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Abstract
This paper defines a parameter of theta functions ¢ and ¥ depending on two positive real numbers a and
b. Some properties of which are also proved.
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1.Introduction:

Jinhee Yi [2] has discovered several interesting theta function parametrizations. Inspired by Yi’s work, a
parametrization I, ,, of theta functions ¢ and i for any positive real numbers a and b is introduced.
Several features of this parameter are also explored.

The general definition of Ramanujan's theta function is:
n(n+1) n(n-1)

For |ab| < 1, f(a,b) =Y} %.a 2z b 2
Now consider the following theta functions, each of which has a key role to play in this paper.
For Im(z) > 0and q = eZ”iz

®(q@) = f(q,9) = Xr=% q"

n(n+1)

(@) = f(q, 3)—Znoq 2,
n(3n-1)
o= fea-d= Y e = o

n=-—oo

n2

x(@) = (-4 3o
Where (a; q) o is a q- shifted factorial defined as,
(@ Qo =IIn=0(1 —aq™), lql<1.

2.Preliminary Result:
From Ramanujan’s notebook [1, Entry 24(iii), p. 39], we have

d(q) = x(q@) f(@).

f
Y(=q) = E((Z))
Yi[2,2.1.1, p. 11], has defined a following parameter for two positive real numbers n and k as:
(-q) -2m |7
Tkn = % qg=e¢e ‘/;

kzq 24 f(—q¥)
Yi[2, 8.1.1, p. 133], has established parametrization of theta function ¢ for two positive real numbers n
and k as:
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of
Ripn = ——L @.1)

i ¢(_e_2nm)'

Jinhee Yi in her thesis [2, Theorem 8.2.1(ii), p. 138], has discovered a following relation,

r,2n
W = —E X1 . (2.2)
T2,2nk ’
From Yi [2, Lemma 2.1.3(i), p. 13], we find that
Tk,% = Tmkn * 7'_1nk,m- (2.3)
Yi [2, corollary 2.1.5(1), p. 14], has established the relation
Tw2n = Thknk -rk%. 2.4)
3.Main Results:

In this section, a parameter of theta function is defined. Following that certain properties are also
established.
Definition: For any positive real numbers a and b, define a function I, ;, as;

b

—g? -1 [=

Iop = %, qg=e e (3.1
V2 a% g8 ¥(qY)

Remark 1:

Ramanujan [1, entry 27(i1), p.43], provides the transformation formula for ¢ and Y functions as;

If aff = m then 2\/51/)(8‘2“2) = \/Eeangb(—e‘Bz).

Substitute % = 2—”, for any real n, then we get
n y g

—-2n 1 -mn
qb(—eﬁ) =+2nie s lp(e‘"ﬁ). (3.2)
Setting ¢ = e™™ and n = 4 in equation (3.2), we get

¢(—q) = 2 q* P(q?). (3.3)

Theorem 1: For all positive real numbers a and b, we have

1. Ia,l = 1,
1
2. I 1=11 =—
ay ab Ia,b,
3. Ia,b = T'42 ' Ib,a-
‘a

Proof:
1. By putting b = 1 in the definition (3.1) and using the identity (3.2), we get the required result.
2. From the definition (3.1), we get

¢(_e—2n b/a)¢(_e—2n' 1/ab)
Iyp - Ia,l = = — . (3.4)
b 2-al/4.e” 8 -e 8 .w(e—nm).w(e—n a/b)

When n = ab and n = a/b are substituted in the equation (3.2) then the equation (3.4) becomes

Iqp * 1,1 =1 and hence the result follows.
'b
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3. Again, by using the definition (3.1), we find that

Iab _ b1/4-¢>(—e_2” b/a) (3 5)

Ipa a1/4-¢(—e_2" a/b)'

Applying (2.1) and (2.2) to the ratio (3.5), we get

T _2b
l4
Iap _ hap 2

Iba h'ba T,2a

"b

We complete the proof by substituting k = 2 andn = b/a in (2.4).

Remark 2:
1. From the theorem 1(2), it is clear that a > 1thenl,, < 1,V b < 1.
2. From the theorem 1(3), we find that I, , > 1,V a,b > 1.

Lemma: Let a, b and ¢ are positive real numbers, then [ Qb= Ieap - I;bl’C.

Proof: From the definition (3.1), we get

¢(_e—2n b/ca)

1 Jab/c :
VZaz e ™ 8 Il)(e_n ab/c)

Using the identity (3.2) for n = ab/c, we find that
b% ¢(_e—271: b/ca)
C% ¢(_e—2n c/ab).

Then the lemma follows by multiplying and dividing the above equation with
1 Vabc

V2aie™™s o (e‘” abc).

I

a

ol

I p =
a,—
Cc

_ Iad,bc

Theorem 2: If a, b and c are positive real numbers, then lac P
b'd ac,bd

Proof: From the lemma, we found that
I8 = Inba “ lanp. (3.6)

Put n = c¢/d in the equation (3.6) and use the theorem 1(3), we get

lca = Iad,bc ) Ib_dl,ac "Tyad’ r_14ﬂ' (3.7)
ab "be "ac
Substituting a = ¢/d and b = a/b in the theorem 1(3), we get
Ig£=r4c/d'lgg. (3.8)
b'd a/p b

With the help of the identity (2.3), we simplify the equation (3.7) and (3.8) to get the main result.
Corollary 1: 1,2) = Igpq * g p/a, Wwhere a and b are positive real numbers.

Proof: We complete the proof by substituting b = %, ¢ = b and d = 1 in the theorem 2.
Corollary 2: For all positive real numbers a and b,
1. lIaa=1I,,"1 a,
vy P e

2. Ia,a " I b2 =T p2 " Ib'b * I a2,
a L b
a a b
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3. Ia,a ’ Iazb,b = Ib,b ) Iabz,a'
Proof:

Ipb
a = ——, Then use of
'b Ia,bz/a

1. When we substitute ¢ = 1 and d = b/a in the theorem 2, we get that |

SRS}

the theorem 1(2) completes the proof.
2. By changing the position of a and b in the corollary 2(1), it is found that

Ivob = Igq-1, ». (3.9)
aa ‘a?

Put ¢ = a and d = b in the theorem 2, we get

Jaa = ebab, (3.10)
b la2p2

Change the position of a and b in (3.10), we found that

Ipp = -abab (3.11)
aa Iy2 g2

Comparing the equations (3.10) and (3.11), we get
laa I 2,2 = Ipb - Ip2 2.
b’b ’ @a ’

Now by using corollary 2(1), equation (3.9), the theorem 1(3) for /2 ,,2, we discover that

Iyl av 2=1_,1 »p.
b,b ayz a2 aa “p2

We complete the proof by making use of the theorem 1(2).
3. Putb=1,c =b?d=aandthena = b,b = 1,c = a? d = b in the theorem 2, we get

Iaz,bz Ibz,az

I b2 - I . I a2 - I .
a ab?,a a a?b,b

We reach the result by substituting the above values in the corollary 2(2) and the applying the theorem
1(3).

Theorem 3: Let a, b, ¢, d and k be positive real numbers such that ab = cd, then

Ia,b ’ Ikc,kd = Ika,kb ’ Ic,d-
Proof: From the definition (3.1), we get
w(e—zn\/ﬁ) w(e—Zn\/ﬁ)

Ikakp _ _ Tkcka
Iap k1/4¢(e—nk\/ﬁ) k1/41l)(e—nk\/a) Ieg

And hence the theorem follows.
Corollary 3: Let n and p be two positive real numbers then
Lpnp = Tnnp? * lpp * T4_,p12'
Proof: Substitute a = p2,b = 1,k = nand ¢ = d = p in the theorem 3, we get
L2yt Lipnp = Inpzpn * Ipp-
We derive the result by using the theorem 1(1) and (3).
Theorem 4: For all positive real numbers n,
oy n

% - 24T e™* [T Iy 5201

Proof: We use mathematical induction to prove the theorem.
e Stepl:Letn =1.
From definition (3.1), we have

¢(_e—2TE)
23/4 o—T/4 w(e—ZH)'

12’22—1 = 12,2 =
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By rearranging the above equation, we get

_ ¢(=e™)

=1 —-m/4
24 e 12’2 = Wa
Hence result is true forn = 1.

e Step 2: Suppose result is true for n = k.

k
¢(—e‘2 T[) 4-k _ k
Twe-my 2 et [Ti=1 I 5201

e Step 3: To prove forn = k + 1.

1-6:11 12’221'—1 = Hf:l Iz’zzi—1 ' 12'2k+1.
Now by using step 2 and the definition (3.1), we get
k+1 ¢(—6_2k")¢(—e‘2(k+1)”)

i1 L, 2im1 =
i=1 12,24 7-k .
277 e~T/4h(e—2M) w(e‘z(kH)H)

—2kg

Using the equation (3.3) forg = e , we get

p(-e2VT) acGery a1
e = 2 v eI

The above equation demonstrate that result is true forn = k + 1.

2 22i—1.
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