.22) ,we get

CX,Y,2)=L(X,Y,Z) + (n’fz) [K(X,Y,Z2) - V(X,Y,2)]. (2.27)

Now, from equation (1.1) and (2.27),we have
na

(n-2)

r

a’P(T)C(X,Y,Z) = a"P(T)L(X,Y,2) + P (TY{K(X,Y,2) - V(X,Y,2)}

(2.28)
Differentiating equation(2.27) with respect to T, using equation (2.27) and then barring X in the
resulting equation, we get

—a"(VO)(X,Y,Z,T) + C((VF)(X,T),Y,Z) —a"C(X,(VF)(Y,T),Z)

= —a"((VL)(X,Y,Z,T) +L(VE)X T),Y,Z)—a"L(X,(VF)(Y,T),Z)

+ (n‘_‘l) {(=a"(VK)YX,Y,Z,T) + K(VF)(X,T),Y,Z) —a" KX, (VF)(Y,T),Z)
+a" (VW) (X,Y,Z,T) —=V((VF)(X,T),Y,Z)} + a"V(X, (VF)(Y,T), Z)}. (2.29)

Adding equations (2.28) and (2.29),we get

—a"(VC)(X,Y,2,T) + C((VF)(X,T),Y,Z) — a"C(X, (VF)(Y,T),Z) + a"P,(T)C(X,Y, Z)
= —a"(VL)(X,Y,Z,T) + L(VHX,T),Y,2) — a"L(X, (VF)(Y,T),2)

+a"P(T)L(X,Y,2) +
5 AT Y,ZT) + K(VF)(XT),Y,2)
—a"K(X, (VF)(Y,T),Z) + a"P,(T)K(X,Y,Z) + a"(VV)(X,Y,Z,T)
—V((VF)X,T),Y,2)}+ aV(X,(VF)(Y,T),2) — a"P,(T)V(X,Y, 2)} (2.30)

If a (1,2)-recurrent H-HSU-Structure manifold is conformal-(1,2) recurrent and conharmonic-(1,2)-
recurrent for the same recurrence parameter then from equation (2.30), we get

a"(VW(X,Y,Z,T) - V((VF)(X,T),Y,Z) + a'V(X, (VF)(Y,T),Z) = a" P, (T)V(X,Y, 2).
Which shows that the manifolds is concircular —(1,2)-recurrent.
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Similarly, it can be shown that if the recurrent manifold is either conformal-(1,2)-recurrent and
concircular-(1,2)-recurrent or conharmonic-(1,2)-recurrent and concircular-(1,2)-recurrent then it is
either conharmonic-(1,2)-recurrent or conformal-(1,2)-recurrent for same recurrence parameter.

Theorem (2.8) ) In a (1,2,3) recurrent H-HSU-structure manifold, if any two of
following conditions hold for the same recurrence parameter, then the third
also hold:

@ It is conformal (1,2,3)-recurrent ,
(b) It is conharmonic (1,2,3)-recurrent,
(c) It is concircular (1,2,3)-recurrent.

Barring X,Y and Z in equations (2.22) ,we get

C(X,Y,2)=LX,Y,2) + (n’fz) [K(X,Y,2) - V(X, Y, 2)]. (2.31)

Now, from equation (1.1) and (2.31),we have

a’P(T)C(X,Y,2) = a"P,(T)L(X,Y,2) + n—arPl(T){K(X, Y,2)-v(x,Y,2)}

(n—2)
(2.32)
Differentiating equation(2.31) with respect to T, using equation (2.31) and then barring X in the
resulting equation, we get

—a"(VO)(X,Y,Z,T)+ C((VF)(X,T),Y,Z) —a"C(X, VF)(Y,T),Z2)—a"C(X,Y,(VF)(Z,T)
=a"(VL)X,Y,Z,T) +L((WHXT),Y,Z)—a"L(X,(VF)(Y,T),Z)
—a"L(X,Y,(VF)(Z,T)) + (n‘_‘l) {(—=a"(VK)(X,Y,Z, T) + K((VF)(X,T),Y,2)
—a"K(X,(VF)(Y,T),Z) — (X,Y(VF)(Z,T) + a"(VW)(X,Y,Z,T) = V((VF)(X,T),Y,Z)}
+a"V(X, (VF)(Y,T),Z) + a"V(X,Y(VF)(Z,T))}. (2.33)

Adding equations (2.32) and (2.33),we get

—a"(VO)(X,Y,Z,T) + C((VF)(X,T),Y,Z) —a"C(X, (VF)(Y,T),Z)
—a"C(X,Y(VF)(Z,T)) + a"P,(T)C(X,Y,Z)
= —a"((VL)(X,Y,Z,T) + L((VF)X,T),Y,Z) — a"L(X, (VF)(Y,T),Z)

—a"L(X,Y(VF)(Z,T)) +a"P,(T)L(X,Y,2)
{(—a"(VK)(X,Y,Z, T)

n
HCES)
+K((VE)X,T),Y,2) —a"K(X,(VF)(Y,T),Z) —a"K(X,Y(VF)(Z,T))
+a Py (T)K(X,V,2) + a"(VW)(X,Y,Z,T) —V((VF)(X,T),Y,2)}
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+a"V(X, (VF)(Y,T),Z) — a"P,(TYV(X, Y, 2)} (2.34)

If a (1,2,3)-recurrent H-HSU-Structure manifold is conformal-(1,2,3) recurrent and conharmonic-(1,2,3)-
recurrent for the same recurrence parameter then from equation (2.34), we get

a"(VW(X,Y,Z,T) - V((VF)X,T),Y,Z) + a"V(X, (VF)(Y,T),Z) + a"V(X,Y(VF)(Z,T))

=a" P(TV(X,Y,Z).
Which shows that the manifolds is concircular —(1,2,3)-recurrent.
Similarly, it can be shown that if the recurrent manifold is either conformal-(1,2,3)-recurrent and
concircular-(1,2,3)-recurrent or conharmonic-(1,2,3)-recurrent and concircular-(1,2,3)-recurrent then it is
either conharmonic-(1,2,3)-recurrent or conformal-(1,2,3)-recurrent for same recurrence parameter.
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On Hyperbolic Hsu-Structure Manifold,BIRecurrent and Symmetry

1.Introduction
If a differentiable manifold Vn, of differentiability class C*.there be in VVn,a vector valued linear function
F of classC®, satisfying the algebraic equation

X =-a¥x, for arbitrary vector field X . (1.1)
Where X=FX ,0< r < n and ‘a’is real or imaginary number,then {F} is said to give to Vn a Hyperbolic

HSU-structure defined by the equations(1.1) and the manifold Vn is called a Hyperbolic HSU —structure
manifold.Hyperbolic HSU-structure manifold or briefly H-Hsu-structure manifold.

IJFMR23022701 Volume 5, Issue 2, March-April 2023 10



https://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijffmr.com e Email; editor@ijfmr.com

Remark(1.1) : The equation (1.1) gives different structures for different values of ‘a’ and r .

If a=t1andr =2 it is an almost complex structure.

If a= tiandr =2, itisan almost product structure or a hyperbolic almost complex

structure.

If a=0, it an almost tangent structure or almost hyperbolic tangent
structure.

If a=0, s It is the hyperbolic m-structure.

Let the Hsu — structure \Vn, be endowed with a Hermitian metric tensor g, such that

g(X.¥)—a'g(X,Y) =0,

Then{F,g} is said to give Vn a hyperbolic Hsu-structure metric manifold.

Agreement (1.1):In what follows and the above, the equations containing X,Y,Z............ ,etc. hold for
these arbitrary vector in Vn,

The curvature tensor K,a vector —valued tri-linear function w.r.t the connexion D is given by

K(X, Y, Z) = DnyZ - DyDXZ - D[X,y]Z, (12)a
Where
[X,Y] = DyY — DyX (1.2)b

The Ricci tensor in V,is given by
Ric(Y,Z) = (CLK)(Y, 2). (1.3)

Where by ( C{K)(Y, Z), we mean the contraction of K (X, Y, Z)with respect the first slot.
For Ricci tensor, we also have

Ric(Y,Z) = Ric(Z,Y), (1.4)a
Ric(Y,Z) = g(r(V),2) = g(Y,r(2)), (1.9)b
(Cir) =R (1.4)c

Let W,C,L and V be the Projective,Conformal, conharmonic and concircular curvature tensors
respectively given by

WX, Y,2) =K(X,Y,2) — ﬁ [Ric(Y,Z)X — Ric(X, Z)Y] (1.5)
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cCX,Y,Z) =— (niz) {Ric(Y,Z)X —Ric(X,2)Y —gX,Z)r(Y) + g(Y,2D)r(X)} +
o T DX — gX, D)Y]. (16)

1

LIX,Y,Z)=KX,Y,Z) — s

[Ric(Y,Z)X — Ric(X,Z)Y —g(X,Z)r(Y) + g(Y,Z)r(X)].

(1.7)
V(X,Y,Z) = K(X,Y,Z) -~ (:_1) [9(Y,2)X — g(X,Z)Y]. (1.8)

A manifold is said to be recurrent, if

(KX, Y,Z, T) = A(T)OKEX Y, Z).

The recurrent manifold is said to be symmetric, if
A(Tyy = 0, in the equation (1.9).
Il BIRECURRENCE AND SYMMETERY OF DIFFERENT KINDS

Let Q, a vector — valued trilinear function be any one of the curvature tensors K,W,C,L or V. Then we
will define recurrence of different kinds as follows:
Definition(2.1). A —HSU-structure manifold is said to be (1)-birecurrent in Q,if
a"(VWQ)(X,Y,Z,T,S) — (VQ)((VF)(X,T),Y,Z,S) — VQ)((VF)(X,S),Y,Z,T) —
Q((VVF)(X,T,S),Y,Z) = a"P,(T,S)Q(X,Y,Z) (2.1)
Where P,(T,S) is non — vanishing C*,called birecurrence parameter.
Definition(2.2). A H-HSU- structure manifold is said to be Ricci (1)-birecurrent ,if
a" (VVRic)(Y,Z,T,S) — (VRic)(((VF)(Y,T),Z,S) — (VRic)

((VF)(Y,5),Z,T ) — Q((VVRic)(Y,T,S),Z) =
a"P,(T,S)Ric(Y,Z). (2.2)

Definition(2.3). A H-HSU- structure manifold is said to be- (1,2)-birecurrent inQ,if
a"(VWQ)(X,Y,Z,T,S) — VQ)((VF)(X,T),Y,Z,5) — VQ)((VF)(X,S),Y,Z,T) +

a” (VQ)(X, (VF)(Y,T),Z,S) + a” (VQ)(X, (VF)(Y,S),Z,T) — Q((VF)(X,T), (VF)(Y,S),Z) —
Q((VF(X,S), (VF)Y,T),Z) — Q((WWFX,T,S),Y,Z) + a"Q(X, (VWF)(Y,T,S),Z) =
a"P,(T,$)Q(X,Y,Z), (2.3)

Definition(2.4). A H-HSU- structure manifold is said to be Ricci- (1)- recurrent ,if
a”(VRic)(,Y,Z,T) — Ric((VF)(Y,T),Z) = a"P,(T)Ric(Y,Z) , (2.4)

Definition(2.5). A H-HSU- structure manifold is said to be Ricci- (2)- recurrent ,if
a”(VRic)(,Y,Z,T) — Ric(Y,(VF)(Z,T) = a"P,(T)Ric(Y,Z) , (2.5)

Definition(2.6). A —HSU-structure manifold is said to be (1,2)-recurrent in Q,if
a"(VQ)(X,Y,Z,T) = Q((VF)(X, T),Y,Z) + a"Q(X, (VF)(Y,T), Z)

IJFMR23022701 Volume 5, Issue 2, March-April 2023 12



https://www.ijfmr.com/

m International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijffmr.com e Email; editor@ijfmr.com

= a"P(T)Q(X,Y,2), (2.6)a

or equivalently
a"(VQ)(X,Y,Z,T) — QIX(VF)(Y,T),Z) + a"Q((VF)(X,T),Y, Z)
= a"P,(TQ(X,Y,2), (2.6)b

or equivalently
a?"(VQ)(X,Y,Z,T) —a" (Q((VF)X,T),Y,Z) —a"Q(X, (VF)(Y,T), Z)
= a?"Py(T)Q(X,Y,2), (2.6)c

Definition (2.7). A —HSU-structure manifold is said to be (1,2)-recurrent in Q,if
a"(VQ)(X,Y,Z,T) = Q((VF)(X,T),Y,Z) + a"Q(X,Y, (VF)(Z,T))
= a"P,(T)Q(X,Y,Z), (2.7a

or equivalently

a"(VQ)X,Y,Z,T) — QX,Y(VF)(Z, T ) +a"Q((VF)(X,T),Y,Z)

= a"P(T)Q(X,Y,2), (2.7)b
or equivalently

" (VQ)(X,Y,Z,T) —a" (Q((VF)X,T),Y,Z) —a"Q(X,Y(VF)(Z,T))

= a’"Py(T)Q(X,Y,2), (2.7)c

Definition(2.8). A —HSU-structure manifold is said to be (2,3)-recurrent in Q,if
a"(VQ)(X,Y,Z,T) = QX,(VF)(Y,T), Z) + a"Q(X, Y, (VF)(Z,T))
= a"P,(T)Q(X,Y,Z), (2.8)a

or equivalently

a(VQ)X,Y,Z,T) - QX,Y,(VF)(Z,T ) + a"Q(X, (VF)(Y,T), Z)

= a"P,(TQ(X,Y,2), (2.8)b
or equivalently

a*"(VQ)(X,Y,Z,T) —a"(QX, (VF)(Y,T),Z) — a"Q(X, (VF)(Y,T),Z)

= a®" P (T)Q(X,Y,Z). (2.8)c

Definition(2.9). A H-HSU- structure manifold is said to be Ricci- (1,2)- recurrent ,if
a"(VRic)(,Y,Z,T) — Ric((VF)(Y,T),Z) + a"Ric(Y, (VF),Z,T))
= a"P,(T)Ric(Y,Z), (2.9)a

or equivalently
a"(VRic)(,Y,Z,T) — Ric(Y, (VF)(Z,T)) + a"Ric((VF)(Y,T), Z)
= a"P,(T)Ric(Y,2), (2.9)b

Or equivalently
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a?"(VRic)(Y, Z,T) — a"(Ric((VF)(Y,T),Z) — a"Ric(Y, (VF)(Z,T)
= a?" P, (T)Ric(Y,Z). (2.9)c

Definition(2.10). A —HSU-structure manifold is said to be (1,2,3)-recurrent if
a"(VQ)(X,Y,Z,T) — Q((VF)(X,T),Y,Z) + a"Q(X,Y,(VF)(Z,T))
+a"Q(X, (VF)(Y,T),Z) = a"P,(T)Q(X,Y,Z), (2.10)a

or equivalently
a"(VQY(X,Y,Z,T) — QX,(VF)(Y,T ),Z) + a"Q((VF)(X,T),Y, Z)
+a"Q(X,Y,(VF)(Z,T)) = a"P(T)Q(X,Y, 2), (2.10)b

or equivalently
a"(VQ)(X,Y,Z,T) + a"Q((VF)(X,T),Y,Z) + a"Q(X, (VF)(Y,T), Z)
—QX,Y(VF)(Z,T)) = a"P(T)Q(X,Y,Z). (2.10)c

Definition(2.11). A (1),(2),(3),(1,2),(1,3),(2,3) and (1,2,3)- recurrent H-HSU-structure manifold is said
to be Q-symmetric or Ricc-symmetric,if

P(T)=0 (2.11)

In the above equations,

Theorem (2.1) A Q-(1)-recurrent H-HSU-manifold is Q-(2)- recurrent for same recurrent parameter ,if

QUVF)(X, T),Y,Z) = Q(X, (VF)(Y, T),2). (212)
Proof: if a Q-(1)-recurrent H-HSU-manifold is Q-(2)-recurrent ,then we have

a"(VQ)(X,Y,Z,T) — QUVF)(X, T),Y,Z) —a"Pi(T)Q(X,Y,Z) = a"(VQ)(X,Y,Z,T) — Q(X, (VF)(¥,
T),2)—a"P,(T)Q(X,Y,Z) (2.13)

From equation(2.13),we have the equation (2.12).
Conversely, let the equation (2.12)is satisfied and the manifold is Q(1)-recurrent ,then using equation in
(2.1),we get

a"(VQ)(X,Y,Z,T) — Q(X,(VF)(Y,T),Z) = a" P, (T)Q(X,Y, Z)

Which shows that the manifold is Q-(2)-recurrent.

Note(2.1)-Similarly, it can be shown that the Q-(3)-recurrent H-HSU-structure manifold is Q-(1)-
recurrent, if

QWAX,T),Y,Z) = Q(X,Y(VF)(Z,T)),

Or Q-(2)-recurrent, if

QX,(VF)(Y,T),Z) = Q(X,Y(VF)(Z,T)),
And Ricci-(1)-recurrent H-HSU-manifold is Ricci-(2)-recurrence, if
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Ric((VF)(Y,T),Z) = Ric(Y,(VF)(Z,T) for the same recurrence parameter.

Theorem (2.2) A Q-(1,2)-recurrent H-HSU-structure manifold is Q-(1,3)-recurrent for the same
recurrence parameter , iff

QX, (VF)(Y,T),Z) = Q(X,Y(VF)(Z,T)). (2.14)

Proof.  Assuming that the Q-(1,2)-recurrent H-HSU-structure manifold is Q-(1,3)-recurrent then using
equation(2.14) in equation (2.6)b, we get

a"(VQ)(X,Y,Z,T) — Q(X,Y(VF)(Z,T)) + a"Q((VF)(X,T),Y,Z)

= a"P(T)Q(X,Y,2),

Which shows that the manifold is Q-(1,3)-recurrent.

Note(2.2).Similarly ,it can be shown that the Q-(2,3)-recurrent H-HSU-structure manifold is Q-(1,2)-
recurrent, iff

QUVF)(X,T),Y,Z) = Q(X,7,(VF)(Z,T))

Or Q-(1,3)-recurrent,iff

QX,(VF)(Y,T),Z) = Q(VF)(X,T),Y,Z)

For the same recurrence parameter .

Theorem (2.3). A Q-(1,2)-recurrent H-HSU-structure manifold is Q-(1)-recurrent for the same
recurrent parameter provided

a"Q(X,(VF)(Y,T),Z) = 0 (2.15)
Proof . Let the manifold is (1)-recurrent in Q then barring Y in equation (2.1),we get.

a"(VQ)(X,Y,Z,T) - QUVF)(X,T),Y,Z) = a"P,(T)Q(X,Y, Z) (2.16)
Now, assuming that a Q-(1,2)-recurrent H-HSU-structure-manifold is Q-(1)-recurrent then comparing
,equation (2.6)a and (2.16),we get the equation (2.15).

Note(1.3). Similarly, it can be shown that a Q-(1,2)-recurrent H-HSU-structure manifold is Q(2)-
recurrent for the same recurrence parameter,provided.

a"Q((VF)(X,T),Y,Z) = 0. (2.17)
Remark(1.1). Theorems of the type(2.3) can also be proved taking Q-(1,3)or Q(2,3)-recurrent
H-HSU-structure manifold instead of Q-(1,2)-recurrent and and Q-(1) orQ-(3) or Q-(2)-

recurrent manifold in place of Q-(1)-recurrent manifold.

Theorem (2.4) A Q(1,2,3)-recurrent H-HSU-structure manifold is Q-(1)-recurrent for the same recurrent
parameter provided.
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a"Q(X,(VF)(Y,T),Z) +a"Q(X,Y,(VF)(Z,T)) = 0. (2.18)
Proof.  Let the manifold is Q-(1)-recurrent, then barring Y and Z in equation (2.1),we get

a"(VQ)(X,Y,Z,T) - Q((VF)(X,T),Y,Z) = a"P,(T)Q(X, Y, Z) (2.19)
Now assuming that a Q-(1,2,3)-recurrent manifold is Q-(1)-recurrent, then comparing equations (2.10)a
and (2.19),we get the equation (2.18).

Note(2.4).  Theorems of the type (1.4) can also be proved taking Q-(2) or Q-(3)-recurrent H-HSU-
structure manifold instead of Q-(1)-recurrent H-HSU-structure manifold.

Theorem(1.5) A Q-(1,2,3)-recurrent H-HSU-structure manifold is Q-(1,2)-recurrent H-HSU-manifold
for the same recurrence parameter ,provided.

a"Q(X,Y(VF)(Z,T) =0 (2.20)
Proof. Let the manifold is Q-(1,2)-recurrent, then barring Z in equation (2.6)a ,we get

a"(VQ)(X,Y,Z,T) — Q((VF)(X,T),Y,Z) + a"Q(X, (VF)(Y,T),Z)

= a"P(T)Q(X,Y,2), (2.21)

Now, assuming that a Q-(1,2,3)-recurrent H-HSU-structure manifold is Q-(1,2)-recurrent and then
comparing equations (2.10)a and (2.21),we get the equation (2.20).

Note(1.5). Theorems of the type(2.5)can also be proved taking Q-(1,3)-or Q-(2,3)-recurrent H-HSU-
structure manifold instead of Q-(1,2)-recurrent H-HSU-structure manifold.

Theorem(2.6). In a recurrent H-HSU-structure manifold, if any two of following conditions
hold for the same recurrence parameter, then the third also hold:

(d) It is conformal (1)-recurrent ,
(e It is conharmonic (1)-recurrent,
()] It is concircular (1)-recurrent.

Proof. From the equation (1.6),(1.7),(1.8) we have

n

CX,Y,Z2)=L(X,Y,Z) + =2 [K(X,Y,Z) —V(X,Y,Z)] (2.22)
Barring X in equations (2.22) ,we get

CX,Y,Z)=L(X,Y,Z) +

n

o K& Y,2) - VXY, 2)] (2.23)

Now, from equation from from (1.1) and (2.23),we have
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na”
arpl(T)C(X) Y)Z) = arpl(T)L(X) Y! Z) + mPI(T){K(X' Y' Z) - V(X' Yr Z)}
(2.24)

Differentiating equation(2.23) with respect to T, using equation (2.23) and then barring X in the

resulting equation, we get

—a"(VC)(X,Y,Z,T) + C(VF)(X,T),Y,Z) = —a" (VL)(X,Y,Z,T)
+L((VH)X, T),Y,Z) + (nlil)

+K((VF)(X.T),Y,Z) +a" (VW) (X,Y,Z,T)
—V((VF)(X,T),Y,Z)}. (2.25)

{(—-a"(VK)(X,Y,Z,T)

Adding equation (2.24) and (2.25), we get

—a"(VC)(X,Y,Z,T) + C(VF)(X,T),Y,Z) + a"P,(T)C(X,Y, Z)
= —a"(VL)(X,Y,Z,T) + L((VF)(X,T),Y,Z) + a"P,(T)L(X,Y, Z)

+ (n’jz) (—a2(VK)(X,Y,Z,T) +K((VF)(X,T),Y,2) + a"P,(T)K(X,Y, Z)

+a"(VV)(X,Y,Z,T) —=V((VF)(X,T),Y,Z) —a"P,(T)K(X,Y,Z)}
(2.26)

If a (1)-recurrent H-HSU-Structure manifold is conformal-(1) recurrent and conharmonic-(1)-recurrent
for the same recurrence parameter then from equation (2.16), we get

a"(VW)(X,Y,Z,T) = V((VF)(X,T),Y,Z) = a" P(T)V(X,Y, Z),

Which shows that the manifolds is concircular —(1)-recurrent.

Similarly, it can be shown that if the recurrent manifold is either conformal-(1)-recurrent and
concircular-(1)-recurrent or conharmonic-(1)-recurrent and concircular-(1)-recurrent then it is either
conharmonic-(1)-recurrent or conformal-(1)-recurrent for same recurrence parameter.

Theorem(2.7) Ina (1,2) recurrent H-HSU-structure manifold, if any two of following conditions hold
for the same recurrence parameter, then the third also hold:

(c) Itis conformal  (1,2)-recurrent,
(d) It is conharmonic (1,2)-recurrent,
(c) It is concircular (1,2)-recurrent.

Barring X and Y in equations (2.22) ,we get
CX,Y,Z)=L(X,Y,Z) + [K(X,Y,Z)-V(X,Y,2)]. (2.27)

(n-2)

Now, from equation (1.1) and (2.27),we have
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arpl(T)C(X) Y)Z) = arpl(T)L(X) Y! Z) + mPI(T){K(X' Y' Z) - V(X' Yr Z)}
(2.28)

Differentiating equation(2.27) with respect to T, using equation (2.27) and then barring X in the
resulting equation, we get

—a"(VO)(X,Y,Z,T) + C((VF)(X,T),Y,Z) —a"C(X, (VF)(Y,T),Z)

= —a"((VL)Y(X,Y,Z,T) +L(VE)XT),Y,Z) —a"L(X,(VF)(Y,T),Z)

ooy (FAT VXY, ZT) + K((VRYXT),Y,2) - a KX, (VF)(Y, T), 2)
+a"(VW)(X,Y,Z,T) —=V((VF)(X,T),Y,Z)} + a"V(X, (VF)(Y,T), Z)}. (2.29)

Adding equations (2.28) and (2.29),we get

—a"(VO)(X,Y,Z,T) + C((VF)(X,T),Y,Z) —a"C(X, (VF)(Y,T),Z) + a"P,(T)C(X,Y,Z)
= —a"((VLY(X,Y,Z,T) + L((VF)X,T),Y,Z) — a"L(X, (VF)(Y,T),Z)

+a"P,(T)L(X,Y,Z) +
(nr_‘z) {(=a"(VK)(X,Y,Z,T) + K((VF)(X,T),Y,2)
—a"K(X,(VF)(Y,T),Z) + a"P,(T)K(X,Y,Z) + a" (VV)(X,Y,Z,T)
~V((VEY(X,T),Y,2)}+ a"V(X, (VF)(Y,T),Z) —a"Py(T)V(X,Y,Z)} (2.30)

If a (1,2)-recurrent H-HSU-Structure manifold is conformal-(1,2) recurrent and conharmonic-(1,2)-
recurrent for the same recurrence parameter then from equation (2.30), we get

a"(VW)(X,Y,Z,T) = V((VF)(X,T),Y,Z) + a"V(X, (VF)(Y,T),Z) = a" P, (T)V(X,Y, 2).

Which shows that the manifolds is concircular —(1,2)-recurrent.

Similarly, it can be shown that if the recurrent manifold is either conformal-(1,2)-recurrent and
concircular-(1,2)-recurrent or conharmonic-(1,2)-recurrent and concircular-(1,2)-recurrent then it is
either conharmonic-(1,2)-recurrent or conformal-(1,2)-recurrent for same recurrence parameter.

Theorem (2.8) ) In a (1,2,3) recurrent H-HSU-structure manifold, if any two of
following conditions hold for the same recurrence parameter, then the third
also hold:

(b) It is conformal (1,2,3)-recurrent ,
(b) It is conharmonic (1,2,3)-recurrent,
(c) It is concircular (1,2,3)-recurrent.

Barring X,Y and Z in equations (2.22) ,we get
CX,Y,2)=LX,Y,Z) + (n”TZ) [K(X,Y,Z) - V(X,Y, 2] (2.31)
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Now, from equation (1.1) and (2.31),we have

a’P(T)C(X,Y,Z) = a"P(T)L(X,Y,2) + "—arpl (TYK(X,Y,2) - V(X,Y,2)}

(n—2)
(2.32)
Differentiating equation(2.31) with respect to T, using equation (2.31) and then barring X in the
resulting equation, we get

—a"(VOY(X,Y,Z,T)+ C((VF)(X,T),Y,Z) —a"C(X, VF)(Y,T),Z2)—a" C(X,Y,(VF)(Z,T)
=a"(VL)(X,YV,Z,T) +L((VFXT),Y,Z) — a"L(X,(VF)(Y,T),Z)
—a"L(X,Y,(VF)(Z,T)) + (n:) {(=a"(VK)(X,Y,Z, T) + K((VF)(X,T),Y,2)
—a"K(X,(VF)(Y,T),Z) — (X,Y(VF)(Z,T) + a"(VW)(X,Y,Z,T) = V((VF)(X,T),Y,Z)}
+a"V(X, (VF)(Y,T),Z) + a"V(X,Y(VF)(Z,T))}. (2.33)

Adding equations (2.32) and (2.33),we get

—a"(VOY(X,Y,Z,T)+ C((VF)(X,T),Y,Z) —a"C(X, (VF)(Y,T),Z)
—a"C(X,Y(VF)(Z,T)) + a"P,(T)C(X,Y,Z)
= —a"((VLY(X,Y,Z,T) + L(VF)X,T),Y,Z) —a"L(X, (VF)(Y,T),Z)

—a'L(X, Y(VF)(Z,T)) +a"P,(T)L(X,Y,2)
(—a"(VK)(X,Y,Z T)

n
[RCESY
+K((VF)(X,T),Y,2) —a"K(X,(VF)(Y,T),Z) — a"K(X,Y(VF)(Z,T))
+a" P (T)K(X,Y,Z) + a"(VV)(X,Y,Z,T) — V((VF)(X,T),Y,Z)}
+a"V(X,(VF)(Y,T),Z) —a"P,(T)V(X,Y,Z)} (2.34)

If a (1,2,3)-recurrent H-HSU-Structure manifold is conformal-(1,2,3) recurrent and conharmonic-(1,2,3)-
recurrent for the same recurrence parameter then from equation (2.34), we get

a" (W)X, Y, Z,T) = V((VF)X,T),Y,Z) + a"V(X, (VF)(Y,T),Z) + a"V(X,Y(VF)(Z,T))

=a" P, (TV(X,Y,Z).
Which shows that the manifolds is concircular —(1,2,3)-recurrent.
Similarly, it can be shown that if the recurrent manifold is either conformal-(1,2,3)-recurrent and
concircular-(1,2,3)-recurrent or conharmonic-(1,2,3)-recurrent and concircular-(1,2,3)-recurrent then it is
either conharmonic-(1,2,3)-recurrent or conformal-(1,2,3)-recurrent for same recurrence parameter.
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