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Introduction

V. Yogeswara, BiswajitRath, CH RamaSanyasi Rao, K V Uma Kameswari and D. Raghu Ram
discussed in their recent research paper about Fs-set function and identified an image of an Fs-subset
under an Fs-Set function and studied some properties.

Fs-set
1.1 Definition: Let U be a universal set, let W € W; € Uand W be a non-empty set. A four tuple W =
(Wi W, W(pw, Hzw),Lw) is said be an Fs-set if, and only if

Qwew,

(2) Lyyis a complete Boolean Algebra

(3) ww,: Wy — Ly ,upw: W —— Lyare such that

Haw, W = How
(4) W:W——— Ly is defined by
Wx = pyw,x A (upwx )foreachx € W

Fs-subset
1.2 Definition Suppose W = (W;, W, W(yw, Mow), Lw) and U = (Uy, U, U(pyy, Hau), Ly) are two Fs-
sets. We say U is an Fs-subset of W, we write U = W, if, and only if
(1) U,=W, WEUu
(@) Ly is a complete subalgebra of Ly, or Ly < Ly
(3) Hiu, < Waw, [Ug, and poy|W = pow
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FS-SET FUNCTION
1.3 Definition For = (Uy, U, U(pyy, Hou), Ly) and V = (V1 V, V(pyv,, pov), Ly) EW , a triplet f =
(f1,1,0): U — Vis an Fs-set function ( with the help of the following diagram) if, and only if

f1 f

Hiu, Hiv, Hau l Hov

( F:U - Vwith figure )
(@ f="f|}:U—>Vis surjective
Here f;|{ = f, n (U x V)
(b) ®:Ly—— Ly is Complete homomorphism

THE IMAGES OF FS-SUBSETS
1.4 Definition SupposeU = (U3, U, U(pyu, Mau ), Lu), V = (V1, V, V(pyv, Mav), Ly),

P = (P, P,P(pyp, Hop), Lp), P E Uandf: U - V be an Fs-set function where P = U and
f = f,|{j: U —— Vbe onto.
We define by () — the image of P under f, we define it as
f(P) = 2 = (Q1, Q Quq,, H2q)Lq). Where
(1) Q =11 (P)

(2) Q = f(P)=f(V)=V
(3) miq,: Q1 — Ly is defined by

(
vy Y [y, ¥ Al Y Owpx ||, ify €V
y=f1x
H1Q, % = 9 e
k QCEP]_

(4) ppq: Q — Ly is defined by

HaQ¥ = Hav® Y [Hav, % A yl/fo)usz
x€P

(5) Lq = ([r1q,(Q1)]) = The complete subalgebra generated by [p;q,(Q1)], where [0, (Q,)] =
The complete ideal generated by p;q,(Qq) in Ly

1.5 Complete Boolean Algebra A Boolean algebra L is said to be a complete Boolean algebra if , and
only if
a. sup(W) and inf(W) exist in L forany W € L
b. aA (Vierbi) = Viel(@aAb;) forany {bi}ie € L
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1.6 Complete Boolean Algebra homomorphism Let W and U be a pair of complete Boolean algebras

and V € W. A Boolean algebra homomorphism f: W — U is said to a complete Boolean algebra
homomorphism if, and only, if

a. f(Inf(V)) = inf(f(V))

b. f(sup(V)) = sup(f(V))

Section-2

2.1 Definition
FS-SUBSET -INVERSE IMAGE
SupposeP = U,j: U — V is an Fs- set function and f = f1|‘6: U —— V be onto.
Let Q = (Q1,Q Q(k1q,, Maq), Lg) E Vbe such that Q=V. We define f~1(Q) —the inverse image Q as
771(Q) =P = (P, P, P(uyp, Hzp ), Lp), Where

a) P =1"(Qy)

b) P=f1(Q=f"(V)=U

C) Hyp,: P — Lp is defined by

( Wy, X ,whenever 0~ j,q f1x = ¢
XY x A \% o1 x x €U
Hau Hiu, Oa=piq, H1Q, f1
Hip, X = A aELy
x A 01 x xe¢U
Hiu, Ou=iiq, f1x H1qQ, f1
\ a€Ly

d) p,p: P—— Lp is defined by
Woyx ,whenever 0 ,ofx = @

HopX = -1
HauX YV U1y, X A ®a=\},{2Qfx@ Haqfx
a€Ly
e) Lp =Ly

2.1.1 Theorem: Supposefq: U —— V withQ EV,Q = V.Then §i 1(Q) E Q.
Proof: We have, 0 o pyx < vy < ¥ < M1, % < Wy, ¥ < Oopyxforx €U
We have U = (U, U, U(pyy, H2u), Lu),
V = (V1,V,V(u1v, Hzv), Ly)and
9 = (Q1, Q Q(1q, H2q): Lo)
Letf1(Q) = P = (P, P, P(uyp, Mop), Lp), Where
() P, = 7(Qq)
(b) P=§1(Q

(¢) wyp,: P, — Lp is defined by
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( HoyX ,whenever 0 o f12 = ¢
xY x A Y 01 x x €U
H2u Hiu, Ou=iirg, f1x H1Q, f1
Hip, X = A a€Ly
x A \% 01 x ,x & U
H1iu, Oa=piq, H1q, f1

\ a€Ly

(d) pyp: P——— Lp is defined by
( wux ,whenever 07 1p,ofx = 0

HzpX =

-1
HouX Y [Myy, X A ®a=\£2Qfx® Haqfx

a€Ly
(e) Lp =Ly
Againsuppose  fF1(Q) = (P) =R = (Ry, R, R(sr H2r), Lr), Where
(M Ry =f.(P) =1 (f1*(Q1)) EQ; (~fyis onto)
(@) R=f(P) =f(f"(Q) =f(f"'(N)=Vv=Q
(h) wigr,: Ry — Ly is defined by

]
Mav% Y [Mav, % A yz\glx@ulplx Yy €V
xEP1
HR, Y =
v, gAY Ouip, x Yy EV
k x€P1

(i) pyr: R— > Ly is defined by

HerY = Mav ¥ [Hav, g A Y, Olizpx
x€P

() Lr = ([mir,(R1)]), (See Chapter-I1l, Remark 3.0)
NowR E Qis needed i.e. to show,

(KN R1EQ,R2Q

() Lg < Lg

(MR, Y < Hig, % H2RY 2 H2Q¥

() and (g) =(k)
(e) and (j)=(1)

(m): For x €,

MR, % = Hov® Y [y, ¥ Al Y Ouip x
y=f1%x

x€Pq
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= \% Al Y 0 xY x A \4 o1 x
v Yty g AL X O Hau® Y (o, F A | Y O o, T
x€P, a€Ly
— -1
= Hvy Y Hv, g AL X | Oleux YOy 2 A V00 g, X
x€Py a€Ly

Case: 1a: 07 'p1q, % = @, iR, % = Hiq, ¥
Case: 1b: 07 wq, 4 # @

= Y Al Y | By Y |Bpyy, 2 A y 007! x
MR, % = Movy Y [lv, g Al Y | Oy SUCE PR Mig, f1
x€Py a€Ly

= Hav® YV |Hav, ¥ A y%lx(GHZUx A [@lex A U1Q1f1x])

xEP1

= Uav® Y Uy, ¥ A y=\§1x ((@Uzux Y U1Q1f1x))

xEP1

= Wovy Y |Uy, Y A yg?lx Hig,f1%
xEP1

= vy Y (hv, 4 A H1Q1’y)) = Hov¥ ¥ H1Q, % = H1q, % = M, fsWhenever x € U
Fory ¢V,

MR, % = My, gAY Oup, 2

x€P4

=M, gAY O Haux Y [y, A 0 g, f1x

y=f1 Oa=p1q,f1%
x€Py a€Ly

= AMoY | Ouyx YOy x A Y 007t x
Hiv, Y y=ix H2u Hiu, a=phg, fu H1Q, f1
xEPl OLELU

Case: 2a: G)_1H1Q1T19‘¢ = 0,lyR, f1% = My, T1x
Case: 2b: @ 'pyq,fr1x # @

= Al Y | By Y |Bpyy, 2 A Yy 0071 x
MR, % = v, g A Y| Olzy SR PR Mig, f1

x€Py a€Ly

AN NCIAZN 4 (CIERCIIEPNTIRA))

x€Pq
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=t gAY (Oau® Y g, %)

x€P1

= Wy, ¥ A H1Q, % | = Mv, ¥ A1, % = Wi, ¥

Y
y=f1x
x€P1

HerY = Havy Y (v, % A Y Olgpx
x€P

— -1
= Wov¥ Y (M, % A y\szx@ HauZ Y |Hiu, X A 90(=\L{2Qfx® Haqfx

x€P o€Ly

— -1
= Hav% YV [Hav, ¥ A %fo Ouzyx Y [Opyy, % A ®a=\£zqfx 007 Hyofx
x€P a€Ly

Case: 3a: 07 pyofx = 0, pprfx = pyofx
Case: 3b: 07 p,ofx # @

hor% = Hovt ¥ [y, % A | Y, {O1o02 ¥ [Ohay, # A taqw])

x€P

= tav ¥ [y, 9 A Y {O1a02 ¥ kagy)

x€P

=tov ¥ [, ¥ A| Y. toqw || = Have ¥ [Hav,# A oo = levy Y ieq¥ = ey
x€P

Hence RS Q i.e,
i ffrl@coe. B
2.1.2 Corollary: Supposefy: U —— V, f;isonto, Q £ V,Q = V. Then ff1(Q)and Q are full —
equal.
Proof: We have, © o loyx < Hoyy < Haq¥% < M, % < My, ¥ S Ooyyyxforx €U
We have U = (U, U, U(ulUl,UZU)r Ly)
V = (Vi, V, V(pyv, Hav), Ly Jand
Q = (Q1, @ Q(1q, H2q). Lo)

Let,i1(Q) = P = (P, P, P(p1p, 1op), Lp ) Where

(@ P =17'(Qu)

(b) P=§1(Q

(¢) wip,: P, —— Lp is defined by
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( Wiy, X ,whenever 0~y o f12 = @
HauX Y [Hyy, X A Oa=iti o, fur 0~ 'yq, f1x , €U
Hip, X = 3 aELy
R AL )

\ a€Ly
(d) pyp: P—— Lp is defined by

Wyx ,whenever 0 tuyofx = @
HzpX =

-1
HouX Y [Myy, X A ®a=\£2Qfx® Haqfx

a€Ly
(e) Lp =Ly
Again supposef {1 (Q) = f (P) = R = (Ry, R R(uyg, M2r), L), Where
(f) Ry = f1(P1) = f1(f[1(Q1)) =Q
@ R=1P)=f{"(Q)=fF"'W)=Vv=Q
(h) wg,: Ry — Ly is defined by

]
Mav% Y [Mav, % A yz\glx@ulplx Yy €V
xEP1
HR, Y =
v, gAY Ouip, x Yy EV
k x€P1

(i) pyr: R— Ly is defined by

HorY = Havy Y

Hiv, % A y;ffo)usz ]
x€P
() Lr = ([mir,(R1)]) (See Chapter-I11, Remark-3.0)
NowR and Q are full-equal needed i.e. to show,

(k) Ry =Qq
(I R=Q
(m)Lg = Lq

(N) WRr, % = W, ¥

(0) WorY = H2q¥
(f) and (g)= (k) and (1)
(e) and (j) =(m)

(n): Forx e, WiR, % = Movy ¥ A
xEP1

Miv, Al Y Olgpx }

IJFMR23067187 Volume 5, Issue 6, November-December 2023



https://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

= vy Y [Mav, ¥ Al Y O HuX YV |y, X A 0 'y, frx

Y
y=f1x Oa=p1q,f1#
x€Py a€Ly

— -1
= Uavy Y Uy, ¥ A y=\§1x Ouzyx YV |Opyy,x A ®a=u\1/Q1hx 007 g, f1x
x€P, a€Ly
Case: 1a: 07 i, f12 = @, Mg, f1x = Hig, frx

Case: 1b: :07 'y, f12 # @

= Y Al Y | By Y By, x A Yy 007! x
MR, % = Mavy ¥ [Hav, % A X | Olzy SRS A Mig, 1

x€Py a€Ly

= Uavy Y Uy, ¥ A y%lx(GHZUx Y [@lex A U1Q1f1x])
xEP1

= Uav® Y Uy, ¥ A y;glx(ﬁ)uzux Y U1Q1f1x)
xEP1

= Wovy Y |Uy, Y A yg?lx Hig,f1%
xEP1

= Hoyy Y (Hlvly A ulqu) = Uvy Y W, ¥ = ulQl’y"Whenever x €U
Fory ¢V,

MR, Y = My, g A Y Oup,x

x€P,

=f1 Oa=p1q,f1%
x€Py a€Ly

= AMoY | Ouyx YOy x A Y 00t x
Hiv, Y y=ix H2u Hiu, a=phg, fu H1Q, f1
xEPl OLELU

=t g Al X O] HouX Y |y, F A Y 07, fix )
Case: 2a: 0~ 'pyq, f12 = @R, f12 = pyg,f1x
Case: 2b: 07 g, f1x # @

= Al Y | By Y | By, x A Yy 0071 x
MR, % = v, g A Y| Olzy SR PR Mig, f1

x€Py a€Ly

=y, ¥ Al Y (Ouayx Y [Opyy, % A g, %))
y=f1x

xEPl

IJFMR23067187 Volume 5, Issue 6, November-December 2023 8



https://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

= v, ¥ A yz\glx(@qux ¥ g, %)
x€P1

= Wy, ¥ A H1Q, % | = Mv, ¥ A1, % = Wi, ¥

Y
y=f1x
x€P1

HerY = Havy Y (v, % A Y Olgpx
x€P

— -1
= Wov¥ Y [l % A y\szx@ HauZ Y |Hiu, X A 90(=\L{2Qfx® Haqfx

x€P o€Ly

— -1
= Hav% YV [Hav, @ A %fo Ouzyx Y [Opyy, % A ®a=\£zqfx 007 Hyofx
x€P a€Ly

Case: 3a: 0 "oy = 0, UarY = Ha¥
Case: 3b: 07 p,ofx # @

HerY = lavy Y [y, A | Y. {Oap ¥ Oy, A aqy])

x€P

= Uav® Y Uy, ¥ A y\:/fx{Guzux Y IJZQ’.LJ"}
x€EP

= Uav® Y Uy, ¥ A y\:/fx H2Q¥% || = Hevy Y [le’yv A UZQ’y’] = Hav¥ Y HoQ¥ = H2Q¥
x€EP

Hence R =-Q i.e., the full-equality of f ~*(Q) and Q follows

2.2 Theorem: Supposef,: U ——— V withQ £ V,Q = V. Then fF*(Q) £ Q.
Proof: We have, 0 ° iyt = vy = H¥% = Wi, % = Wi, ¥ = Oopyy,xforx €U
U= (U1'U'U(|-11U1,U-2U)' LU)
V = (Vi, V, V(pav, Hav), Ly Jand
Q = (Q1, @ Q(1q, H2q). Lo)
Letf1(Q) = P = (P, P, P(psp, Mop), Lp), Where
(@ P =17'(Qu)
(b) P=17(Q

(¢) wip,: P, — Lp is defined by
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( Wy, X ,whenever 0 o f12 = ¢
xY x A Y 01 x x €U
H2u luwl Ou=iirg, f1x H1Q, f1
Hip, X = A a€Ly
x A \% 01 x ,x & U
Hiu, Oa=piq, Hig, T1
\ a€Ly

(d) pyp: P———— Lp is defined by
( Wyx ,whenever 0 tuyofx = @

HopX =

-1
HouX Y [Myy, X A ®a=\£2Qfx® Haqfx
a€Ly
(e) Lp =Ly
Again suppose fi2(Q) = F (P) = R = (Ry, R, R(pygr, H2r), Lr),
where

(f) Ry = f1(P1) = f1(f[1(Q1)) EQ
(@ R=f(P) =f(f*(Q) =f(f*(V)) =V=Q
(h) wg,: Ry — Ly is defined by

(Mg, f1x ,whenever 0~ !p o f12 = @
Hovfrx Y [H1V1f1x A y=\§1x Ouyp, x Yy €V
ulRl/y) =9 X€Py
My, fae A /y,=\§1x Ouyp, x Yy €V
L xEP1

(i) pyr: R— Ly is defined by
uaofix , whenever @71H2fx = ¢

H2rY =
Hovii 2 Y [y, & A y\szx Opzpx
x€P

() Lr = ([rar,(R1)]), where [pyr, (R;)] is the complete ideal generated by g, (R,) and

([m1r, (R1)]) is the complete subalgebra generated by [p;g, (R)]
R C Qis needed i.e. it is sufficient to show that,
(k) Ry =EQ;,R2Q
() Lg = Lg
(MR, % < M1Q, % HarY = Haq¥
(f) and (9)= (k)
(e) and (j)=(1)

(m): For x €U,
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iR, % = lov® Y v, A Y Oupx
y=f1x

xEPl
= xY xAl v 0 xY x A vy 0t x
Hovf1 Hav, f1 y=x Hau Hiu, Ou=piyg, f1x Mig, f1
x€Py a€Ly

= xY Al Y | Ouyyx Y [Opy.x A 0071 x
Havfy H1V1f1 . H2u H1iu, a=iyg, fu H1Q, f1
x€P, a€Ly
Case: 1a: 07 i, f12 = @, Mg, f1x = Mg, frx

Case: 1b: 07 'pyq, fr1x # @

x = xY 2 Al Y | Ouyyx Y [Opg.x A Y 0071 x
H1R1f1 Havfy ll1v1f1 A 3 H2u Hiu, Ou=piyq, f1x H1qQ, f1
x€Py a€Ly

= Wavf12 V |y, F1x A y;glx(ellzux A [@H1U1x A U1Q1f1x])

xEPl
= Uav® Y Uy, ¥ A y;glx(ﬁ)uzux Y U1Q1f1x)
xEP1
= Hav® YV |Hav, % A y=\§1x Miq, 1%
| xEP1
= Uavy Y (le’y) A H1Q1’y)) = Uv% Y Q% = Mg, ¥Whenever x € U
Fory ¢V,
MR, Y = My, g A Y Ouip,x
x€P,
= xA|l Y © xY x A Y 01! x
ll1vlf1 g H2u Hiu, Oa=iiq, f1x H1Q, f1 )
xEP1 (XGLU
= Al Y | Ouyyx Y [Opy.x A \4 001! x
H1V1f1 g Hau M1y, Oa=pig, H1qQ, f1 ‘
Z€P, a€Ly

Case: 2a: 0~ 'pyq, f12 = @R, f12 = pyg,fax
Case: 2b: @ 'pyq,fr1x # @

Hir,f1% = Hyy, f1x A y=\§1x Ouzyx YV |Opyy,x A Bamy 007 g, f1x

a=piQ,f1x
x€Py a€Ly
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= Wy, f1x A yz\glx(ﬁ)uzux A [@lex A H1Q1f1x])

x€P1

= Wv, ¥ A yz\glx(ﬁ)uzux A H1Q1f1x)

x€P1

= Wy, ¥ A y=\§1x Mig,f1%
x€P1

= Wy, % A U1, % = Hiq, ¢ Whenever x € U
= H1Q1f1x U1, %

HorY = Hav® Y [y, @ A %fo(ﬁ)usz
x€EP

_ -1
= Wvy YV [H1y, @ A yzfx@ HauX Y [Hyy, X A ®a=\p{2Qfx@ TPYYEA

x€P a€Ly

=Havy Y (M, g A Y, ) OUau® Y Oy, AL Y 0~ Mpofx

x€P o€Ly
Case: 3a: 0™ yqfx = @, porfx = ppgfx
Case: 3b: 07 p,ofx # @

HorY = Hovy Y v, A Y {{Ouzue v [Opyy, 2 A pyqix]}}

x€P

= tavt ¥ [y, A| Y. {O1au ¥ gofi)
x€P

= hav ¥ [, ¥ A| Y. ool || = Hove Y [Hav, % Abag¥] = Havy Y aqu
x€P

= Haqfx = U2y
Hence RE Q i.e,

fi Q@ co.

2.2.1 Corollary
Supposef,: U ——— V withf;is onto,Q = V,Q = V.Then f{1(Q) and Q are full-equal.
Proof:
We have, 0 o pyx = loyy = Uaq¥ = M, % = by, ¥ = Oy xforx e U
U = (U, U, U(pyy, M), Lu)
V = (V, V, V(pyv, Hav), Ly)and
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Q = (Qu, Q QlH1g, H2q): Lg)
Let,f~*(Q) = P = (P, P, P(nsp, 1op), Lp ) Where
(@ P =f1'(Qy)
(b) P=1(Q
(¢) wp,: P — Lp is defined by
( Wy, X ,whenever 0 o f12 = @

Y
Oa=p;q,f1x
(XELU

Haux ¥ luwlx A 0~ 'yq, f1x ] , €U

Hip, X = A

x A 01 x , ¢ U
Hiu, Ou=piq, i H1q, f1

\ a€Ly
(d) pyp: P—— Lp is defined by

( wuyx ,whenever 0 tuyfr = @

HapX = J -1
Luzux A luwlx A ®oc=1{zqfx 07 "upqix ]
(XELU

(e) Lp = LU__ )
Again suppose 7 1(Q) = f(P) = R = (R, R, R(pyg, H2r), Lr), Where
(f) Ry = f1(P1) = f1(f[1(Q1)) =Q

@ R=fP) =f(f*(Q) =f(f"*WV)=v=Q
(h) wg,: Ry — Ly is defined by

(Mg, f1x ,whenever 0~ q f12 = ¢
Hovfie ¥ lumhx A /y)=\§1x Opyp,x Y EV
ulRly' = < x€P1
My, fie A g=\§1x Opyp,x Y &V
k xEP1

(i) pyr: R—— Ly is defined by
uaofix , whenever @71H2fx = ¢

HorY =

Wovf12 V [y, g A Y Opypx
y=ix

x€P

(i) Lr = ([mir,(R1)]), where [p;r, (Ry)] = is the complete ideal generated by p;g, (Ry) and
([m1r, (R1)]) isthe complete subalgebra generated by [pyr, (R)]
R and Q are full-equal neededi.e. Sufficient to show that,
() Ri=Q
K R=Q
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(l) Lg = LQ

(MR, % = MiQ, %

(N) H2rY = HaqY
(f) and (g)=(j) and (k)
(e) and ()= (1)

(m): Forx € U,

iR, % = lov® Y v, A Y Oup x
y=f1x

xEPl

_ -1
= Hovh12 Y [y, Faxe A y=\§1x Of Haux Y [y, X A ®a=u\1/Q1f1x 07 g, Iz
x€Py a€Ly
_ -1
= Wovf12 Y [Hyy, F1 2 A /y,=\§1x Ouayx ¥ |Opyy, x A ®a=u\1/Q1f1x 007 Wq, 1%
x€Py a€Ly

Case: 1la: 0 'pyq. f12 = @, wyp, f1% = g, f1x
Case: 1b: 07 1pyq, fr1x # @

x = xY 2 Al Y | Ouyx Y [Opy.x A Y 0071 x
H1R1f1 Havfy ll1v1f1 A 3 H2u Hiu, Ou=piyq, f1x H1qQ, f1
x€Py a€Ly

= Wovf12 V |y, F1x A yz\glx(@uzux A [@lex A IJ1Q1’y*D

xEP1
= Uav® Y Uy, ¥ A yz\glx(@lizux Y IJ1Q1%)
xEP1
= Uav® Y [y, ¥ A y=\§1x HiQ, ¥
| xEP1
= vy Y (hv, 4 A H1Q1’y)) = Hov¥ Y H1Q, % = Hiq, %Whenever x € U
Fory ¢V,
MR, % = My, g A Y Ouip, 2
x€P,
_ -1
= Wy, 1z A yz\%x Of maux ¥ |Hyy, % A G)(X:HYthx 07 g, Iz
x€Py a€Ly
_ -1
= Wy, f1x A yz\%x Ouayx ¥ |Opyy, £ A ®a=u\1(Q1f1x 007 g, 1%
x€Py a€Ly

Case: 2a: 0~ 'pyq, f12 = @R, f122 = pig,fax
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Case: 2b: @7 'pyq, fr1x # @

= AlY | Ouyux Y Oy, x A \4 00! x
MR, ¥ = v, % ytox Hou Hiu, Ou=iiq, 1 M1qQ, T1

x€P, a€Ly

=t gAY (Oaux ¥ [Ouiy, # A kg, ¥])

x€P1

= Wv, ¥ A yz\glx(ﬁ)uzux A H1Q1f1x)

x€P1

=Wy, gAY ol | = v, g A% = g, ¥
xEP1

HorY = Havy Y (v, % A Y Olgpx
x€P

— -1
= Wov¥ Y [l % A y\szx@ HauZ Y |Hiu, X A 90(=\L{2Qfx® Haqfx

x€P o€Ly

— -1
= vy YV [Hv, @ A V%;Lx Ouayx ¥ |Opyy, £ A @azﬁfox@@ Haqfx

a€Ly

Case: 3a: 07 yfx = @, porfx = ppgfr
Case: 3b: 0~ Huyofx # @

HorY = Hav® Y Uy, ¥ A @fo {{@qux N [@Ivlwlx A HZQfx]}}
x€P

= Uav® Y Uy, ¥ A y\:/fx{@)uzux Y IJZQ’.LJ"}
x€EP

= Uav® Y [y, ¥ A %Ifx Hafx || = Mavy Y [le’% A UZQ’y’] = Uav¥ Y ¥ = HaQ¥
x€P

Hence R = Q i.e. the full-equality of f§1(Q) and Q follows

2.2.2 Proposition: Supposef;: U — Vwith ? £ U, P = U. Then
ff@ap
Proof: Let? & U and f: U —— V be an Fs-set function, where
U = (U, U, Uy, H20), Lu), V = (Vi, V. V(v Hov), Ly), P = (P, P, P(ip, Hop), Lp),
P=Uandf=f|]:U—>V be onto.
Define f(P) as follows
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f(P) = @ = (Q1, @ Q(1q, M2q)Lq), Where
(1) Q1 =f1(P)
(2 Q=1P)
(3) m1q,: Qu — Ly is defined by

§
Hiv, % A (@F\?m @u1p1x>
xEP1

HiQ, % = S
Hav, % A ( Y . @u1p1x> Jify &V
\

Havy Y ,if’y» ev

y=f
xEPl

(4) nzq: Q —— Ly is defined by

Hiy, ¥ A (yl(fx @usz>‘
x€P

(5) Lg = ([r1q,(Q1)]), where [p1q,(Q4)]is the complete ideal generated by p,q,(Q,) and
([m10,(Q1)]) is the complete subalgebra generated by [, (Q,)]
Again suppose 1 (P) = 1(Q) = R = (Ry, R, R(yr, Mzr), Lr), Where
@ Ry =1'Q) =i (P)) 2 P
(b) R=f(Q =f(f(P)) =f*(f(L)) =u =P

(¢) uir,: Ry — > Ly is defined by

HoQ¥ = Havy Y

-1
Woux Y [plle A <®a=u\1(qlf1x 0" W, f1x>] ,x€U

HiR, X = 1 a€Ly

Hiy, X A ( A @_1IJ1Q1 f1x> X €U
\

90‘=H1Q1f1x
a€Ly

(d) pyr: R— Ly is defined by
Woyx ,whenever 0 ,ofx = @

UorX = -1
HauX ¥ llvlwlx A <®a—Kfox 0 HZQfx>‘

a€Ly
(e) L =Ly
NowR 2 Pis needed i.e. to show
() Ry, ZP,,RCP
(9) Lrp = Lp
(h) mir, [P = Mip,, Hor < HopIR
(a) and (b) =(f)
(e)=(9)
Need to show (h): ForxeU

( Wiy, X ,whenever 0~ o f12 = ¢
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— -1
iR, X = HauX Y |Hiy, X A 0a=u\1(Q1f1x® Hiq, f1%
a€Ly

= Hau% Y |Wiy, X A

= x A Y
ulUl @0(=H1Qlf1x
a€Ly

= x A Y
|-11P1 90(=H1Q1f1x
O(ELU

= x A Y
ulpl Oa=p1q,f1%

(XELU

= XA Y
Map, Oa=p;q,f1%

a€Ly

= Wp, X A

Sothat, pyy,x = pyp, x

Oa=p;q,f1x

O Havy Y [Mv, g A Y Oupx
y=f1x

a€Ly x€P,

O vy Y |y, Al Y Ougp,x
y=f1x

xEPl

@—1

vy Y [Hav, g A X Ouyp, x

xEP1

xEPl

e <H2V@ A %lex Ouyp, x

oY Owp,x
y=f1x
xEP1
Y oo v x| |= x Al Y x| = x
Ou=piyg, f1x yx Hip, Hip, yux Hip, H1p,
€Ly x€P, x€Pq

Forx ¢ U
_ -1
iR, X = My, X A ®a=u\1(Q1f1x 07 g, T1x
a€Ly

= W X A Y
Uz Oa=p1q,f1#

a€Ly

= x A Y
ulpl 90(=P-1Q1f1x
O(ELU

= Hip, X A A
1 Oa=p1q,f1%

a€Ly

= Hp, X A

Y
Oa=p1q,f1%
a€Ly

-1
0 Hovy Y [Hiv, % A %z\%x Ouyp, X

xEP]_

O M vy Y [Mv, g A Y Oupx
y=fhx
xEP1

0! Y| Y Oupx
HovYy . M1ip,

xEP1

7'l v Oup.x
y=f1x
x€P,
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= x A Y e~le| v x
Hap, Oa=p;q,f1% y=f1% Map,
a€Ly x€P,
> =
- ulplx A /ya=vflx ulplx IJ.lPlx,
xEP1

So that, HiRr, % = Hip, X

0~y

Movy Y |Mav, g A Y Opzpx
x€EP

v, g A Y. Ouzpx
x€P

Y. Oupx
y=ix
x€P

Y. HapX
y=fx
x€P

x = xY x A Y
Hzr Hau Hiu, Oa=iqix
a€Ly
= Wux Y x A Y -1
Hzu Hiu, Oa=lizqix
(XELU
= Wyx Y x A Y -1
Hzu Hiu, Ou=izqi
O(ELU
= Wyx Y x A \'% -1
Hau H1u, Oa=lzqfx
a€Ly
= Wux Y x A Yy 0710
Hzu Hiu, Oa=lizqix
O(ELU
= Wyx Y Yy 07| v x
Hau Oa=lizoix yoix Hzp
a€Ly x€P

= HouZ Y HapX = HopX
Hence f~f (P) = P.
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