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1. INTRODUCTION

Fixed point and periodic point theorems play a crucial role in various fields of mathematics, including
analysis, topology, and applied mathematics. These theorems provide essential insights into the behavior
of functions and mappings, offering a foundational framework for understanding various mathematical
phenomena.Originating from Brouwer’s [12] fixed point theorem in 1912, topological fixed point
theory focuses on continuous transformations. Meanwhile, discrete fixed point theory, stemming from
Tarski’s theorem in 1955, concentrates on mappings in discrete spaces. Metric fixed point theory, while
its foundational concepts predated, owes its practical and widespread application to the contributions of
the Polish mathematician Stefan Banach [7].

Meir and Keeler [23] proved that if a self-mapping f of a complete metric space (X,d) satisfies the
some condition then f has a unique fixed point. Rhoades, Park and Moon [6]gave a new result which
encompasses most of such generalizations of the Meir-Keeler theorem.Boyd and Wong [11] generalized
the Banach contraction principle in complete metric spaces.Jachymski [16] introduced a modified (g, §)
condition to establish a unique common fixed point for two self-mappings Aand Bon a complete metric
space(X,d). Caristi’s [8]theorem contain fixed point theorem applied with the well-known Banach
Contraction principle and the generalization of Kannan[34, 35], Chatterjee [25] and Ciric[26, 27].R. P.
Pant and V. Rakocevic [29] introduce a new, weaker form of continuity that is both necessary and
sufficient for fixed point existence.

The exploration of fixed points within contraction mappings in symmetric spaces began with Cicchese's
work [13]. Wilson [38] subsequently pioneered these spaces by relaxing the requirement of the triangle
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inequality from the metric constraints. Currently, there's a substantial body of literature discussing fixed
point theory within symmetric spaces [1 — 5,13 — 19, 32, 33].

In this paper we study the fixed point and periodic point in symmetric spaces. Our findings are relevant
to both contractive and non-expansive mappings. Moreover, our theorems stand independently of nearly
all previously established results for contractive type mappings.Our results are more general than the
result of Pant et al [29]results.

2. MATHEMATICAL PRELIMINARIES

Definition 2.1[20].1f f is a self-mapping of a set X then a point x in X is called an eventually fixed
point of fif there exists a natural number N such that

f(x) =f"(x) forn > N.

If f(x) =x then x is called a fixed point of f. A point x in X is called a periodic point of period n
if f"x = x. The least positive integer n for which f"x = x is called the prime period of x.The set of all
iterates of a periodic point forms a periodic orbit which equals {x, fx, f2x, ... f"* " 1x} if x is a periodic
point of prime period n. A point x is called eventually periodic of period k if there exists N > 0 such
that f™**(x) = f*(x)forn > N.

Definition 2.2 [20]. The set {x € X: Tx = x} is called the fixed point set of the mapping T: X — X.

Definition 2.3 [38].Let X be a non-empty set. A symmetric on a set X is a real valued function
d: X x X - R such that,

i. d(x,y)=0,Vx,y€X,

ii. dix,y) =0 =x=y,

iii. d(x,y = d(y, x).

Let d be a symmetric on a set X and for € > 0and any x € X ,let B(x,¢) = {y € X:d(x,y) < €}.A
topology t(d)on X is given by U € t(d)if and only if for eachx € U, B(x, ) c U for some € > 0.

A symmetric d is a semi-metric if for each x € Xand each ¢ > 0,B(x, €), is a neighborhood of x in the
topology t(d).There are several concepts of completeness in this setting. A sequence is a d — Cauchy if
it satisfies the usual metric condition.

Definition 2.4[38].Let (X, d) be a symmetric (semi-metric) space.

i. (X,d)is S-complete if for every d — cauchy sequence {x,,} there exist x in X with
lim d(x,,x)=0.
n—oo

ii. (X,d) is d — cauchy complete if for every d — cauchy sequence {x,} there exist x in X with
lim x, = x with respect to t(d).

n—ooo
iii. S:X - X is d-Continuous if lim d(x,,x) = 0 implies
n—oo
lim d(Sx,,Sx) = 0.
n—oo
iv. S:X - Xist(d) continuous if lim x, = x with respect tot(d) implies lim S(x,) = Sx with
n—oo

n—oo

respect to t(d).
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The following two axioms were given by Wilson [36].
Definition 2.5.Let (X, d) be a symmetric (semi-metric) space.

W1:Given{x,}, x,y in X, d(x,,x) = 0and d(x,,y) > 0=>x=y.
W2:Given{x,}, {y,}, and x, y in Xd(x,,x) — 0 and
d(Xp, Yn) = 0= d(yp, x) = 0.

Definition 2.6 A function f: X — Y is called continuous if lim fx, = ft whenever {x,} a sequence in
n—->0oo

X such thatlim x,, = t.

n—-oo
Definition 2.7.([41]) A self-mapping f of a metric space X is called k — continuous, k = 1,2,3 ..... if
lim f¥x, = ftwhenever {x,} is a sequence in X such that lim f* 1x, = t.
n—oo n—oo
Definition 2.8. A function f:X — Y will be called asymptotically k —continuous (or equivalently,
asymptotically continuous) if klim f(fkx,) = ft whenever {x,} is a sequence in X such

,n—00

that lim f*x, =t.
k,n—coo

Definition 2.9([26,27]). If f is a self-mapping of a metric space (X, d)then the set O(x, f) = is called
the orbit of f at x and f is called orbitally continuous if u = lim f™ximpliesfu = limf f™x.
l l

Continuity implies orbital continuity but not conversely [26, 27].

Definition 2.10. ([42]).A self-mapping f of a metric space (X, d) is called weakly orbitally continuous
if the set {y € X: lim f™y = u = limf f™y = fu}is nonempty whenever the set {x € X: lim f™x =
l 4 4

u} IS nonempty.

Definition 2.11.([20]).Let f be a self- mapping of the set of real numbers and p be a periodic point of
prime period n. The point p is called hyperbolic if,|(f™)'(p)| # 1. The point p is called non-hyperbolic
if,|(f™)'(p)| = 1. Here (f™)'(p)denotes the derivative of f™(x)at p.

Definition 2.12. The function f: (=0, 00) — (—o0, 00) such that f(x) is the least integer not less than x
is called the least integer function or the ceiling function and is denoted by f(x) = [x].

3. MAIN RESULT

In the following theorems, we shall denote m(x, y) = max{d(x, fx), d(y, fy)}.

Theorem 3.1. Let f be a self-mapping of a symmetric metric space(X,d). Suppose that given & >
0 there exist 0 < §(¢) < € such that for each x,y in X

He<mxy) <e+ 8= d(fx,fy) < e and

(ie—86<mxy) <e=d(fxfy) <e—-34.
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Then either f has a unique fixed point and for each x in X the sequence of iterates {f"x}converges to the
fixed point, or each x in X is a fixed point or an eventually fixed point. The mapping f possesses a
unique fixed point if and only if x # y = max{d(fx, fy)} > 0.

Proof. If each x in X is a fixed point of f then the conditions (i) and (ii) are satisfied since there exists no
pair (x,y)in X that violates (i) and (ii). Thus, either each point of X is a fixed point of f or there exists a
point x, in X such that fx, # x,. Define a sequence {x,} in Xby x, = fx,_;, that is, x, = f"x,.
Condition (ii) implies that f cannot have periodic points of prime period > 2. For example, suppose y is
a periodic point of prime period n > 2, that is, fly =y but fly#f" for 1 < i < n.Then
max {d(y, fy), d(fy, f%y), .... d(f" 1y, f?y)}> 0.
Let max{d(y, fy), d(fy, f?y), ....d(f" 1y, f'y)} = d(f* ly,fXy) =e>0,1<k <n. If k=1 then
d(y, fy) = ¢ and max{d(y, fy), d(f"" 1y, f%y)} = € > 0.This can also be written as m(y,f" 1y) =
m(f?y, {2~ 1y) = max{d(f*~ly, fhy), d(f"y, f**1y)} = £ > 0.
Using condition (ii) this yields d(f™y, f**1y) = d(y, fy) < &, a contradiction. Similarly, if k > 1 then
d(f*ty, fky) = e and
m(fk~2y, fk-1y) = max {d(f* 2y, f*"1y), d(f* 1y, f¥y)} = d(f* 1y, fy)
=g>0.
By virtue of (ii) this gives d(fX~'y, fXy) < &, a contradiction. Hence, f cannot have periodic points of
prime period > 2 if f satisfies (ii). It may be observed that this conclusion remains true if we replace
condition (ii) by any of the following two conditions:
max{d(x, fx),d(y, fy)} = ¢ = d(fx, fy) < ¢,
max{d(x, fx),d(y,fy)} = ¢ = d(fx, fy) > £.(3.1)
The above computation shows that fcan possess periodic points only if the set
{y € X: max{d(f*~2y, f*"1y),d(f* 1y, fky)} = d(f* 1y, fky > 0, k > 2}is nonempty, that is, condition
(i) will not hold in that case and some weaker condition, say,
d(fx, fy) < m(x,y),x,y €X, (3.2)
will hold.
Also, if
{y € X:max{d(f*~2y, f*"1y), d(f* 'y, fky)} = d(f* 1y, fky > 0,k > 2}
=X (3.3
then each point of X will be a periodic point of period > 2.
Therefore, condition (ii) implies that either x,, = x,,; for some n > 1 or x,, # X,,,for each n > 0. If
X, = Xp41fOr some n > 1 then fx, = f"*1x,, that is, x, is a fixed point of f and x, is an eventually
fixed point. On the other hand, if x,, # x,,,for each n, then x, is neither a fixed point nor an eventually
fixed point. This implies that either each point in X is a fixed point or an eventually fixed point, or there
exists a point x, in X such that the sequence of iterates {f"x,} consists of distinct points. Suppose the
sequence of iterates {f"x,}of xoconsists of distinct points. Then d(xy, fx, ) > 0,d(Xp41, fXny1) > 0 and
there exists € > 0 such that max{d(xy, fxp, ), d(Xnt1, Xnt1)} = €.
By virtue of (ii) the last equation implies d(fx,, fx,+1) < € — 8(¢), thatis,
d(Xpt1,Xnez) < € — 8. Thus, d(Xp41,Xn42) = €and, d(Xp41, Xn42) < € — 8.Therefore, d(X,, Xp4+1) IS @
strictly decreasing sequence and, hence, tends to a limit r > 0. Suppose
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r > 0 then there exists positive integer N such that

n=>N=ar <dXp, Xpg1) <7+ 6(r),0 < 6(r) <. (3.4)
This  yields r < max {d(Xp, Xn+1), d(Xn+1, Xn42)} = max{d(xp, fxp ), d(Xpe1, Kns)} <7 + 8(0),
which by virtue of (i) yields d(fxn,fxnﬂ) <r, that is, d(Xp+1,Xns+2) < 1. This contradicts (3.4).
Henced(xy, Xn+1) = 0asn — oo. Since {d(x,, X,4+1)} 1S a strictly decreasing, for each p > 1 we get:

max {{d(xn-1 %n), d(Xnsp-1 Xnsp) }} = d(Xno1 ) > 0.

Let max{d(xn_l,fxn_l,),d(xn+p_1,fxn+p_1)} =& >0, that is, d(x,-1X,) = € > 0. Using (ii), we get
d(fxp—1 fXnsp-1) < € — 8(e), that is, d(xp,Xn4p) < d(Xp_1Xn). Taking limit as n — oo we get
lim d(xy,Xn+p) = 0.Hence{x,} = {f"x,} is a Cauchy sequence. Since X is complete, there exists z in X
n—»oo

such that x, = f"xy, = z— z. Also,fPx, — z for each p > 0 We claim that z = fz. If not, suppose z #
fz and d(z, fz) = €. Then for sufficiently large values of n we get

m(x,,z) = max{d(xnl fxn),d(z, fz)} =d(zfz) = =. (3.5
Using condition (ii) the above inequality yields d(fx,, fz) <& — 6(¢). Making n —» o we get
d(z fz) < e — §, which contradicts (2.5). Hence z = fz and z is a fixed point off.
Now, suppose that z and u are fixed points of f, that is,z=fz and u=fu. Then
max{d(xn, fxn), d(u, fu)} = d(xn_ fxn) >0
By virtue of (i), this implies d(fx,, fu) < d(x, fx,). Taking limitasn — oo we get
d(z, fu) = 0, that is, d(z,u) = 0. Hence z = u and z is the unique fixed point of f.
Moreover, if y(# z) is any point in X then, by using (i) and (ii) it follows that f"y — zas n — co.

The above analysis implies that if for some x, in X the sequence of iterates {f"x,} consists of distinct
points then f possesses a unique fixed point, say z, and lim f"y = z for each y in X. It further implies
n—»,oo

that if there does not exist an x,, in X such that {f"x,} consists of distinct points, then each point of X is
either a fixed point or an eventually fixed point. Under the assumptions of this theorem, it is easy to
verify that the condition:

x =y = max{d(x, fx),d(y, fy)} > 0
is a necessary and sufficient condition for the existence of a unique fixed point. This proves the theorem.

Generalization Theorem 3.1 to include mappings that satisfy weaker conditions than (ii).

Example 3. 2. Let (X, d)be a symmetric space and d(x,y) = (x —y)? Vx,y € X.

Let f : X — X be defined by fx =ux foreachxinX.Then for any x,yinX we have
max{d(x, fx),d(y, fy)} = max{d(x,x),d(y,y)} = 0.This implies that there exists no pair of points
(x,y) in X which violates conditions (i) and (ii). Hence conditions (i) and (ii) of Theorem 3.1 are
trivially satisfied and each x in X is a fixed point of f.

Theorem 3. 3. Let f be a self-mapping of a symmetric metric space (X, d) such that
(i) d(fx, fy) < m(x,y), Whenever m(x,y) > 0,
(iv) Givene > 0 there existsa & > 0 such that
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e<m(xy) <e+6=d(fxfy) <e.

Then f has a unique fixed point or each x in X is a fixed point or an eventually fixed point if and only if f
is asymptotically k-continuous. If f has a unique fixed point, then for each x in X the sequence of iterates
{f™x} converges to the fixed point.

Proof. If each x in X is a fixed point of f then the conditions (iii) and (iv) are satisfied trivially point of f
or there exists some point which is not a fixed point. Suppose x, is not a fixed point of f, that is, fx, #
Xo. Define a sequence {x,} in Xby x, = fx,_;, that is, x, = f"x,. By virtue of (3.1), condition (iii)
ensures that f does not possess periodic points of prime period > 2. Therefore, either x, = x,,, for
some n > 1 or {x, = f™x,} consists of distinct points. If x, = x,,; for some n > 1 then x,, = f"x, is a
fixed point and x, is an eventually fixed point. If x, # x,,; for each n, then d(xy, fx,) > 0 for each n,
and

maX{d(an an): d(Xn+1: an+1)} > 0.

Using (iii) this gives d(fxy, fXp+1) < d(Xp, Xp41)-Therefore, {d(x,,xn4+1)} is a strictly decreasing
sequence. Now, proceeding on the lines of the proof of Theorem 2.1 it follows that {x,,} = {f"x,} is a
Cauchy sequence. Since X is complete, there exists z in X such that x, = f"x, — z. Also, rlll_)l‘r.}o fkx, =z

for each integer k> 1and lim fXx, =z Moreover, using (iii), for each x in X we have

k,n—oo

lim d( f"x,, f"x) = 0, that is, lim f™x = z. Suppose that f is asymptotically continuous.
n—->oo

n—-oo

Then, since klim (fx,) = z , asymptotic continuity implies klim f(fx,) = fz.This implies z = fz
,nN—00 ,n—00
since lim f(frx,) = Jim (f¥*1x,)) = z. Therefore, z is a fixed point of f. If z and u are fixed points of
,N—00 ,n—00
f, then using (iii) it follows that lim d(f"x,, f"u) = 0, that is, d(z,u) = 0. Hence, z is the unique fixed
n—»>oo

point of f.

If there does not exist an x, in X such that x,, # x,,; for each n, then each point of X is either a fixed
point or an eventually fixed point. In this case the mapping f is obviously asymptotically continuous.
Conversely suppose that a mapping f satisfying (iii) and (iv) either has a unique fixed point or each x in
X is a fixed point or an eventually fixed point. First suppose that f has a unique fixed point, say z. Then,
by virtue of (iii) and (iv), for each x in X the sequence of iterates {f"x} is a Cauchy sequence and
lim f"x =z =fz. If {x,} is any sequence in X then for each n we have 115?0 f*x,, = zand

n—-oo

klim f(f*x,) = z = fz. This implies that f is asymptotically continuous. On the other hand, if each point
,n—00

of X is either a fixed point or an eventually fixed point then f is obviously asymptotically continuous.
This completes the proof of the theorem.

Example3.4. Let(X,d ) be the Symmetric space.WhereX = [—o0, )and d(x,y) = (x — y)?Vx,y € X.
Define f: X — Xby fx = 0, for each x in X. Then f satisfies the conditions of Theorems 3.1and 3.3,
possesses a unique fixed point x = 0 and every nonzero x is an eventually fixed point since fx = f2x if
x # 0.

Example 3.5. Let X = {+4™":n =10,1,2,3,....} and Let (X,d) be the Symmetric space.WhereX =
[1,00)and d(x,y) = (x —y)?V x,y € X. Let f:X — X be the signum function fx = sgnx defined as
fx=1ifx>0,f0=0,fx =—-1if x <0Thenf is a continuous mapping which satisfies all the
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conditions of Theorems 3.1 and 3.3, has two fixed points x = +1 and all other points are eventually
fixed.

Examples 3.2 and 3.5 show that a mapping satisfying the conditions of theorems 3.1and theorem 3.3
may not satisfy any contractive condition.

Example 3.6. Let X = {re'?:0 < 0 < 2m,r = 1,4,42, ..... }be the self-similar family of circles, each
lying within larger circles having radii in geometric progression, in thex — y plane and let d be the
symmetric metric d(x,y) = (x —y)?>Vx,y € X. Define f:X - X by f(re®) = [T/4]ei9.Where[x]
denotes the least integer not less than. Then f satisfies is a continuous mapping which satisfies all the
conditions of Theorem 3.1 and has the points on the unit circle as fixed points, that is, the unit circle is a
fixed circle of f.

Example3.7. Let X =[0,2] and d be the Symmetric metric on X, andd(x,y) = (x — y)?Vx,y € X.
Let frX—->Xby fx=1ifx<1, fx=0if x> 1, Then f satisfies the conditions of the Theorem
3.1, has a unique fixed point x = 1, every other point is an eventually fixed point since f2x = f3x for
each x # 1, and for each x in X the sequence of iterates {f™x}obviously converges to the fixed point as
n — oo. The mapping f satisfies conditions (i) and (ii) with §(e) = (e —1)/2 if e>1,6(1) =1/2,
6(e)=(1—-¢)/2if 1/2 <e<1land §(e) = ¢/2 if e < 1/2 and satisfies the contractive condition
d(fx, fy) < max{d(x, fx), d(y, fy)}whenevermax{d(x, fx), d(y,fy)} > 0. The mapping fis
discontinuous at the fixed point and, therefore, the above theorem contains solutions to Rhoades problem
[37] on continuity of contractive mappings at the fixed point. Also, f is a 2 — continuous mapping and,
hence, an asymptotically continuous mapping that satisfies the conditions of Theorem 3.3.

Example 3.8. Let X = [0, o) and let d be the symmetric metricd(x,y) = (x — y)? V x,y € X. Define
fiX->X by fx=1ifx <1, fx =§ if x > 1. fsatisfies the conditions of Theorem 3.3 and has a

unique fixed point x = 1 at which f is discontinuous. This example provides a new solution of the
Rhoades problem [34] in the form of an asymptotically continuous mapping. It is easy to see that each
y # 1 is an eventually fixed point and fNy = fN+1y = 1for some integer N = N(y) = 1. The mapping

f satisfies the (g, &) condition with §(e) = g —eife<2/3,08(e)=2 —¢if2/3<e<2andd(e) =¢cife>2.

Example 3.9. Let X = [0,2] and d be the symmetric metric and d(x,y) = (x —y)? Vx,y € X. Let
f:X->Xbyfx=(2+x)/3ifx <1, fx = 0if x > 1.Then f is not asymptotically continuous, satisfies
the conditions (iii) and (iv) of Theorem (3.3) and does not have a fixed point. fSatisfies condition (iv)
with §(¢) = min(e, 1 —¢) if € < 18(g) andd(e) = ewhene > 1.

Example 3.10. Let X = [0,2] equipped with the symmetric metric d(x,y) = (x — y)? Vx,y € X. Let
f:X - Xby fx = x — [x], [x] being the greatest integer < x Then f is a 2 —continuous mapping that
satisfies the conditions of Theorem 3.3. Each x in the interval [0,1) is a fixed point while each y in
[1,2] is an eventually fixed point since f2y = fy.

Theorem 3.11. (The (g, 6) Fixed and Periodic Points Theorem). Let f be a k-continuous or
asymptotically continuous self-mapping of a symmetric space (X, d) such that

(v) max{d(x,fx), d(y,fy)} > 0= d(fx, fy) < max{d(x, fx),d(y, fy)}strict inequality holding if
x,y are non-periodic,

(vi) Givene > 0 there existsa 6 > 0 such that
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e <max{d(x, fx),d(y, fy)} <e+d6 =2d(fx, fy) <e.

Then either (a) each x in X is a fixed point or an eventually fixed point, or (b) if there exists an x, in X
such that the sequence iterates {f"x,} consists of distinct points then f possesses a unique fixed point,
say z, and Aljgo f"y = z provided (y # z) is not a periodic point, or (c) if for each x in X, the sequence of

iterates consists of only finitely many distinct points then f may possess periodic points besides fixed
points or (d) each point is a periodic point of prime period > 1.

Proof. We first note that if each x in X is a fixed point of f then the conditions (v) and (vi) are satisfied
trivially since there exists no pair (x,y) that violates (v) and (vi). Thus, either each x in X is a fixed point
of f or there exists some point which is not a fixed point. Suppose x, is not a fixed point, that is, fx, #
X,o. Define a sequence{x, } in X recursively by x, = fx,_4, that is,x, = f"x, . Then two cases arise:
either there exists n > 1 such that x,, = x; for some i < n or for each n we have x, # x; . We first
consider the case x, # x;for i <n, n > 1. In this case, x, is neither an eventually fixed point nor a
periodic or eventually periodic point, that is, the sequence{x,, = f™x,} consists of distinct points. Since
{f"x,} consists ~of  distinct points, using (v) we get d(f"x,,?*1xy) <
max{d(f® 1x,, f"x,), d(f"x,, f2*1x4)}. This implies that

{d(f"xq, " 1x)} = {d(x,, Xn+1)}is a strictly decreasing sequence and, hence, converges to a limit r >
0. Suppose r > 0 then there exists a positive integer N such that

n=>N=r<{dx,,Xp+)} <7+ 6(0).

This yields r < max{d(x,, Xn+1), dXnt+1, Xn+2)} = max{d(xy, fx,), dXp41, Xne1)} < 7+ 8(r). By
virtue of (vi) this gives d(fx,, fx,4+1) = dXp+1,Xns2) <1, a contradiction. Hence r=0 and
d(Xp,Xp41) = 0as n - oo, From this and (v) it follows easily that {x,} = {f"x,} is a Cauchy
sequence. SinceX is symmetric, there exists z in X such that x, = f"x, — z. Also, lim f*x, =z for

n—-oo

each integer k > land lim (f¥x,) = z. Suppose f is asymptotically continuous. Since Jim (f¥x,) =
,n—00 ,N—00
z, asymptotic continuity of f implies l(lim f(f*x,) = fz. This implies z = fzsince
,n—00
klim f(F*x,,) =klim (f**1x,) = z. Therefore, z is a fixed point of f. Now, suppose that z and u are
,n—00 ,N—00

fixed points of f, that is, z = fz and u = fu. Then max{d(x,, fx,), d(u, fu} = d(x,, fx,) > 0. By virtue of
(v), this implies d(fx,, fu) < d(x,, fx,).Taking limit as n - oo we get d(z, fu) = 0, thatis, z=u and z
is the unique fixed point of f. This implies that if y(s z) is not a periodic point then f™y = z for some
m > 1 or {f"y} consists of distinct points. If {f"y} consists of distinct points then using (v) and (vi) it
follows that{f"y} is a Cauchy sequence and f"y — zas n — oo. Thus, if there exists an x,, in X such that
the sequence iterates {f™x,} consists of distinct points then f possesses a unique fixed point z and
lim f"y =z for each non periodic y(# z) point .This further implies that if y(# z) does not satisfy

n—-oo

lim f™y = zthen y is either a periodic point of prime period > 1 or f™y = z for some integer m > 1.

n—,oo

Now let us consider the case when, for each xin X, the sequence of iterates consists of only finitely many
distinct points. In this case if each point in X is not a fixed point or an eventually fixed point then f
possesses periodic points besides fixed points and eventually fixed points. This implies that if f does not
possess a fixed point then each point is a periodic point (e.g. Example 3.12 below). If fis k — continuous
then the theorem holds since k — continuity implies asymptotic continuity. It is clear from the proof of
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this theorem that a mapping f satisfying the conditions of Theorem 3.12 is not a chaotic mapping since
the sequence of iterates for each x in X either converges to a fixed point or forms a periodic orbit.

Example3.12. (Example 2.10 of [41]). Let X = [—1,1] and d be the symmetric metric d(x,y) =
(x—y)?Vx,y €X. Let f:X - Xby fx = —|x]|x, that is, fx = —x? if x >0 and fx = x? if x <0.
Then £ satisfies condition (vi) of Theorem 3.11 with 6(¢) = (/(¢/2)) — (¢/2) if e < 2 and §(¢) =
eif € = 2, and also satisfies the condition (v). If we take x = 1 andy = —1then fx =y, f?x = x,
fy=x, fly =y and max{d(x, fx),d(y,fy)} =d(fx,fy) =2 and (1,—1) is the only pair of
elements in X satisfying such a condition, and all other pairs of points (x,y)satisfy the condition
d(fx, fy) < max{d(x, fx),d(y, fy)}. Thus, as observed in the proof of Theorem 2.14, f has a unique
fixed point x = 0, two periodic pointsy = +1 and for each y # +1 we haverlli_% f™*y =20. This also

shows that f does not have eventually fixed points.

Example3.13. Let X =[—1,1] and d be the symmetric metric d(x,y) = (x —y)? Vx,y € X. Let
f:X - Xfx = —[|x|]x where [x]denotes the greatest integer not greater than x. Then fx = 0if—1 <
x<1, fl=-1, f(—=1) =1. As in Example 3.12 it is easy to show that fsatisfies the conditions of
Theorem 3.11, has a unique fixed point x = 0and two periodic points y = +1 while every other point is
an eventually fixed point.

Example 3.14. Let 4, B, C be the vertices of an equilateral triangle with each side of length 1. Let D be
the circumcentre of the triangle ABCandE, F be points on the perpendicular line to the plane of ABC
through D such that DE = DF =1/2. Let X ={A,B,C,D,E,F} and d be the Symmetric metric
onXandd(x,y) = (x —y)’Vx,y€X. Let f:X—>X by fA=B,fB=C,fC=AfD=D,fE =
F,fF = E Then f satisfies all the conditions of Theorem 3.11and has a unique fixed point D, two
periodic points E, Fof prime period 2 and three periodic points A, B, C of prime period 3.

4. CONCLUSION

The study of fixed points and periodic points is a vibrant and continually evolving area of
mathematics.This research paper is the presentation of finding of fixed point and the periodic points in
the setting of symmetric space.The results are the generalization of the result of R.P.Pant and Vladimir
Rakocevic [29].

Conflict of interest:We are declaring that this research paper has not been previously published and is
not currently under consideration by another journal.
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