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Abstract

Let G be a connected simple graph. A subset S of V(G) is a dominating set of G if for every v €
V(G)\S, there exists x € S such that xv € E(G). An identifying code of a graph G is a dominating
set C < V(G) such that for every v € V(G), N;[v] n C is distinct. An identifying code of a graph G
is an identifying secure dominating set if for each u € V(G)\C, there exists v € C such that uv €
E(G) and the set (C\{v}) U {u} is a dominating set of G. The minimum cardinality of an identifying
secure dominating set of G, denoted by y!P, is called the identifying secure domination number of G.
In this paper, the researchers initiate the study of the concept and give some important results. In
particular, the researchers show some properties of the identifying secure dominating sets in the
Cartesian product and lexicographic product of two connected graphs.

Mathematics Subject Classification: 05C69
Keywords: domination, secure, identifying, Cartesian, lexicographic

1 Introduction

Claude Berge in 1958 and Oystein Ore in 1962 [1] introduced the domination in graphs. Domination in
graphs started to flourish in 1977 when Ernie Cockayne and Stephen Hedetniemi published an article
"Towards a theory of domination in graphs" [2]. Accordingly, a subset S of V(G) is a dominating set of G
if for every v € V(G)\S, there exists x € S such that xv € E(G), that is N[S] = V(G). The domination
number y(G) of G is the smallest cardinality of a dominating set of G. Some studies on domination in
graphs were found in the papers [3 - 31].

One type of domination parameter is identifying code of a graph. This was studied in 1998 by Karpovsky, et al in
their paper "On a new class of codes for identifying vertices in graphs'[32]. They observed that a graph is
identifiable if and only if it is twin-free. An Identifying code of a graph G is a dominating set C < V (G) such that
for every v € V(G), Ng[v] n C is distinct. The minimum cardinality of an identifying code of G, denoted by
y!P(G), is called the identifying code number of G. An identifying code of cardinality y/2 (G) is called ay'? —
set of G. Identifying code in graphs is also found in the paper [33].

One of the prominent extension topics of dominating sets is secure dominating sets [34]. A dominating set S is a
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secure dominating set of G if foreachu € V(G)\S, thereexists v € S suchthatuv € E(G) and the set (S\{u}) U
{u} is a dominating set of G. The minimum cardinality of a secure dominating set of G, denoted by y, (), is called
the secure domination number of G. Secure domination in graphs is studied in the papers [35 - 43].

The identifying code and secure domination in graphs motivate the researchers to introduce a new
domination parameter, the identifying secure domination in graphs. An identifying code of a graph G is
an identifying secure dominating set C if for each u € V(G)\C, there exists v € C such that uv € E(G)
and the set (C\{v}) U {u} is a dominating set of G. The minimum cardinality of a identifying secure
dominating set of G, denoted by yIP(G), is called the identifying secure domination number of G. In this
paper, the researchers initiate the study of the concept and give some important results. In particular, the
researchers show some realization problems of identifying secure dominating sets and give some
properties of the identifying secure dominating sets in the Cartesian product and lexicographic product of
two connected graphs.

For the general terminology in graph theory, readers may refer to [44].

2  Results
From the definitions, the following result is immediate.

Remark 2.1  Let G be a nontrivial connected graph of order n. Then
1<y <yPG)<n-1.

Let G be a nontrivial connected graph and C = {v} be a dominating setin G. Then, N;[v] N C = {v} and
Ng[x] n € = {v}forall x € V(G)\ {v}. This implies that N;[v] n C is not distinct and hence C is not an
identifying secure dominating set of G. Thus, the following remark holds.

Remark 2.2 If G has an identifying code, then y/?(G) > 2.

Theorem 2.3 Let a, b, and n be positive integers such that 1 <a < b <n — 1. Then, there exists a
connected nontrivial graph G with [V (G)| = n such that y(G) = a and y!P(G) = b.

Proof: Consider the following cases:

Casel. Supposethat 1 =a < b <n-—1.
Let n = 1(mod5) and 5b = 2n + 3. Consider the graph G = F, where F, = K; + P,_; and

P,_1 = [v1,V5, ..., Un_1]. Then the set A =V (K;) is the y — set and the set B = {v5k_4,v5k_1:k =
1, znT‘l} U{v,_,}isay® —setinG.Thus, [V(G)| =n,¥(G) = |Al =1 = a, and /P (G) = |B| =
a1 =22,

5 5 5

Case2. Supposethat1 < a = b <n — 1. Letn = 2a. Consider the graph G = P, o K; (see Figure

2.1).
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Figure 2.1: A graph G withy (G) = a = y{?(G)

ThesetA = {v,v,, ..., v} isay — set and yIP — set inG. Thus, |V(G)| = 2a = n,y(G) = |A| = a, and
v:’(G) =a=b.
Case3. Suppose that 1 = a < b = n — 1. Consider the graph G = S,, where S,, = K; + P,_; (see Figure 2.2).
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Figure 2.2: Agraph G withy(6¢) =1and y!?(6) =n-1

The set A = {v} isthe y — set and the set B = {v,v,, ..., v,,_1 } isthe yIP — set in G. Thus, |V(G)| = n,
y(G) =|Al=1=aqa,andy’(G) = |Bl=n—1=D.

Case4. Suppose that 1 <a<b=n-—1. Consider the graph G with C, = [v4, ..., v,], Vertices
X1, ey Xn—g, aNd €dQES VX1, ..., Vs Xp_4 (S€€ Figure 2.3).

U1 U3

O

Tn—3

Figure 2.3: A graph ¢ withy(6) =2 and y!?(6) =n—-1
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The set A = {v,,v,} is the y — set and the set B = {v, v,, V3, X1, X3, ..., X,_4} iS the set yIP —
setinG. Thus, [V(G)| =n, y(G) = |A] =2 = a, and

vAP(G)=|B|=3+(n—4)=n—1=b.

Caseb. Suppose that 1 < a < b <n —1. Let b = n — 4 and consider the graph G with C4, =
[V1, v, Vg, VErtices xy, ..., X,,_g, and edges vexy, ..., VgXn_g (€€ Figure 2.4).

o

Us

(25 U3 (¥}
) M) )
Ny S Ny

T O O Tp—=6

9 o Tn—5
T3
Figure 2.4: A graph G withy(6) = 2,andy!?(6) =n -3
Theset A = {v3,ve}isthesety — set and the set B = {v,, vy, X1, X5, ..., Xn_g} IS the yiP — set inG.
Thus, [V(G)| = n,y(G) = |A| = 2 = a,and
vIP(G)=|B|=24+(n—6)=n—4=h.
This completes the proofs. m
The following corollary is an immediate consequence of Theorem 2.3.

Corollary 2.4 The difference y/° (G) — y(G) can be made arbitrarily large.

Proof: Letn = 5k + 1 where k is a positive integer. By Theorem 3.3, there exists a connected graph G such that

viP(G) = ? and ¥(G) = 1. As a result, we have, y!/°(G) —y(G) = ?— 1= 2("5_1) = % = 2k,

showing that yP (G) — y(G) can be made arbitrarily large. m

The lexicographic product of two graphs G and H is the graph G[H] with vertex-set V(G[H]) =
V(G) x V(H) and the edge-set E(G[H]) satisfying the following conditions: (x, u)(y,v) € E(G[H]) if and
only if either xy € E(G) orx = yanduv € E(H).

Note that a non-empty subset C of V(G[H]) = V(G) X V(H) can be written as C = U,es({x} X T,.),
where S € V(G) and T,, € V(H) for every x € S. In the following results, we shall be using this form to denote
any non-empty subset C of V(G[H]).

Theorem 25 Let G = B,, and H = P, with m > 3 and n = 2k + 3 for some positive integer k. If C =
Uxeve)({x} X T,) where T, is an identifying secure domination set of H and Ny [u] N T, # T, for each x €
V(G) and for some u € V(H), then C is an identifying secure domination set of G[H].

Proof: Suppose that € = Ueyg)({x} X T,) where T, is an identifying secure dominating set of H = B, =
[uy, Uy, ..., uy] foreachx € V(G) and Ny [u] N T, # T, forsomeu € V(H). If n = 2k + 3 for some positive
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integer k, then
Casel. Consider T, = {qu_l: k=123, nT“} forall x € V(G).

c= | waxmo

x€V(G)
n+1
= u ({x}X{qu_l:k = 1, 2, 3,..., 2 })
x€V(G)
n+1
= L {(x,qu_l):k = 1, 2, 3,..., > }
x€V(G)
Let (v, 1) € V(GIHD\C. Then (v, 1) = (v,uz) forany k € {1,2,3,...,. "~} andv € V(G). Furter,

n+1

there exists (v,u,,_41) € C for some k € {1, 2, 37} such that (v,u)(v,uy,—,) € E(G[H]) and

(C\{(v, uz-1)} U {(v,u)} is a dominating set of G[H]. Hence, C is a secure dominating set of G[H] be
definition.

Let G = [vy, V5, V3, ..., U] and (v,u), (v',u") € V(G[H]), (v,u) # (v',u'). Thenv, v’ € V(G) =
{vi, v, V3, ..., v yandw, u’ € V(H) = {uq, uy, us, ..., Uy}

The N[ (v, w)] in G[H] can be expressed as one of the following.
NG[H][(vl,uj)] = {{(vl,uj)} U ({vz} X TvZ)} forj=1,3,5,..,n
or {{(vl,uj_l)} V] {(vl,uj+1)} U ({v,} x Tvz)} forj =2,4,6,..,n—1
Nopm | (vir )] = {{(Vi»uj)} U ({vi-a} X Ty ,) U ({44} X TVi+1)}
n+1
2
or {{(Vi:uj—l)} U{(v 1)} U (vimad X T ) U (i} X Tvm)}
n—1
2
Netin)[(vmr )] = {0 )} U (W1} X T, ) forj = 2k = 1k = 1,2, .,

or {0 15-1)} U {0 022)}U (0o} X T, )}

forj =2kand k = 1,2,...,”7_1

Subcase 1. Consider (v, u) = (vl,uj) forsomej € {1,3,5,..., n}andq € {2,4,6,...,n — 1}. Then

fori #lori#mandj=2k—-1k=1,2,..,

fori #1,ori #mandj =2k, k=12, ..,

n+1
2

N l(w,w)] 0 C = Ngp[(v, )] N U ({x} x Tx))

x€V(G)

= {{(vl,uj)} U ({vz} X Tvz)} N U ({x} X T)

x€V(G)

x€V(G)

{(ow)in| | @waxmo ul({vz}xnz)n | @axmo

x€V(G)
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={(vew)}v (v} xT,,)
# {(vug-1)} U {(v, ugs1)} U ({(v2} x T,,)

- {{(Ulfuq—l)} U {(v1, uge1)} U ({v2} % Tvz)} " ( U

x€V(G)

({x} x Tx)>

= Nepm[(ve ug)] 0 ( U ({ac} Tx)>

x€V(G)
= Ngp [ (v, u)] N € with (v,u') = (vy,u,)
This implies that Ng 1 [(v, u)] N € # Ngp[(v,u)] n € for (v,u) # (v, u’).
Subcase 2. If (v,u) = (v, u;) forsomej € {1,3,5,...,n}and q € {2,4,6, ...,n — 1}. Then

Nei[(v, 1] 0 € = Nop [ (om,25)] 0 ( | @ax Tx)>

x€V(G)

= {{(pm,uj)} U (v} ¥ Tvm_l)} n ( U ({x} x Tx)>

x€V(G)

% (Vs 1tq-1)} U {(vmtq41)} U (et} X Ty, ) 1 ( SKEE m)

x€V(G)

= Ngpm[(vm ug)] N ( U ({x} x Tx)>,q =2,4,6,..,n—1

x€V(G)
= Ngm[(v,u")] N C with (v,u’) = (vm,uq)
This implies that Ng 1 [(v, u)] N € # Ngp[(v,u')] n € for (v,u) # (v, u’).
Subcase 3. If (v,u) = (v;,u;) withi # 1ori # m,forsome; € {1,3,5,...,n}andq =
{2,4,6,...,n—1}. Then

x€V(G)

Ne[(v, W] N0 € = Nop[(vi, )] 0 ( U (fx} x Tx)>

= {{(Vlu])} U (v} X Ty ) U ({vig1} X Ty, } n ( U ({x} x Tx))

x€V(G)

= [{(Ui:uj)} N < U ({x} x Tx)>“ U [({vi—l} X T, )N < U ({x} x Tx))]
x€V(G) x€V(G)

(i1} X Ty, 1 ( g ({x}xmﬂ
x€V(G)

={o )}V (i X T, ) U (a1} X Ty, )
# {10} U (s} U (0002 X Ty, ) U (1) X Ty,

U
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- l{(vi,uq_l)}n ( g <{x}><7;>>] U [{(vi,uqﬂ)}n < g ({x}xTx)>]
x€V(G) x€V(G)

(Wi} X Ty ,) 0 ( U <{x}xm>] U [({vm}xnm) n ( | ({x}xTx)>]
x€V(G) x€V(G)
= {{(mug-)} U {(wougs )} U (i} X T ) U (o1} X T, )

n ( g ({x}xTx)>
x€V(G)

= Nopn[(vi ug)] N < U

U

({x} x Tx)>
x€V(G)
= Ngm[(v,u")] N C with (v,u’) = (vl,uq) for some q € {2,4,6,...,n — 1}
This implies that Ng 1 [(v, w)] N € # Ny [(v,u)] n C for (v, u) # (v, u’).
Thus, Ngim[(v,u)] N C is distinct. Hence, C is an identifying code of G[H]. Since C is also a secure
dominating set of G[H ], it follows that C is an identifying secure dominating set of G[H .

Case2. Consider T,, = {u4k_2,u4k_1,u4k: k=123, "T_l} forall x € V(G).

c= | @ixm

x€V(G)
n—1
= U <{x}x{u4k_2,u4k_1,u4k:k =1,2,3,.., 2 })
x€V(G)
n—1
- | {ewen s k=123,
x€V(G)

n+3
4

Let(v,u) € V(G[H]D\C.Then (v,u) = (v, us,_3) forany k € {1, 2,3, ..., }andv € V(G). Further, there

exists (v, uy,_,) € C for some k € {1, 2,3, "TH} such that (v,uw)(v,usr—,) € E(G[H]) and (C\
{(v, usr—2)}) U {(v,u)} isadominating set of G[H]. Hence, C is asecure dominating set of G[H | by definition.
LetG = [vq, vy, V3, ..., U] and (v,u), (v',u") € V(G[H]), (v,u) = (v',u"). Thenv,v' € V(G) =
{v1, V5, V3, ..., v yandu,u’ € V(H) = {uq, uy, us, ..., Uy }.
The Ng [ (v, w)] in G[H] can be expressed as one of the following.
0] If (v,u) = (vl,uj),then
Nopa (v, w)] = {(v1.w), (v, wj41)} U ({(v2} X T3,
forj = 2,6,10,...,n—3
or {(v1,4j-1), (V1. 1), (1, w142)} U ({02} X Ty, )
forj=3,7,11,..,n—2
or {(vy,uj_1), (v, u)}VU ({va} X Tp,,) for j = 4,8,12,..,n— 1

or {(v, uj-1), (v1,w41)} U ({v2} X Ty,
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forj =5,9,13,..,n—4,(n #5)
or {(vy,uz)} U ({Uz} X Tvz) forj=1
or {(vy,Up_1)} U ({vz} X Tvz) forj=n

(i) If (v,u) = (vm,uj), then
N [H][(vm'uj)] = {(Vm, Uj4+1)} U ({vm-1} X Ty, ,) forj=2,6,10,..,n—3

or {(Um» uj—l)» (Um’ uj+1)} U ({vm—l} X Tvm_l)
forj=3,7,11,..,n— 2
or {(vm uj—1)} U ({(vm-1} x T, _)forj=4,812,..,n—1
o { (1), (s 62)} U (01} X T, )
forj =5,9,13,...,n—4,(n #5)
or {(vy,, uy)} U ({Vm—1} X Tvm-l) forj=1
ofr {(Vy, Up—1)} U ({vm—l} X Tvm_l)forj =n

@iy Mf(uw = (vl,u]) withi # 1 ori # m, then
Mal)] = (50 (012X ) (1) 5T )
forj = 2,6,10,. -3
or {(vi, 1), (v ), (vl'uﬁl)} U (i1} X Ty, ) U ({visa} X v¢+1)
forj=3,7,11,..,.n — 2

or {(vl uj 1) (vl uj)} ({vl 1} xT Vi_ 1) ({vl+1} X V1+1)
forj = 4,8,12,..,n — 1

or {(vs, Uj— 1) (vi, u]+1)} U ({vl 1} X Ty, 1) U ({vi41} X vl+1)
forj = 59,13,..,n — 4,(n #5)
or {(w, u)}U ({(vi=1} X T, ) U ({via} X Ty, ) forj =1
or {(v;, un-1)} VU (W=} X Ty, ) U ({0344} X Ty, ) forj =mn
Subcase 1. Consider (v,u) = (v, ;) forsomej € {2,6,10,..,n —3}andq € {5,9, ...,n — 4}.
Then

ml(w,w)] N C = Ngy [(v1 u])] ( U ({x}xTx)>
x€V(G)

= {(Ul:uj): (Ul'uj+1)} U ({vz} X Tvz) n < U ({x} x Tx))

x€V(G)
= [{(vl,uj)} n< |J @ax Tx)ﬂ
x€V(G)

U [{(Vpujﬂ)} n < U ({x} x Tx))] U [({vz} X Tvz) n < U ({x} x Tx)>“
x€V(G) x€V(G)

IJFMR240214303 Volume 6, Issue 2, March-April 2024



https://www.ijfmr.com/

m International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

= {(vow)} u{(vew)}V (v} X T,,)
# {(v1ug-1)} U {(ve, uga)}u ({(v2} x Ty,

= {{(vl,uq_l)} U {(vy, ugs1)} U ({2} x Tvz)} N < U ({x} x Tx)>
x€V(G)

= NG[H][(Ulfuq)] n ( U ({x} x Tx))
x€V(G)

= Ngpl(wv,u)] N C with (v,u') = (vy,u,)
This implies that Ng 1 [(v, u)] N C # Ngp[(v,u)] n € for (v,u) # (v, u’).
Similarly, if Ngpy [(v1 u])] {(vl uj_l) (171 u]) (v1 uj+1)} for j=3,7,11,..,n—2, or
Nepn| (v, w)] = {(vi,wi—1), (v, w)}u ({3} X T,)) for j=4,812,..,n—1 or Ngy [(v1 w)| =
{(vy,uj—1), (v, u41)} U ({v} x T,,,) for j=5,9,13,..,n—4, (n#* 5), then Ngpm[(v,w)nC #
N [(w,u)] n C for (v,u) # (v, u’).
Subcase 2. Consider (v,u) = (v, u;) forsomej € {2,6,10,..,n —3}andq € {5,9, ...,n — 4}.

Then

ml(w, W) N € = N (v )] N < U ({x}xTx)>
x€V(G)

= {(vml uj)' (vm'uj+1)} U ({vm—l} X Tvm_l) n ( U ({X} X Tx))
x€V(G)

- [{(vm, )} n< U ({x} % m)‘ U l{(vm,uj+1)} n( U ({x} % m)]
xeV(G) xeV(G)

U l({vm_l} X Ty ) 0 < | @~ m)‘
x€V(G)

= {(”m'uj)} U {(vm'ujﬂ)} U ((vim-1} X Tvm—l)
* {(vm' uq—l)} U {(Um' uq+1)} U ({vm—l} X Tvm—l)

= {{(Um:uq—l)} U{(vm uge1)} U (o1} x Tvm_l)} N ( U (fx} x Tx)>
x€V(G)

= Noa[(vm: )] “( U ({x} x Tx)>
x€V(G)

= Nomp[(v,u')] n € with (v,u") = (vm uq)
This implies that Ng 1 [(v, u)] N € # Ngp[(v,u)] n € for (v,u) # (v, u’).
Similarly, if Ng (a1 [ (Vi w)] = {(vm, wi—1), (Vo W), (Vi wj41)} forj = 3,7,11, ...,n = 2, 0r
NG[H][(vm,uj)] = {(vm,uj_l), (vm,uj)} U ({Vm—1} X Tvm—l) forj =4,8,12,..,n—1or
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Netn| (v w)] = {(vi w—1), (Vi wis1)} U ({0} X T, ) forj = 5,9,13,...,n — 4, (n # 5), then
Noim[(w,w)] n € # Ngpy[(wv,u)] n C for (v, u) # (v, u’).

Subcase 3. Consider (v, u) = (v;,u;) forsomej € {2,6,10,..,n —3}andq € {5,9, ...,n — 4}.
Then

ml(,w)]NnC = Ngy [(vl,u])] ( U ({x}xTx)>
x€V(G)

= :{(Vi:uj)' (vi,uj+1)} U ({wioq} X Tvi_l) U ({vig1} X Tvi+1)]] N ( U ({x} x Tx))
x€V(G)

= {(vuu;)}n < U ({x} x Tx))] U [{(Ui'uj+1)} N ( U ({x} x Tx))]
i xeV(G) x€V(G)
U l({vi_l} XT,,.,) 0 ( | @ax m)] l({vm} XT,,,,) 0 ( | @~ m)]
x€V(G) x€V(G)

= {(vl,u])} U {(vl'u]+1)} U ({vl 1} X Ty, 1) U ({771+1} X vl+1)
* {(vuuq 1)} U {(vuuq+1)} U ({vl 1} X Tvl 1) U ({vl+1} X vl+1)

— {00 )} {0t} U () X o) U (00 X T}

n< SKEE m)
x€V(G)

= Nop[(vi ug)] 0 ( U ({x} m)
x€V(G)

= Ngp[ (v, u)] N € with (v,u') = (v;,uy)
This implies that Ny [(v w)] N C # Ngpp[(v,u’)] n C for (v,u) # (v,u').
Similarly, if [(vl,u])] = {(vl,uj_l), (vl,u]) (vl,u]ﬂ)} ({vl 13X Ty 1) U ({le} X
Ty,,) for j =3, 7,11,...,n— 2, or Neml(vew)] = {(viwi-1), (viw))}u (w1} X Ty, ) U
({vlﬂ} X v+1) for j = 4,8,12,...,n- 1, or Ngy [(vl,u})] {(vl,u] 1) (vl,u]“)} ({vl 1} X
Ty, 1) U ({vi1} X ,,+1) forj = 5,9,13,...,n—4, (n # 5), then Ng;[(v,u)] N C # N[ (v, u')] N
C for (v,u) # (v,u).
Thus, Ngpm[(v,u)] n C is distinct. Hence, C is an identifying code of G[H]. Since C is also a
secure dominating set of G[H], it follows that C is an identifying secure domination set of G[H]. m

The following result is an immediate consequence of Theorem 2.5.
Corollary 26 LetG = B,, and H = P, withm > 3 andn = 2k + 3 for some positive integer k. Then
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¥P(G[H]D) < m - yP (H).
Proof: Given that G = B,, and H = B, withm > 3 and n = 2k + 3 for some positive integer k. Suppose
that C = Uyeyg)({x} X T,) where T, is an identifying secure dominating set of H and Ny [u] N T, # T,

for each x € V(G) and for some u € V(H). Then C is an identifying secure dominating set of G[H] by
Theorem 2.5. Thus,
vsP(G[H]) < |C|

— U (o} x T\, T, € V(H) forall x € V(G)
x€V(G)
= |V(G) XT,|,T, € V(H) forall x € V(G)
= V(G)| - |T|, T, € V(H) for all x € V(G)
=m-y{"(H).
Hence, v/ (G[H]) < m - yP(H). m

3 Conclusion

This study showed that the identifying secure domination number of a graph exists, and the
characterization of this domination parameter resulting from the lexicographic product of two graphs was
presented. This study will result in new research such as bounds and other binary operations of two graphs.
Other parameters involving the identifying secure domination in graphs may also be explored. Finally, the
characterization of an identifying secure domination in graphs and its bounds is a promising extension of
this study.
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