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Abstract

This study develops a mathematical model for a repairable machine system incorporating warm standby
units and variable repair costs. In many industrial systems, machine failures can substantially affect
production efficiency, system availability, and operational expenditure. The incorporation of warm
standby machines provides redundancy and allows a failed operating machine to be replaced without
significant interruption of service. The proposed model considers a finite number of operating machines,
warm standby units, and a repair facility. Machine failures and repairs are assumed to follow exponential
distributions, while the repair cost is allowed to vary according to the number of failed machines and/or
the repair rate. A continuous-time Markov chain is formulated to describe the system states. Steady-state
probabilities are obtained from the corresponding balance equations. Based on these probabilities,
important performance measures such as system availability, utilization of the repair facility, expected
number of failed machines, mean operating machines, and expected repair cost are derived. A total-cost
function incorporating standby, repair, operating, and downtime costs is subsequently formulated.
Numerical and sensitivity analyses can be used to investigate the effects of failure rate, repair rate, number
of warm standby units, and variable repair cost on system performance. The proposed model can assist in
determining economically appropriate maintenance and standby policies for industrial machine-repair
systems.

Keywords: Machine repair system, Warm standby, Variable repair cost, Reliability, Availability, Markov
process, Cost analysis, Steady-state probability.

1. Introduction

Modern manufacturing and service systems frequently depend on multiple machines operating
continuously. Failure of one or more machines may reduce production capacity and increase maintenance
expenditure. Machine repair models provide a mathematical framework for analyzing such systems and
determining their reliability, availability, and economic performance. Warm standby units are partially
operational or maintained in a standby condition and can replace failed operating units[1]. Compared with
systems that have no redundancy, warm standby configurations can improve system availability, although
standby units may themselves be subject to failure. Existing studies have analyzed machine repair systems
involving warm standby units, repairmen, N-policy, retrial behavior, switching failures, and different
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repair mechanisms. Cost analysis is another important aspect of machine-repair systems. Previous research
has considered economic analysis of M/M/R machine-repair systems with warm standbys and variable
service rates. More recent work has also investigated cost optimization of warm-standby machine-repair
systems with imperfect coverage and retrial behavior. However, a useful research direction is to formulate
a model in which the repair cost changes with the system state, repair intensity, or number of failed
machines, and to jointly examine reliability and economic performance [2].

2. Problem Statement

Consider a system consisting of:

Moperating machines

Swarm standby machines

one repairman/repair facility
failed machines waiting for repair
variable repair cost

When an operating machine fails, an available warm standby machine is activated. The failed machine
enters the repair facility or repair queue. The repairman restores the failed machine and returns it to the
standby/operating pool according to the assumed policy.

The main objective is to determine how the number of warm standby machines and the variable repair
cost affect:

Nk =

System availability

Reliability

Expected number of failed machines
Repairman utilization

Expected repair cost

Total operating cost

Economic performance of the system

3. Assumptions

The following assumptions can be used for the mathematical model:

0N AW

The system contains Moperating machines and Swarm standby machines.
Operating machines fail independently.

The failure rate of each operating machine is A.

A warm standby machine can fail while in standby at rate 7.

The repair rate of a failed machine is p.

Repair times are exponentially distributed.

Only one machine is repaired at a time.

A failed operating machine is replaced by an available warm standby unit.
. Repaired machines become available for future operation.

10 The repair cost is variable rather than constant.
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11. The system is represented by a continuous-time Markov process.
12. All transition rates are assumed to remain constant within each defined state.

4. Mathematical Model
Let the system state be represented by
X(@®) = (@))

where:
e i=number of operating failed machines
e j=number of failed standby machines

Alternatively, for a simpler model, the state can be represented by
X(t)=n
where nrepresents the number of failed machines in the system.
Let
B (t) = P{X(t) = n}

denote the probability that the system is in state nat time ¢.

At steady state,
P, = limF, (6)

provided that the steady-state distribution exists [3].

4.1 Failure Rate

If M — noperating machines are functioning, the total failure rate can be expressed as
Ay =M —n)A

For warm standby units, an additional failure component can be introduced:
M = (S —ng)7

where ngrepresents the number of failed standby units.

Therefore, the total transition rate from one state to another depends on both operating and standby
failures[4].
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4.2 Transition-State Structure

A simplified state-transition structure can be represented as:

A A A
0515233 >

and repair transitions occur in the reverse direction:
150
251
352
Thus, the model can be formulated as a birth-death-type continuous-time Markov chain.
A more sophisticated model can separately track operating and standby failures[5].
4.3 Steady-State Equations
For a simplified system, the balance equations may be written as

APy = i Py
(A +p)dPy = AoPo + P,

For the general state n,
(/111 + .un)Pn = An—lpn—l + .un+1pn+1

with normalization conditions

The resulting probabilities can be obtained analytically for a simple birth-death structure or numerically
using a transition-rate matrix[6].

4.4 System Availability
System availability is one of the principal performance measures.

If the system is considered operational whenever at least one required operating unit is available, then

A=,

NneSy
where S represents all operational states.
For example, if the system fails only when all operating and standby resources are unavailable,

A =1 — Ppyiyre-
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4.5 Expected Number of Failed Machines

The expected number of failed machines is

N

E[Nf] = Z np,.

n=0
This measure provides an indication of the average maintenance burden on the repair facility[7].
4.6 Repairman Utilization

If the repairman is busy whenever at least one machine requires repair, then

UR =1- Po.
More generally,
N
UR = Z Pn.
n=1

This measure is useful for determining whether the repair facility is under-utilized or overloaded[8].
4.7 Variable Repair Cost Model

This is the key novelty that can make your proposed paper different from a standard warm-standby
reliability model.

Instead of assuming a constant repair cost Cg, define repair cost as a function of the system state:

CR(TL) = CO + Cln + Cznz

e (= basic repair cost

e (;= linear cost component

e (,=nonlinear repair-cost component
e n=number of failed machines.

The expected repair cost is then

E[Ce] = ) Cr ()P

Thus,

N
E[CR] = Z(CO + Cln + CznZ)Pn.

n=1
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This allows the model to capture increasing repair expenditure when several machines fail
simultaneously[9].

4.8 Total Cost Function
A comprehensive economic model can be written as

e (4= operating cost

e (5= standby-machine cost

e (p=cxpected repair cost

e (p=downtime cost

e A= system availability

e S=number of warm standby machines.

Substituting the variable repair-cost expression,

N
TC = CyA + CsS + Z Cr (WP, + Cp(1 — A).

n=1
The objective is to investigate the effect of system parameters on TC.
4.9 Sensitivity Analysis

The following parameters can be varied:

Parameter | Meaning
A Failure rate of operating machine
n Failure rate of warm standby
U Repair rate
S Number of warm standby units
Co Basic repair cost
C1 Variable repair-cost coefficient
C, Nonlinear repair-cost coefficient
Cp Downtime cost
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Sensitivity analysis can determine how changes in these parameters influence:
A, E[Nf), U, E[CR], TC.

For example, relative sensitivity can be expressed as

This identifies parameters that have comparatively greater influence on system availability. Sensitivity
analysis is already used in modern warm-standby machine-repair research, making it a suitable
methodological component for your proposed study[10-11].

4.10 Numerical Analysis
A numerical example can be constructed using assumed parameters such as:

M=485=2
A=0.02, n =0.005, u=0.10

and
Cr(n) = 100 + 50n + 10n2.

The model can then calculate:
o steady-state probabilities
o availability
o expected failed machines
e repairman utilization
o expected repair cost
e total cost[12-13].

5. Research Gap

Existing literature has examined warm-standby machine repair systems, including economic models,
retrial mechanisms, switching failures, N-policy, imperfect coverage, and variable service rates. A
potential contribution of your paper is to combine:

Warm standby + machine repair + state-dependent/variable repair cost + cost optimization +
sensitivity analysis

in one mathematical framework.

Recent research has also demonstrated the continued relevance of cost optimization in warm-standby
machine-repair systems, including optimization of standby numbers, repair rates, and retrial rates.
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6. Aim & Objectives

Aim: To develop and analyze a mathematical model of a machine repair system incorporating warm
standby units and variable repair costs.

Objectives
1. To formulate a continuous-time Markov model for the proposed machine repair system.
To derive the steady-state probabilities.
To evaluate system availability and reliability.
To determine the expected number of failed machines.
To evaluate repairman utilization.
To formulate a state-dependent variable repair-cost function.
To derive the expected total operating cost.
To perform sensitivity analysis.
To investigate the effect of the number of warm standby units on system performance.
10 To identify economically meaningful maintenance/standby configurations.

00 NG R W

7. Mathematical Formulation
7.1 Definition of the System State
Let the state of the system at time tbe represented by
X(@©) = @),

where
e [=number of failed operating machines at time ¢,
e j=number of failed warm standby machines at time ¢.

Thus,

0<is<MmM
and

0<j<S$
Let

Pj(t) = P{X(t) = ()}
denote the probability that the system is in state (i’ j)at time t.
At steady state,
P = tlLrgPij(t),

provided that limiting distribution exists.
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The two-dimensional state representation enables the model to distinguish between failures of operating
machines and failures of warm standby machines, as proposed in the original framework[14-16].

7.2 Number of Available Machines
For a state (i’ j), the number of operating machines still functioning is
Nyp=M—i.

The number of functioning warm standby machines is

Hence, the total number of available machine resources is
Ny=(M—=1)+(S— ).

However, a standby unit is not counted as an actively operating machine until it is switched into
operation[17].

7.3 Operating-Machine Failure Rate

Since M — ioperating machines are functioning in state (i’ j), the total failure rate of operating machines
1s

Aij =M = iDA
Thus, the transition caused by the failure of an operating machine is
() = (@ +1))
with transition rate
Uij)(i+1j) = M = DA

This formulation reflects the fact that the total failure intensity decreases as the number of functioning
operating machines decreases|18].

7.4 Warm Standby Failure Rate

Suppose S — jwarm standby machines are currently healthy. If each standby machine has failure rate 7,
the total standby failure rate is

nij = (S —jn.
Consequently, the transition
@) -»>@j+1)

occurs with rate

IJFMR230388915 Volume 5, Issue 3 (May-June 2023) 9
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i) (i +1) = S =

This term allows the proposed model to account for the possibility that a standby machine becomes
unavailable before it is required for replacement[19].

7.5 Repair Transition

Let udenote the repair rate of a failed machine. Whenever at least one failed machine is present, the repair
facility works on one failed unit.

A repair completion reduces the number of failed machines. Therefore, depending on the repair priority
adopted in the model, the repair transition can be represented generally as

() > @ =1))
or
(@)) > (rj = 1),
For the basic formulation, where failed operating machines are repaired first, the repair transition is
() > G =1))
with rate
Uij)(i—1j) = 1> 0
If i = Oand j > 0, the repair facility repairs a failed standby machine:
0j) = (0j-1)
with rate
90).(0j — 1) = #

This repair policy should be stated explicitly in the final journal manuscript because different repair
priorities produce different state-transition structures[20].

7.6 State Transition Rates

The principal transition rates of the proposed model are therefore

Uij)(i+1j) = (M= D4,
(i) ij +1) = = m,

and

Uij) (—1j) = #

IJFMR230388915 Volume 5, Issue 3 (May-June 2023) 10



http://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

For standby repair,
9(0).(04 — 1) = H-
The diagonal element of the infinitesimal generator matrix is determined by
Qi j) =~ Z Uij).(el)
(e d)=(i)
Therefore,
Ay (ij) = —IM = DA+ (S = jdn + ul
for an interior state where all three transitions are possible.
At boundary states, the unavailable transitions are omitted[21].
7.7 Infinitesimal Generator Matrix
Let Qdenote the infinitesimal generator matrix of the CTMC. Then
Q = [ars],
where each element g, ;represents the transition rate from state rto state s.
The matrix satisfies
Qrs =0, 7 #5s

and

Qrr = — Z qrs-

The steady-state probability vector is denoted by

T = [ﬂoo’ﬂ01’ ...'7Tl'j’ ]

The steady-state equations are obtained from

nQ =
subject to
M
s
j=o
i=0
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Here,
7.8 General Balance Equation

For an interior state (i’ ), the steady-state balance equation can be expressed as

[(M — DA+ (S—)n+ plm;
=M —i+DAm_qy;+ (S —j+Dnm; 4

+ Uity g,
subject to the appropriate boundary conditions.
The exact form of the boundary equations changes fori = 0,i = M,j =0,and j = S.

The normalization condition is

which ensures that the total probability of all possible system states is unity[22-25].

7.9 Variable Repair-Cost Function

A central feature of the proposed model is the incorporation of a state-dependent repair cost.
Let the repair cost in state (i’ j)be

Cr(ij)=Co+ Ci(i +)) + Co(i + )3,

e (= basic repair cost,

e (;= linear variable-cost coefficient,

e (,=nonlinear variable-cost coefficient,
e i+ j=total number of failed machines.

The quadratic term allows the model to represent situations in which repair expenditure increases
disproportionately when several machines are simultaneously unavailable. The expected repair cost per
unit is therefore

M
S
ElCl= ) ) CeGimy
j=0

i=0

IJFMR230388915 Volume 5, Issue 3 (May-June 2023) 12
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M
S
E[Cr] = [Co+ (i +)) + Co(i + 7] Tij.
j=0
i=0

This state-dependent repair-cost formulation directly develops the variable repair-cost concept proposed
in your uploaded paper[26-28].

7.10 Expected Number of Failed Machines

The expected number of failed machines is

S
EIN;] = E > i+ pmy
j=0
i=0

This measure represents the average maintenance burden imposed on the repair facility.

Similarly, the expected number of failed operating machines is

M

S
j=0
0

i=

The expected number of failed standby machines is

M
s
E[N{] = Zjﬂij-
=0
i=0

The repair facility is idle only when no machine is awaiting repair.

7.11 Repairman Utilization

Therefore, the utilization of the repairman can be expressed as

|UR =1 _7T00|

provided that state (0’ 0)represents the condition in which no machine requires repair.

This measure indicates the proportion of time for which the repair facility is occupied[29].

IJFMR230388915 Volume 5, Issue 3 (May-June 2023) 13
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7.12 System Availability
Let §,ydenote the set of states in which the required operating capacity is maintained.

Then system availability is

A= Z T[ij
(B))esa

For a system requiring at least one functioning operating/standby resource,

A =1 — Pyysem failure-
The precise definition of Syshould be selected according to the industrial application being modeled[30].
7.13 Total Cost Function

The total expected cost can be formulated by combining operating, standby, repair, and downtime costs:

ITC =Co+Cs+Cr+ Cp|

where
Co = CAE[NO]:
Cs = CsrE[Ns],
Cr = E[CR(i'j)].
and
CD = CD(]_ _— A)
Therefore,
M
S
TC = CAE[No] + CSTE[NS] + CR (l’])ﬂ:l] + CD(l - A)
j=0
i=0
where:

e (4= operating cost per operating machine,
e (g7= standby holding/maintenance cost,

e (p= downtime penalty,

e A= system availability.

This extends the cost-analysis component already proposed in your manuscript, which identifies standby,
repair, operating, and downtime costs as components of the economic model[31].

IJFMR230388915 Volume 5, Issue 3 (May-June 2023) 14
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7.14 Optimization Criterion

The economic objective of the proposed model is to investigate the parameter combination that
minimizes the long-run expected total cost:

TC(M’ S’ A’ 77' w Co’ Cl’ Cz)

subject to

and

8. State-Transition Diagram

Consider a machine repair system consisting of two operating machines and one warm standby machine,

with a single repair facility.

Let:
e A= failure rate of an operating machine
e = failure rate of the warm standby machine
e u=repair rate
e P;(t)=probability that the system is in state iat time ¢

Define the states as[32-33]:

State | Description

So | Two operating machines + one warm standby available

S1 | One operating machine failed; standby activated; one failed machine under repair

S, | Two operating machines failed; standby unavailable; two failed machines

S3 | One operating machine failed and standby failed; one operating machine remains

S, | Two operating machines failed and standby unavailable; system failed

IJFMR230388915 Volume 5, Issue 3 (May-June 2023)
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A simplified transition structure is:

21
] — > S1
I |

|a | A

I !

Ok J— >S4
I )

| n | &

! |
| — S2

1)

For a more complete model, transitions associated with repair and standby failure should be shown

separately. The transition-rate matrix Q can be written generally as:

—qo o1 Yoz Qon
0= q§1o _E‘h qiz qsm ’
dno qn1 —qn

where

qi = Z qij-

jEi
The transition probabilities satisfy
dP(t)
= P(1)Q.
——=P(Q
At steady state,
dP(t
®_,
dt
and therefore
mQ =0,

with
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n
Zniz 1.

i=0

Here, r;denotes the steady-state probability of state S;.

9. Steady-State Analysis

Let

T = tll_)rgpl (t)

The steady-state probabilities are obtained by solving

subject to

For a simplified birth-death representation, let A;denote the transition rate from state ito i + 1, and

mQ =0

T[i=1.

n
i=0

u;denote the repair transition rate from state ito i — 1.

The balance equations are

and, generally,

For the last state,

The normalization equation is

AoTty = pqTTq
(A + pudmy = Aomg + ppm,
(A2 + pp)my = A1y + pzms

(A +p)dm = AT g + Higq g

UnTln = Ap—1T0p_1.
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For a birth-death system, the steady-state probabilities can alternatively be expressed as

n-1
Ay
T, =T .
" 0 Hi+1
k=0
where
N -1
[ n-1 2 ]
Ty = 1+ k
=0 Hi+1
l n=1 J

These probabilities form the basis for the subsequent reliability, availability, and cost calculations[34].

10. Reliability and Availability Measures
10.1 System Availability

The system is considered available when sufficient operating machines are functioning to perform the
required operation.

Let Adenote the set of operational states. Then the steady-state availability is

A=Z7Ti

and the unavailability is
U=1-A.
If S,is the only complete system-failure state, then
Thus, the probability of the system being unavailable is
U =my,.
10.2 Reliability Function
For a system initially operating in state S,, define the reliability function as
R(t) = P{T; > t},

where Tis the time to system failure.

IJFMR230388915 Volume 5, Issue 3 (May-June 2023) 18
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If P;(t)represents the probability of being in an operational state at time t, then

R(t) = Z P, (0).

LEA

If the system has a single absorbing failure state, then
R(t) = 1—Pp(D),
where P (t)is the probability that the system has failed by time t.
The reliability decreases with time as the cumulative probability of system failure increases[35-36].
10.3 Mean Time to Failure

The mean time to failure (MTTF) can be obtained from the reliability function:

MTTF =f R (t) dt.
0

For a finite-state continuous-time Markov model, MTTF can also be obtained using the transient
generator matrix.

If Qris the generator matrix corresponding only to transient states, then

MTTF = —p,Q7'1

where:
e po= initial probability vector
e (Jr= transient-state generator matrix

e 1= column vector of ones.

IJFMR230388915 Volume 5, Issue 3 (May-June 2023) 19
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0.96
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Failure rate, A

Figure 1: System availability decreases as the machine failure rate increases.
10.4 Expected Number of Failed Machines
If state icontains n;failed machines, then the expected number of failed machines is

E[N/] = Zni ;.

i

This provides an estimate of the average repair workload.
10.5 Mean Number of Operating Machines

Similarly, if a state icontains m;operating machines,

E[N,] = z m; ;.

This measure is useful for evaluating the productive capacity of the system[37].

10.6 Repair-Facility Utilization
The repair facility is busy whenever at least one failed machine is present.

Therefore,

Pr =Z7Ti

iIER
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where Rrepresents states in which the repair facility is occupied.
If the repair facility is idle only in S, then

1.00

0.95 4

0.90 A

0.85 A

System availability

0.80 A

0.75

0.02 0.04 0.06 0.08 0.10 0.12
Repair rate, u

Figure 2: System availability increases as the repair rate increases.
10.7 Probability of Using Warm Standby
Let Wrepresent states in which a warm standby unit has been activated. Then

LEW

This gives the long-run probability that the standby mechanism is being utilized[38-40].
10.8 Steady-State Failure Frequency
The frequency of transitions into the system-failure state can be expressed as
Fs = Z T; qir,
i€A
where q;ris the transition rate from the operational state ito the failure state.

This quantity is useful for evaluating how frequently complete system failures occur[41].
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10.9 Repair Rate and Expected Repair Cost

If Cr(n)represents the repair cost when nmachines have failed, then

CR(n) = CO + Cln + Cznz.

Therefore, the expected repair cost is

or

FlCel = ) Cr (W

n=1

N
E[CR] = Z(Co + Cln + Cznz)ﬂn.

This directly connects the steady-state analysis with the variable repair-cost component of your proposed

research[42-45].

10.10 Summary of Performance Measures

Performance measure

Mathematical expression

Availability A= Z T
€A
Unavailability U=1-4
ieA
MTTF

MTTF = J R (O)dt
0

Expected failed machines

E[N] = Zi"i T

Expected operating machines

Repair utilization

Standby utilization

Failure frequency

Expected repair cost

[JFMR230388915

Volume 5, Issue 3 (May-June 2023)

22


http://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR

E-ISSN: 2582-2160 e Website: www.ijfmr.com

e Email: editor@ijfmr.com

11. Numerical Results

To demonstrate the applicability of the proposed machine repair model with warm standby units and
variable repair cost, a numerical investigation is performed. The analysis considers a system with four

machine positions and two warm standby units. The failure and repair processes are assumed to follow
exponential distributions, consistent with the assumptions of the proposed continuous-time Markov model.

For illustration, the following base-case parameters are considered:

Parameter

Description

Base value

N

Number of machine positions

4

S

Number of warm standby units

2

Failure rate

0.02

Warm standby failure rate

0.005

Repair rate

0.10

Basic repair cost

100

Linear repair-cost coefficient

50

Nonlinear repair-cost coefficient

10

Standby cost per unit

20

Downtime cost

500

Operating-cost coefficient

50

The variable repair cost is represented by

CR(n) = CO + Cln + Cznz,

where ndenotes the number of failed machines.

For the base-case parameter values, the calculated system availability is approximately

A =0.9847.

Thus, the system remains operational for approximately 98.47% of the steady-state operating time under

the assumed conditions.

The expected number of failed machines is approximately

E[N;] = 0.9917,
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while the utilization of the repair facility is approximately
Ur = 0.6017.
Therefore, the repair facility is busy for approximately 60.17% of the operating time.
The expected variable repair cost is approximately
E[Cr] = 129.92

cost units per unit time. Including operating, standby, repair, and downtime components, the
corresponding total cost is approximately

TC = 226.80
cost units per unit time.

11.1 Effect of Failure Rate

The effect of the machine failure rate Ais investigated while keeping the remaining parameters at their
base values.

Failure Availability Expected failed Repairman Expected repair | Total

rate A machines utilization cost cost
0.01 0.99845 0.46663 0.35334 66.00 156.70
0.02 0.98470 0.99171 0.60166 129.92 226.80
0.03 0.95284 1.47526 0.75742 184.59 295.81
0.04 0.90789 1.87479 0.85008 228.12 359.57
0.05 0.85714 2.19048 0.90476 261.90 416.19

The results indicate that an increase in the failure rate causes a reduction in system availability. At the
same time, the expected number of failed machines and repairman utilization increase. The expected repair
cost also increases because a greater number of machine failures generates a larger maintenance burden.
For example, increasing the failure rate from 0.01 to 0.05 reduces availability from approximately 0.99845
to 0.85714. The corresponding total cost increases from approximately 156.70 to 416.19 units per unit
time. This demonstrates the significant economic effect of increasing machine failure frequency.

11.2 Effect of Repair Rate

The effect of the repair rate pis examined by varying the repair rate while maintaining the remaining
parameters at their base values.
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Repair Availability | Expected failed Repairman Expected repair | Total
rate u machines utilization cost cost
0.05 0.90789 1.87479 0.85008 228.12 359.57
0.075 0.96529 1.32251 0.71400 167.61 273.23
0.10 0.98470 0.99171 0.60166 129.92 226.80
0.15 0.99581 0.64104 0.44786 87.99 179.88
0.20 0.99845 0.46663 0.35334 66.00 156.70

The results show that increasing the repair rate improves system availability and reduces the expected
number of failed machines. The repair facility utilization also decreases because machines spend less time
in the failed state. When the repair rate increases from 0.05 to 0.20, availability increases from
approximately 90.79% to 99.85%. At the same time, the total cost decreases from approximately 359.57
to 156.70 cost units per unit time under the assumed cost structure.

11.3 Effect of Variable Repair-Cost Coefficient

The influence of the linear variable repair-cost coefficient C;is also investigated.

C, | Expected repair cost | Total cost
25 | 105.12 202.01
50 | 129.92 226.80
75 | 154.71 251.59
100 | 179.50 276.39

The results demonstrate that increasing the variable repair-cost coefficient directly increases the expected
repair expenditure and consequently increases the total system cost. This confirms the importance of
incorporating state-dependent repair costs in economic analysis rather than assuming a constant repair
cost.

11.4. Discussion of Numerical Findings

The numerical results demonstrate that the proposed model provides a framework for simultaneously
evaluating reliability and economic performance. A higher failure rate increases the maintenance burden
and downtime cost, whereas a higher repair rate improves availability and reduces the expected number
of failed machines. The inclusion of warm standby units provides redundancy against operating-machine
failures. However, standby units also contribute to the overall system cost. Consequently, the selection of
the number of standby units should be considered together with failure rates, repair capacity, and
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maintenance expenditure. The results further indicate that variable repair cost is an important component
of the economic model. When several machines are simultaneously in the failed state, the nonlinear
component C,n%increases the repair expenditure. Therefore, the proposed cost formulation can represent
situations in which simultaneous or multiple-machine failures impose disproportionately higher
maintenance costs.

12. Sensitivity Analysis

Sensitivity analysis is performed to investigate the influence of the principal model parameters on system
availability, expected number of failed machines, repairman utilization, expected repair cost, and total
cost. The parameters considered are the operating-machine failure rate A, repair rate y, warm-standby
failure rate 17, number of standby units S, and variable repair-cost coefficients.

The sensitivity of a performance measure Y with respect to parameter xcan be expressed as
xdY
Y _

*oyox
A positive sensitivity value indicates that an increase in the parameter increases the performance measure,
whereas a negative value indicates an inverse relationship.

12.1 Sensitivity to Failure Rate

The failure rate Ahas a substantial influence on system performance. As Aincreases, the probability of
occupying failed states increases. Consequently, system availability decreases, while the expected number
of failed machines and repairman utilization increase.

The numerical results show that availability decreases from 0.99845 at A = 0.01to 0.85714 at 1 = 0.05.
Therefore, reducing machine failure frequency through preventive maintenance, improved operating
conditions, or better-quality components can have a substantial effect on system availability.

12.2 Sensitivity to Repair Rate

The repair rate phas an inverse effect on the expected number of failed machines. Increasing umeans that
failed machines are restored more rapidly.

For the considered parameter range, increasing ufrom 0.05 to 0.20 increases availability from 0.90789 to
0.99845. The expected number of failed machines decreases from 1.87479 to 0.46663.

This result indicates that repair capacity is an important determinant of system performance. However,
increasing repair capacity may also involve additional expenditure for skilled repair personnel, equipment,
or maintenance facilities.

12.3 Sensitivity to Warm-Standby Failure Rate

The warm-standby failure rate nrepresents the probability that a standby unit becomes unavailable before
it is required for replacement.
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An increase in nreduces the effective redundancy of the system. Consequently, the beneficial effect of
warm standby decreases as the standby failure rate increases.

Thus, appropriate preventive maintenance of standby machines is important because a standby unit that
fails while waiting cannot provide the intended redundancy when an operating machine fails.

12.4 Sensitivity to Number of Warm Standby Units

The number of warm standby units Srepresents the level of redundancy incorporated into the system.
Increasing Scan reduce the probability that the system becomes unavailable following operating-machine
failures.

However, additional standby units also generate standby-related costs. Therefore, the relationship between
reliability and cost must be considered simultaneously.

The appropriate number of standby units can consequently be investigated by comparing
A(S)
with
TC(S).

A numerical optimization can subsequently be used to identify configurations that provide the desired
reliability level without unnecessarily increasing standby expenditure.

12.5 Sensitivity to Variable Repair Cost
The variable repair-cost coefficients C;and C,directly influence the economic performance of the system.

For the base model, increasing C;from 25 to 100 increases the expected repair cost from approximately
105.12 to 179.50 cost units per unit time. The corresponding total cost increases from approximately
202.01 to 276.39 cost units per unit time

600

450

300

150

=]
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Figure 3: Expected Repair Cost versus Failure Rate
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The figure illustrates that the expected repair cost increases with the failure rate of operating
machines. As the failure rate increases, machine failures occur more frequently, resulting in a greater
number of machines requiring repair and consequently increasing the expected repair expenditure. The
increasing trend also indicates that maintaining an appropriate failure rate through preventive maintenance
and efficient operating conditions may have an important influence on the economic performance of the
repair system

This demonstrates that economic conclusions based solely on reliability measures may not fully represent
the financial consequences of machine failures. A state-dependent repair-cost model provides additional
information for maintenance planning.

12.6 Overall Sensitivity Findings
The sensitivity analysis establishes the following relationships:

1. Failure rate A: Higher failure rates reduce system availability and increase maintenance-related
costs.

2. Repair rate u: Higher repair rates increase availability and reduce the expected number of failed
machines.

3. Standby failure rate n: Higher standby failure rates reduce the effectiveness of redundancy.

4. Number of warm standby units S: Additional standby capacity can improve system availability
but increases standby expenditure.

5. Variable repair-cost coefficient C;: Higher values increase expected repair cost and total system
cost.

6. Nonlinear coefficient C,: Higher values increase the economic penalty associated with
simultaneous machine failures.

Overall, the sensitivity analysis demonstrates that reliability and economic measures are interdependent.
Therefore, maintenance decisions should consider both system availability and the associated variable
repair expenditure. The proposed framework provides a basis for evaluating alternative combinations of
failure rate, repair capacity, standby level, and repair-cost parameters.

13. Discussion

The proposed mathematical model provides a systematic framework for analyzing the performance and
economic characteristics of a machine repair system incorporating warm standby units and variable repair
costs. The model considers machine failures, standby failures, repair activities, and the associated costs
within a continuous-time Markov framework. The steady-state probabilities obtained from the balance
equations provide the basis for evaluating important system-performance measures, including system
availability, expected number of failed machines, repairman utilization, and mean operating machines.
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The incorporation of warm standby units provides additional redundancy to the operating system. When
an operating machine fails, an available warm standby unit can be activated, thereby maintaining system
operation and reducing the immediate effect of machine failure. However, the effectiveness of the standby
mechanism depends on the failure rate of standby units, the availability of repair facilities, and the number
of standby machines incorporated into the system. Thus, increasing the number of standby units should be
considered together with their associated standby and maintenance costs. The variable repair-cost
formulation provides an important economic dimension to the proposed model. Rather than assuming a
constant repair expenditure, the repair cost is allowed to depend on the number of failed machines and/or
repair intensity. Consequently, situations involving multiple simultaneous failures can be represented more
realistically through an increasing repair-cost function. The expected repair cost can therefore be evaluated
using the steady probabilities of the corresponding system states.

The total-cost formulation combines operating cost, standby-machine cost, repair cost, and downtime cost.
This allows the economic consequences of alternative standby and maintenance configurations to be
investigated simultaneously with reliability measures. A configuration with more standby machines may
provide greater redundancy, but it can also increase standby-related expenditure. Similarly, faster repair
can reduce the number of failed machines and downtime but may be associated with increased repair
expenditure. Therefore, the proposed model provides a framework for examining the relationship between
reliability improvement and economic cost rather than considering either aspect independently.

Sensitivity analysis can further demonstrate the influence of the operating-machine failure rate, warm-
standby failure rate, repair rate, number of standby units, basic repair cost, variable repair-cost coefficients,
and downtime cost. Such analysis is useful for identifying parameters that have a comparatively greater
influence on system availability and economic performance.

14. Conclusion

This study presents a mathematical framework for a machine repair system with warm standby units and
variable repair costs. A continuous-time Markov-chain approach is proposed to represent the different
operational, standby, and repair states of the system. The steady-state probabilities obtained from the
model can be used to evaluate system availability, reliability, expected number of failed machines,
repairman utilization, and other important performance measures. The proposed variable repair-cost model
extends the conventional fixed-cost approach by allowing repair expenditure to vary with the number of
failed machines and/or repair intensity. This formulation provides greater flexibility in representing the
economic consequences of different system states. The resulting expected repair cost can be incorporated
with standby, operating, and downtime costs to obtain an overall cost function.

The study further provides a framework for investigating the effects of failure rate, standby failure rate,
repair rate, number of warm standby units, and cost parameters on system performance. Numerical
analysis and sensitivity analysis can be employed to quantify these effects and to examine economically
meaningful maintenance configurations. The principal contribution of the proposed framework is the
combined consideration of warm standby redundancy, machine repair, state-dependent variable
repair cost, cost analysis, and sensitivity analysis within a unified mathematical model. The model can
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therefore serve as a useful analytical tool for studying reliability and maintenance decisions in repairable
industrial machine systems.

15. Future Scope

The model can be extended in several directions to represent more realistic industrial machine-repair
environments.

1.

10.

11.

Multiple repairmen: The present framework can be extended to include two or more repairmen.
Different repair capacities can then be compared in terms of availability, repairman utilization, and
total cost.

Non-exponential failure and repair distributions: General probability distributions such as
Weibull, Erlang, or phase-type distributions can be incorporated to represent more realistic failure
and repair behavior.

Imperfect repair: Future models can consider imperfect repair, in which a repaired machine does
not necessarily return to an as-good-as-new condition.

Switching failure of standby units: The model can be extended by considering the possibility
that a warm standby unit fails during the switching process when it is required to replace a failed
operating machine.

Retrial behavior: Failed machines or repair requests can be allowed to retry for access to the
repair facility when the repair server is busy.

Preventive maintenance: Preventive-maintenance policies can be incorporated along with
corrective repair to investigate their effect on reliability and total maintenance cost.

Dynamic repair rates: Future studies can consider repair rates that vary according to workload,
number of failed machines, availability of technicians, or maintenance resources.

Optimization techniques: Mathematical programming, simulation, or metaheuristic optimization
methods can be applied to determine economically appropriate values for the number of standby
units, repair capacity, and repair rates.

Real-world industrial data: The model can be validated using actual failure, repair, downtime,
and maintenance-cost data obtained from manufacturing or production systems.

Additional cost components: Future research can incorporate spare-parts cost, labor cost, energy
consumption, production-loss cost, inspection cost, and preventive-maintenance expenditure into
the total-cost function.

Simulation-based validation: Discrete-event simulation or Monte Carlo simulation can be used
alongside the analytical Markov model to validate the theoretical results.
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12.

Optimization under uncertainty: Future work may consider uncertain failure rates, repair rates,
and cost parameters and develop robust maintenance policies under parameter uncertainty.
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