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Abstract 

This paper defines a parameter of theta functions 𝜙 and 𝜓 depending on two positive real numbers 𝑎 and 

𝑏. Some properties of which are also proved. 
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1.Introduction: 

Jinhee Yi [2] has discovered several interesting theta function parametrizations. Inspired by Yi’s work, a 

parametrization 𝐼𝑎,𝑏 of theta functions 𝜙 and 𝜓 for any positive real numbers 𝑎 and 𝑏 is introduced. 

Several features of this parameter are also explored.  

The general definition of Ramanujan's theta function is:  

For |𝑎𝑏| < 1,   𝑓(𝑎, 𝑏) = ∑ 𝑎
𝑛(𝑛+1)

2 𝑏
𝑛(𝑛−1)

2𝑛=∞
𝑛=−∞ . 

Now consider the following theta functions, each of which has a key role to play in this paper. 

For 𝐼𝑚(𝑧) > 0 and 𝑞 = 𝑒2𝜋𝑖𝑧, 

  𝜙(𝑞) = 𝑓(𝑞, 𝑞) = ∑ 𝑞𝑛2𝑛=∞
𝑛=−∞ , 

𝜓(𝑞) =  𝑓(𝑞, 𝑞3) = ∑ 𝑞
𝑛(𝑛+1)

2𝑛=∞
𝑛=0 , 

𝑓(−𝑞) =  𝑓(−𝑞, −𝑞2) = ∑ (−1)𝑛𝑞
𝑛(3𝑛−1)

2 = (𝑞; 𝑞)∞,

𝑛=∞

𝑛=−∞

 

𝜒(𝑞) = (−𝑞; 𝑞2)∞. 

Where (𝑎; 𝑞)∞ is a q- shifted factorial defined as, 

 (𝑎; 𝑞)∞ = ∏ (1 − 𝑎𝑞𝑛)∞
𝑛=0 ,     |𝑞| < 1. 

 

2.Preliminary Result: 

From Ramanujan’s notebook [1, Entry 24(iii), p. 39], we have 

𝜙(𝑞) =  𝜒(𝑞) 𝑓(𝑞).            

𝜓(−𝑞) =
𝑓(−𝑞2)

𝜒(𝑞)
.            

Yi [2, 2.1.1, p. 11], has defined a following parameter for two positive real numbers 𝑛 and 𝑘 as: 

𝑟𝑘,𝑛 =
𝑓(−𝑞)

𝑘
1
4 𝑞

(𝑘−1)
24 𝑓(−𝑞𝑘)

,      𝑞 = 𝑒
−2𝜋√

𝑛

𝑘.         

Yi [2, 8.1.1, p. 133], has established parametrization of theta function 𝜙 for two positive real numbers 𝑛 

and 𝑘 as: 

https://www.ijfmr.com/
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ℎ′
𝑘,𝑛 =

𝜙(−𝑒
−2𝜋√

𝑛
𝑘)

𝑘
1
4 𝜙(−𝑒−2𝜋√𝑛𝑘)

.          (2.1) 

Jinhee Yi in her thesis [2, Theorem 8.2.1(ii), p. 138], has discovered a following relation,  

 ℎ′
𝑘,𝑛 =

𝑟
2,

2𝑛
𝑘

𝑟2,2𝑛𝑘
× 𝑟𝑛,𝑘 .          (2.2) 

From Yi [2, Lemma 2.1.3(i), p. 13], we find that  

𝑟𝑘,
𝑛

𝑚
= 𝑟𝑚𝑘,𝑛 ∙ 𝑟−1

𝑛𝑘,𝑚.          (2.3) 

Yi [2, corollary 2.1.5(i), p. 14], has established the relation  

𝑟𝑘2,𝑛 = 𝑟𝑘,𝑛𝑘 ∙ 𝑟𝑘,
𝑛

𝑘
.           (2.4) 

3.Main Results: 

In this section, a parameter of theta function is defined. Following that certain properties are also 

established. 

Definition: For any positive real numbers 𝑎 and 𝑏, define a function 𝐼𝑎,𝑏 as; 

𝐼𝑎,𝑏 =
𝜙(−𝑞2)

√2 𝑎
1
4 

 𝑞
𝑎
8  𝜓(𝑞𝑎)

,      𝑞 = 𝑒
−𝜋√

𝑏

𝑎.        (3.1) 

Remark 1:  

Ramanujan [1, entry 27(ii), p.43], provides the transformation formula for 𝜙 and 𝜓 functions as; 

If 𝛼𝛽 = 𝜋 then  2√𝛼𝜓(𝑒−2𝛼2
) = √𝛽𝑒

𝛼2

4 𝜙(−𝑒−𝛽2
). 

Substitute  𝛽2 =
2𝜋

√𝑛
, for any real 𝑛, then we get  

𝜙 (−𝑒
−2𝜋

√𝑛 ) = √2𝑛
1

4 𝑒
−𝜋√𝑛

8  𝜓(𝑒−𝜋√𝑛).        (3.2) 

Setting  𝑞 = 𝑒−𝜋 and 𝑛 = 4 in equation (3.2), we get  

𝜙(−𝑞) = 2 𝑞1/4 𝜓(𝑞2).          (3.3) 

 

Theorem 1: For all positive real numbers 𝑎  and 𝑏, we have  

1. 𝐼𝑎,1 = 1, 

2. 𝐼
𝑎,

1

𝑏

= 𝐼𝑎,𝑏
−1 =

1

𝐼𝑎,𝑏
, 

3. 𝐼𝑎,𝑏 = 𝑟
4,

𝑏

𝑎

∙ 𝐼𝑏,𝑎. 

Proof:  

1. By putting 𝑏 = 1 in the definition (3.1) and using the identity (3.2), we get the required result. 

2. From the definition (3.1), we get  

 

𝐼𝑎,𝑏 ∙ 𝐼
𝑎,

1

𝑏

=
𝜙(−𝑒−2𝜋√𝑏/𝑎)𝜙(−𝑒−2𝜋√1/𝑎𝑏)

2∙ 𝑎1/4 ∙𝑒
−𝜋√𝑎𝑏

8 ∙ 𝑒
−𝜋√𝑎/𝑏

8 ∙𝜓(𝑒−𝜋√𝑎𝑏)∙𝜓(𝑒−𝜋√𝑎/𝑏)

.     (3.4) 

 

When 𝑛 = 𝑎𝑏 and 𝑛 = 𝑎/𝑏 are substituted in the equation (3.2) then the equation (3.4) becomes 

𝐼𝑎,𝑏 ∙ 𝐼
𝑎,

1

𝑏

= 1 and hence the result follows. 

https://www.ijfmr.com/
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3. Again, by using the definition (3.1), we find that  

 

 
𝐼𝑎,𝑏

𝐼𝑏,𝑎
=

𝑏1/4∙𝜙(−𝑒−2𝜋√𝑏/𝑎)

𝑎1/4∙𝜙(−𝑒−2𝜋√𝑎/𝑏)
.         (3.5) 

 

Applying (2.1) and (2.2) to the ratio (3.5), we get  

 

𝐼𝑎,𝑏

𝐼𝑏,𝑎
=

ℎ′
𝑎,𝑏

ℎ′
𝑏,𝑎

=
𝑟

2,
2𝑏
𝑎

𝑟
2,

2𝑎
𝑏

. We complete the proof by substituting 𝑘 = 2 and 𝑛 = 𝑏/𝑎 in (2.4). 

 

Remark 2: 

1. From the theorem 1(2), it is clear that  𝑎 > 1 then 𝐼𝑎,𝑏 < 1, ∀ 𝑏 < 1. 

2. From the theorem 1(3), we find that 𝐼𝑎,𝑏 >  1, ∀ 𝑎, 𝑏 > 1. 

Lemma: Let 𝑎, 𝑏 and 𝑐 are positive real numbers, then 𝐼
𝑎,

𝑏

𝑐

=  𝐼𝑐𝑎,𝑏 ∙ 𝐼𝑎𝑏,𝑐
−1 . 

Proof: From the definition (3.1), we get  

𝐼
𝑎,

𝑏

𝑐

=
𝜙(−𝑒−2𝜋√𝑏/𝑐𝑎)

√2 𝑎
1
4 

 𝑒
−𝜋

√𝑎𝑏/𝑐
8  

𝜓(𝑒−𝜋√𝑎𝑏/𝑐)

. 

Using the identity (3.2) for 𝑛 = 𝑎𝑏/𝑐, we find that  

𝐼
𝑎,

𝑏

𝑐

=
 𝑏

1
4 

𝜙(−𝑒−2𝜋√𝑏/𝑐𝑎)

 𝑐
1
4 

 𝜙(−𝑒−2𝜋√𝑐/𝑎𝑏)
. 

Then the lemma follows by multiplying and dividing the above equation with 

√2 𝑎
1

4
  𝑒−𝜋

√𝑎𝑏𝑐

8 
 𝜓 (𝑒−𝜋√𝑎𝑏𝑐). 

 

Theorem 2: If 𝑎, 𝑏 and 𝑐 are positive real numbers, then 𝐼𝑎

𝑏
,
𝑐

𝑑
=

𝐼𝑎𝑑,𝑏𝑐

𝐼𝑎𝑐,𝑏𝑑
. 

Proof: From the lemma, we found that  

𝐼𝑛,
𝑎

𝑏
= 𝐼𝑛𝑏,𝑎 ∙ 𝐼𝑎𝑛,𝑏

−1 .           (3.6) 

Put  𝑛 = 𝑐/𝑑 in the equation (3.6) and use the theorem 1(3), we get  

 𝐼𝑐

𝑑
,
𝑎

𝑏
=  𝐼𝑎𝑑,𝑏𝑐 ∙ 𝐼𝑏𝑑,𝑎𝑐

−1 ∙ 𝑟
4,

𝑎𝑑

𝑏𝑐

∙ 𝑟−1
4,

𝑏𝑑

𝑎𝑐

.        (3.7) 

Substituting 𝑎 = 𝑐/𝑑 and 𝑏 = 𝑎/𝑏 in the theorem 1(3), we get  

 𝐼𝑎

𝑏
,
𝑐

𝑑
= 𝑟

4,
𝑐/𝑑

𝑎/𝑏

∙ 𝐼𝑐

𝑑
,
𝑎

𝑏
.          (3.8) 

With the help of the identity (2.3), we simplify the equation (3.7) and (3.8) to get the main result. 

Corollary 1:  𝐼𝑎2,𝑏 = 𝐼𝑎𝑏,𝑎 ∙ 𝐼𝑎,𝑏/𝑎, where 𝑎 and 𝑏 are positive real numbers. 

Proof: We complete the proof by substituting 𝑏 =
1

𝑎
, 𝑐 = 𝑏 and 𝑑 = 1 in the theorem 2. 

Corollary 2: For all positive real numbers 𝑎 and 𝑏, 

1. 𝐼𝑎

𝑏
,
𝑎

𝑏
= 𝐼𝑏,𝑏 ∙ 𝐼𝑎,

𝑎

𝑏2
, 

2. 𝐼𝑎,𝑎 ∙ 𝐼
𝑎,

𝑏2

𝑎

=  𝑟
4,

𝑏2

𝑎2

 ∙ 𝐼𝑏,𝑏 ∙ 𝐼
𝑏,

𝑎2

𝑏

,  

https://www.ijfmr.com/
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3. 𝐼𝑎,𝑎 ∙ 𝐼𝑎2𝑏,𝑏 = 𝐼𝑏,𝑏 ∙ 𝐼𝑎𝑏2,𝑎. 

Proof: 

1. When we substitute 𝑐 = 1 and 𝑑 = 𝑏/𝑎 in the theorem 2, we get that  𝐼𝑎

𝑏
,
𝑎

𝑏
=

𝐼𝑏,𝑏

𝐼𝑎,𝑏2/𝑎

. Then use of 

the theorem 1(2) completes the proof. 

2. By changing the position of  𝑎 and 𝑏 in the corollary 2(1), it is found that  

𝐼𝑏

𝑎
,
𝑏

𝑎

=  𝐼𝑎,𝑎 ∙ 𝐼
𝑏,

𝑏

𝑎2
.          (3.9)  

Put 𝑐 = 𝑎 and 𝑑 = 𝑏 in the theorem 2, we get  

 𝐼𝑎

𝑏
,
𝑎

𝑏
=  

𝐼𝑎𝑏,𝑎𝑏

𝐼𝑎2,𝑏2
.           (3.10) 

 Change the position of 𝑎 and 𝑏 in (3.10), we found that 

 𝐼𝑏

𝑎
,
𝑏

𝑎

=   
𝐼𝑎𝑏,𝑎𝑏

𝐼𝑏2,𝑎2
.           (3.11) 

 Comparing the equations (3.10) and (3.11), we get  

 𝐼𝑎

𝑏
,
𝑎

𝑏
∙ 𝐼𝑎2,𝑏2 =  𝐼𝑏

𝑎
,
𝑏

𝑎

∙ 𝐼𝑏2,𝑎2.  

Now by using corollary 2(1), equation (3.9), the theorem 1(3) for 𝐼𝑎2,𝑏2, we discover that 

𝐼𝑏,𝑏 ∙ 𝐼𝑎,
𝑎

𝑏2
∙ 𝑟

4,
𝑏2

𝑎2

=  𝐼𝑎,𝑎 ∙  𝐼
𝑏,

𝑏

𝑎2
. 

We complete the proof by making use of the theorem 1(2). 

3. Put 𝑏 = 1, 𝑐 = 𝑏2, 𝑑 = 𝑎 and then 𝑎 = 𝑏, 𝑏 = 1, 𝑐 = 𝑎2, 𝑑 = 𝑏 in the theorem 2, we get  

𝐼
𝑎,

𝑏2

𝑎

=   
𝐼

𝑎2,𝑏2

𝐼𝑎𝑏2,𝑎

,      𝐼
𝑎,

𝑎2

𝑏

=
𝐼

𝑏2,𝑎2

𝐼𝑎2𝑏,𝑏

. 

We reach the result by substituting the above values in the corollary 2(2) and the applying the theorem 

1(3). 

Theorem 3: Let 𝑎, 𝑏, 𝑐, 𝑑 and 𝑘 be positive real numbers such that 𝑎𝑏 = 𝑐𝑑, then  

𝐼𝑎,𝑏 ∙ 𝐼𝑘𝑐,𝑘𝑑 =  𝐼𝑘𝑎,𝑘𝑏 ∙ 𝐼𝑐,𝑑. 

Proof: From the definition (3.1), we get  

𝐼𝑘𝑎,𝑘𝑏

𝐼𝑎,𝑏
=  

𝜓(𝑒−2𝜋√𝑎𝑏)

𝑘1/4𝜓(𝑒−𝜋𝑘√𝑎𝑏)
=  

𝜓(𝑒−2𝜋√𝑐𝑑)

𝑘1/4𝜓(𝑒−𝜋𝑘√𝑐𝑑)
=  

𝐼𝑘𝑐,𝑘𝑑

𝐼𝑐,𝑑
. 

And hence the theorem follows. 

Corollary 3: Let 𝑛 and 𝑝 be two positive real numbers then  

𝐼𝑛𝑝,𝑛𝑝 =  𝐼𝑛,𝑛𝑝2 ∙ 𝐼𝑝,𝑝 ∙ 𝑟4,𝑝2
−1 . 

Proof: Substitute 𝑎 = 𝑝2, 𝑏 = 1, 𝑘 = 𝑛 and 𝑐 = 𝑑 = 𝑝 in the theorem 3, we get 

𝐼𝑝2,1 ∙  𝐼𝑛𝑝,𝑛𝑝 =  𝐼𝑛𝑝2,𝑛  ∙ 𝐼𝑝,𝑝. 

We derive the result by using the theorem 1(1) and (3). 

Theorem 4: For all positive real numbers 𝑛,  

𝜙(−𝑒−2𝑛𝜋)

𝜓(𝑒−2𝜋)
=  2

4−𝑛

4  𝑒−𝜋/4  ∏ 𝐼2,22𝑖−1
𝑛
𝑖=1 . 

Proof: We use mathematical induction to prove the theorem. 

• Step I: Let 𝑛 = 1. 

From definition (3.1), we have  

𝐼2,22−1 = 𝐼2,2 =
𝜙(−𝑒−2𝜋)

23/4 𝑒−𝜋/4 𝜓(𝑒−2𝜋)
. 
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By rearranging the above equation, we get 

2
4−1

4  𝑒−𝜋/4 𝐼2,2 =
𝜙(−𝑒−2𝜋)

 𝜓(𝑒−2𝜋)
, 

Hence result is true for 𝑛 = 1. 

• Step 2: Suppose result is true for 𝑛 = 𝑘. 

𝜙(−𝑒−2𝑘𝜋)

𝜓(𝑒−2𝜋)
=  2

4−𝑘

4  𝑒−𝜋/4  ∏ 𝐼2,22𝑖−1
𝑘
𝑖=1 . 

• Step 3: To prove for 𝑛 = 𝑘 + 1. 

 

∏ 𝐼2,22𝑖−1 = ∏ 𝐼2,22𝑖−1
𝑘
𝑖=1

𝑘+1
𝑖=1 ∙  𝐼2,2𝑘+1 . 

Now by using step 2 and the definition (3.1), we get  

∏ 𝐼2,22𝑖−1 = 𝑘+1
𝑖=1

𝜙(−𝑒−2𝑘𝜋)𝜙(−𝑒−2(𝑘+1)𝜋)

2
7−𝑘

4
 
 𝑒−𝜋/4 𝜓(𝑒−2𝜋) 𝜓(𝑒−2(𝑘+1)𝜋)

. 

Using the equation (3.3) for 𝑞 = 𝑒−2𝑘𝜋, we get  

𝜙(−𝑒−2(𝑘+1)𝜋)

𝜓(𝑒−2𝜋)
=  2

4−(𝑘+1)

4  𝑒−𝜋/4  ∏ 𝐼2,22𝑖−1
𝑘+1
𝑖=1 . 

The above equation demonstrate that result is true for 𝑛 = 𝑘 + 1. 
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