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Abstract 

Let G be a graph. A dominating set 𝐷 ⊆ 𝑉(𝐺) is called a secure dominating set of 𝐺 if for each vertex 

𝑢 ∈ 𝑉(𝐺) ∖ 𝐷, there exists a vertex 𝑣 ∈ 𝐷 such that 𝑢𝑣 ∈  𝐸(𝐺) and the set (𝐷 ∖ {𝑣}) ∪ {𝑢} is a 

dominating set of 𝐺. If every 𝑢 ∈ 𝑉(𝐺) ∖ 𝐷 is adjacent to exactly one vertex in 𝐷, then 𝐷 is a perfect 

secure dominating set of 𝐺. Let 𝐷 be a minimum perfect secure dominating set of 𝐺. If 𝑆 ⊆ 𝑉(𝐺) ∖ 𝐷 is 

a perfect secure dominating set of 𝐺, then 𝑆 is called an inverse perfect secure dominating set of G with 

respect to 𝐷. A disjoint perfect secure dominating set of 𝐺 is the set 𝐶 = 𝐷 ∪ 𝑆 ⊆ 𝑉(𝐺). Furthermore, the 

disjoint perfect secure domination number, denoted by 𝛾𝑝𝑠𝛾𝑝𝑠(𝐺), is the minimum cardinality of a disjoint 

perfect secure dominating set of 𝐺. A disjoint perfect secure dominating set of cardinality 𝛾𝑝𝑠𝛾𝑝𝑠(𝐺) is 

called 𝛾𝑝𝑠𝛾𝑝𝑠-set. In this paper, we extended the study on the concept of disjoint perfect secure domination 

in graphs. Furthermore, we characterized the disjoint perfect secure domination in the Cartesian product 

and lexicographic product of two graphs. 
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1. Introduction 

In 1736, L. Euler published a paper entitled Solutio Problematis ad Geometriam Situs Pertinentis, 

presenting his solution to the popular Königsberg Bridge Problem. Euler’s significant contribution to 

solving the problem is by using a conceptual approach, where he used lines and letters to represent the 

broader scenario involving landmasses and bridges [1]. His approach to solving the said problem is widely 
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recognized as the first to discuss and demonstrate the fundamental concepts of graph theory. Over time, 

graph theory as a mathematical field evolved and branched out into different subfields, including the 

domination theory. Berge initially introduced the concept of graph domination [2], while Ore formally 

defined the terms dominating set and domination number [3]. These pioneering concepts have motivated 

researchers to study other types of domination parameters. 

A dominating set 𝐷 ⊆ 𝑉(𝐺) is a set of vertices of 𝐺 where every vertex in 𝑉(𝐺)\𝑆 is adjacent to some 

vertex in 𝐷. A minimum dominating set is a dominating set such that no subset has this property. The 

domination number 𝛾(𝐺) of a graph 𝐺 is the smallest number of vertices in any minimum dominating set.   

Numerous types of dominating sets [4-16] have been discovered since the introduction of domination 

theory. One type of a dominating set is the inverse dominating set. The dominating set 𝑆 ⊆ 𝑉(𝐺) ∖ 𝐷 is 

called an inverse dominating set of 𝐺 with respect to a minimum dominating set 𝐷. The concept of inverse 

domination in graphs was first introduced by Kulli [17], with further information in [18-26]. Another type 

is the disjoint dominating set, defined by Hedetniemi et al [27]. The disjoint dominating set is the set 

 𝛾𝛾(𝐺) = 𝑚𝑖𝑛{|𝑆1| + |𝑆2| ∶  𝑆1 and 𝑆2 are disjoint dominating sets of 𝐺}. A  𝛾𝛾-pair of 𝐺 consists of 

two disjoint dominating sets whose union has cardinality 𝛾𝛾(𝐺). For further insights on disjoint 

domination in graphs, refer to [28-31]. 

Other variants of dominating sets are the perfect and secure dominating sets. A dominating set 𝑆 ⊆ 𝑉(𝐺) 

is called a perfect dominating set of G if each 𝑢 ∈ 𝑉(𝐺) ∖ 𝑆 is dominated by exactly one element of 𝑆. 

This type of domination was introduced by Cockayne et.al [32]. Further topics on perfect dominating sets 

can be found in [33-35]. On the other hand, a dominating set 𝐷 ⊆ 𝑉(𝐺) is called a secure dominating set 

of 𝐺 if for each vertex 𝑢 ∈ 𝑉(𝐺) ∖ 𝐷, there exists a vertex 𝑣 ∈ 𝐷 such that 𝑢𝑣 ∈  𝐸(𝐺) and the set  (𝐷 ∖

{𝑣}) ∪ {𝑢} is a dominating set of 𝐺 [36]. More topics on secure dominating sets can be found in [37-39]. 

Rashmi et al. [40] introduced perfect secure dominating sets. In a graph 𝐺, a subset 𝐷 of vertices in 𝑉(𝐺) 

is called a perfect secure dominating set of 𝐺 if, for every vertex 𝑣 ∈ 𝑉(𝐺) ∖ 𝐷, there exists a unique 

vertex 𝑢 ∈ 𝐷 such that 𝑢 and 𝑣 are adjacent. In addition, the set obtained by (𝐷 ∖ {𝑣}) ∪ {𝑢} still forms a 

dominating set. The minimum number of vertices needed for this is denoted as the perfect secure 

domination number, 𝛾𝑝𝑠(𝐺). 

Integrating the properties of an inverse dominating set, Castañares and Enriquez [41] studied on the 

concept of inverse perfect secure dominating sets. Let 𝐷 be a minimum perfect secure dominating set of 

𝐺. If 𝑆 ⊆ 𝑉(𝐺) ∖ 𝐷 is a perfect secure dominating set of 𝐺, then 𝑆 is called an inverse perfect secure 

dominating set of 𝐺 with respect to 𝐷. The inverse perfect secure domination number of 𝐺, denoted by 

𝛾𝑝𝑠
−1(𝐺) is the minimum cardinality of an inverse perfect secure dominating set of 𝐺. 

This study is an extension of the study of Udtohan and Enriquez [42].  Let 𝐷 be a minimum perfect secure 

dominating set of 𝐺. If 𝑆 ⊆ 𝑉(𝐺) ∖ 𝐷 is a perfect secure dominating set of 𝐺, then 𝑆 is called an inverse 

perfect secure dominating set of 𝐺 with respect to 𝐷. A disjoint perfect secure dominating set of 𝐺 is the 

set formed by 𝐶 = 𝐷 ∪ 𝑆 ⊆ 𝑉(𝐺). Moreover, the disjoint perfect secure domination number, denoted by 

𝛾𝑝𝑠𝛾𝑝𝑠(𝐺), is the minimum cardinality of a disjoint perfect secure dominating set of 𝐺. A 𝛾𝑝𝑠𝛾𝑝𝑠-set is a 

disjoint perfect secure dominating set with cardinality 𝛾𝑝𝑠𝛾𝑝𝑠(𝐺). In this paper, the researchers had 

presented the characterization of the disjoint perfect secure dominating sets and give the corresponding 

disjoint perfect secure domination number in the Cartesian and lexicographic product of two graphs. 
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2. Results 

Since the 𝛾𝑝
−1(𝐺)  does not always exist in a connected nontrivial graph 𝐺 by Salve et.al. [17], the 

researchers introduce 𝒟𝒫𝑆(𝐺) as a family of all graphs with inverse perfect secure dominating set and 

disjoint perfect secure dominating set. Thus, for the purpose of this study, it is assumed that all connected 

nontrivial graphs considered belong to the family 𝒟𝒫𝑆(𝐺). 

Definition 2.1. Let 𝐷 be a minimum perfect secure dominating set of 𝐺. If 𝑆 ⊆ 𝑉(𝐺) ∖ 𝐷 is a perfect secure 

dominating set of 𝐺, then 𝑆 is called an inverse perfect secure dominating set of 𝐺 with respect to 𝐷. A 

disjoint perfect secure dominating set of 𝐺 is the set 𝐶 = 𝐷 ∪ 𝑆 ⊆ 𝑉(𝐺). 

Note that a perfect dominating set is also a minimum dominating set of a graph as seen in the following 

remarks. 

Remark 2.2. Let 𝐺 be a nontrivial connected graph. Then 𝛾(𝐺) = 𝛾𝑝(𝐺) = 𝛾𝑝
−1(𝐺) = 1. 

Remark 2.3. 𝛾𝑝𝑠(𝐾𝑛) = 1 for all positive integer 𝑛 ≥ 2. 

Definition 2.4. The Cartesian product 𝐺□𝐻 is the graph with vertex set 𝑉(𝐺𝐻) = 𝑉(𝐺) × 𝑉(𝐻) and edge 

set 𝐸(𝐺□𝐻), which satisfy the following conditions: (𝑢1, 𝑢2)(𝑣1, 𝑣2) ∈ 𝐸(𝐺 × 𝐻) if and only if either 

𝑣1 = 𝑣2 and 𝑢1𝑢2 ∈ 𝐸(𝐺) or 𝑢1 = 𝑢2 and 𝑣1𝑣2 ∈ 𝐸(𝐻). 

The following result shows that if a given property is attained by 𝐶 = 𝐷 ∪ 𝑆, then 𝐶 is a disjoint perfect 

secure dominating set of the Cartesian products of two given graphs. 

Theorem 2.5. Let 𝐺 = 𝑃𝑚 = [𝑣1, 𝑣2, … , 𝑣𝑚]  of  order  𝑚 ≡ 0 (𝑚𝑜𝑑 4),  where  𝑚 ≠ 0. Suppose  that 

𝐻 = 𝑃𝑛 = [𝑢1, 𝑢2, … , 𝑢𝑛], 𝑛 ≥ 2. Then 𝐶 = 𝐷 ∪ 𝑆 ⊆ 𝑉(𝐺□𝐻)  is a disjoint perfect secure dominating set 

of 𝐺□𝐻, if 𝐷 = 𝐴 × 𝑉(𝐻) and 𝑆 = 𝐵 × 𝑉(𝐻), where  

𝐴 = {𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1, 2, … ,
𝑚

4
} and 𝐵 = {𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1, 2, … ,

𝑚

4
}. 

Proof. Suppose 𝐷 = 𝐴 × 𝑉(𝐻) and 𝐴 = {𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1, 2, … ,
𝑚

4
}. Let (𝑣, 𝑢) ∈ 𝑉(𝐺□𝐻) ∖ 𝐷. Then  

(𝑣, 𝑢) ∈ ({𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1, 2, … ,
𝑚

4
} × 𝑉(𝐻)). 

 Case 1. If (𝑣, 𝑢) ∈ {𝑣4𝑖−2: 𝑖 = 1, 2, … ,
𝑚

4
} × 𝑉(𝐻), then (𝑣, 𝑢) is dominated by exactly one vertex 

(𝑣4𝑖−3, 𝑢) ∈ 𝐷 for 𝑖 = 1, 2, … ,
𝑚

4
, 𝑢 ∈ 𝑉(𝐻), and  

(𝐷 ∖ {(𝑣4𝑖−3, 𝑢): 𝑖 = 1, 2, … ,
𝑚

4
, 𝑢 ∈ 𝑉(𝐻)})⋃ {(𝑣, 𝑢)} 

is a dominating set of 𝐺□𝐻. 

 Case 2. If (𝑣, 𝑢) ∈ {𝑣4𝑖−1: 𝑖 = 1, 2, … ,
𝑚

4
} × 𝑉(𝐻), then (𝑣, 𝑢) is dominated by exactly one vertex 

(𝑣4𝑖, 𝑢) ∈ 𝐷 for 𝑖 = 1, 2, … ,
𝑚

4
, 𝑢 ∈ 𝑉(𝐻), and  

(𝐷 ∖ {(𝑣4𝑖, 𝑢): 𝑖 = 1, 2, … ,
𝑚

4
, 𝑢 ∈ 𝑉(𝐻)})⋃ {(𝑣, 𝑢)} 

is a dominating set of 𝐺□𝐻. 

 In any case, 𝐷 is a perfect secure dominating set of 𝐺□𝐻. By Remark 2.2, 𝐷 is a minimum perfect 

secure dominating set of 𝐺□𝐻. 

 Suppose that  𝑆 = 𝐵 × 𝑉(𝐻), where 𝐵 = {𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1, 2, … ,
𝑚

4
}. Let (𝑣, 𝑢) ∈ 𝑉(𝐺□𝐻) ∖ 𝑆. 

Then  

(𝑣, 𝑢) ∈ ({𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1, 2, … ,
𝑚

4
} × 𝑉(𝐻)). 

https://www.ijfmr.com/


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR240216564 Volume 6, Issue 2, March-April 2024 4 

 

 Case 1. If (𝑣, 𝑢) ∈ {𝑣4𝑖−3: 𝑖 = 1, 2, … ,
𝑚

4
} × 𝑉(𝐻), then (𝑣, 𝑢) is dominated by exactly one vertex 

(𝑣4𝑖−2, 𝑢) ∈ 𝑆 for 𝑖 = 1, 2, … ,
𝑚

4
, 𝑢 ∈ 𝑉(𝐻), and  

(𝑆 ∖ {(𝑣4𝑖−2, 𝑢): 𝑖 = 1, 2, … ,
𝑚

4
, 𝑢 ∈ 𝑉(𝐻)})⋃ {(𝑣, 𝑢)} 

is a dominating set of 𝐺□𝐻. 

 Case 2. If (𝑣, 𝑢) ∈ {𝑣4𝑖: 𝑖 = 1, 2, … ,
𝑚

4
} × 𝑉(𝐻), then (𝑣, 𝑢) is dominated by exactly one vertex 

(𝑣4𝑖−1, 𝑢) ∈ 𝑆 for 𝑖 = 1, 2, … ,
𝑚

4
, 𝑢 ∈ 𝑉(𝐻), and  

(𝑆 ∖ {(𝑣4𝑖−1, 𝑢): 𝑖 = 1, 2, … ,
𝑚

4
, 𝑢 ∈ 𝑉(𝐻)})⋃ {(𝑣, 𝑢)} 

is a dominating set of 𝐺□𝐻. 

 In any case, 𝑆 is a perfect secure dominating set of 𝐺□𝐻. Since 

𝐷 ∩ 𝑆 = (𝐴 × 𝑉(𝐻)) ∩ (𝐵 × 𝑉(𝐻)) 

= ({𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1, 2, … ,
𝑚

4
} × 𝑉(𝐻))⋂({𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1, 2, … ,

𝑚

4
} × 𝑉(𝐻)) 

= ∅, 

it follows that 𝐷 ∩ 𝑆 = ∅. Thus, 𝑆 ⊆ 𝑉(𝐺□𝐻) ∖ 𝐷 is an inverse perfect secure dominating set of 𝐺□𝐻 

with respect to 𝐷. Hence, 𝐶 = 𝐷 ∪ 𝑆 is a disjoint perfect secure dominating set of 𝐺□𝐻.∎ 

The following result is an immediate consequence of Theorem 2.5. 

Corollary 2.6. Let 𝐺 = 𝑃𝑚 where 𝑚 ≡ 0 (𝑚𝑜𝑑 4), 𝑚 ≠ 0, and 𝐻 = 𝑃𝑛, 𝑛 ≥ 2. Then 𝛾𝑝𝑠𝛾𝑝𝑠(𝐺□𝐻) = 𝑚𝑛. 

Proof. Suppose that 𝐷 = 𝐴 × 𝑉(𝐻) and 𝑆 = 𝐵 × 𝑉(𝐻), where 

𝐴 = {𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1, 2, … ,
𝑚

4
} and 𝐵 = {𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1, 2, … ,

𝑚

4
}. 

Then by Theorem 2.5, 𝐶 = 𝐷 ∪ 𝑆 is a disjoint perfect secure dominating set of 𝐺□𝐻. Thus, 

𝛾𝑝𝑠𝛾𝑝𝑠(𝐺□𝐻) ≤ |𝐶|. Now, |𝐶| = |𝐷 ∪ 𝑆| = |𝐷| + |𝑆|.  

 Since 𝐷 = 𝐴 × 𝑉(𝐻) where 𝐴 = {𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1, 2, … ,
𝑚

4
}, 

|𝐷| = |({𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1,2, … ,
𝑚

4
} × 𝑉(𝐻))| 

= |{𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1,2, … ,
𝑚

4
}| ⋅ |𝑉(𝐻)| 

= [2 ⋅
𝑚

4
] ⋅ 𝑛 

=
𝑚𝑛

2
. 

Since 𝑆 = 𝐵 × 𝑉(𝐻), where 𝐵 = {𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1, 2, … ,
𝑚

4
}, 

|𝑆| = |({𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1,2, … ,
𝑚

4
} × 𝑉(𝐻))| 

= |{𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1,2, … ,
𝑚

4
}| ⋅ |𝑉(𝐻)| 

= [2 ⋅
𝑚

4
] ⋅ 𝑛 

=
𝑚𝑛

2
. 
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Thus, |𝐶| = |𝐷 ∪ 𝑆| = |𝐷| + |𝑆| =
𝑚𝑛

2
+
𝑚𝑛

2
= 𝑚𝑛. Since 𝐷 and 𝑆are minimum perfect secure 

dominating sets by Remark 2.2, it follows that 

𝑚𝑛 =
𝑚𝑛

2
+
𝑚𝑛

2
= 𝛾𝑝𝑠(𝐺□𝐻) + 𝛾𝑝𝑠(𝐺□𝐻) = 𝛾𝑝𝑠𝛾𝑝𝑠(𝐺□𝐻) ≤ |𝐶| = 𝑚𝑛, 

that is, 𝛾𝑝𝑠𝛾𝑝𝑠(𝐺□𝐻) = 𝑚𝑛.∎ 

Definition 2.7. The lexicographic product of two graphs 𝐺 and 𝐻, denoted by 𝐺[𝐻], is the graph with 

𝑉(𝐺[𝐻]) = 𝑉(𝐺) × 𝑉(𝐻) and edge set 𝐸(𝐺[𝐻]) satisfying the following conditions:  

(𝑢1, 𝑣1)(𝑢2, 𝑣2) ∈ 𝐸(𝐺[𝐻]) if either 𝑢1𝑢2 ∈ 𝐸(𝐺) or 𝑢1 = 𝑢2 and 𝑣1𝑣2 ∈ 𝐸(𝐻). 

Theorem 2.8. Let 𝐺 = ⋃ 𝑃4
𝑘

𝑛

4
𝑘=1

 of order 𝑛 ≡ 0 (𝑚𝑜𝑑 4), where 𝑛 ≥ 4. Suppose that 𝑃4
𝑘 = [𝑣1, 𝑣2, 𝑣3, 𝑣4] 

for each 𝑘, and 𝐻 = 𝐾2 = [𝑢1, 𝑢2]. Then 𝐶 = 𝐷 ∪ 𝑆 ⊆ 𝑉(𝐺[𝐻]) is a disjoint perfect secure dominating 

set of 𝐺[𝐻] if 𝐷 = (⋃ 𝐴𝑘

𝑛

4
𝑘=1

) × {𝑢1} and 𝑆 = (⋃ 𝐴𝑘

𝑛

4
𝑘=1

) × {𝑢2} where 𝐴𝑘 = {𝑣4𝑘−3, 𝑣4𝑘} for each 𝑘. 

Proof. Suppose 𝐷 = (⋃ 𝐴𝑘

𝑛

4
𝑘=1

) × {𝑢1} where 𝐴𝑘 = {𝑣4𝑘−3, 𝑣4𝑘} for each 𝑘. Let (𝑣, 𝑢) ∈ 𝑉(𝐺[𝐻]) ∖ 𝐷. 

Then 

(𝑣, 𝑢) = ({𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1,2, … ,
𝑛

4
} × {𝑢1}) ∪ (𝑉(𝐺) × {𝑢2}), 

that is, 

(𝑣, 𝑢) = {(𝑣4𝑖−2, 𝑢1), (𝑣4𝑖−1, 𝑢1) ∶ 𝑖 = 1,2, … ,
𝑛

4
} ∪ {(𝑣, 𝑢2): 𝑣 ∈ 𝑉(𝐺)}. 

 Case 1. If (𝑣, 𝑢) ∈ {(𝑣4𝑖−2, 𝑢1): 𝑖 = 1,2, … ,
𝑛

4
}, then (𝑣, 𝑢) is dominated by exactly one vertex 

(𝑣4𝑖−3, 𝑢1) ∈ 𝐷 for 𝑖 = 1,2, … ,
𝑛

4
. Further,  

(𝐷 ∖ {(𝑣4𝑖−3, 𝑢1): 𝑖 = 1,2, … ,
𝑛

4
}) ∪ {(𝑣, 𝑢)} 

is a dominating set of 𝐺[𝐻]. 

 If (𝑣, 𝑢) ∈ {(𝑣4𝑖−1, 𝑢1): 𝑖 = 1,2, … ,
𝑛

4
}, then (𝑣, 𝑢) is dominated by only one vertex (𝑣4𝑖, 𝑢1) ∈ 𝐷 

for 𝑖 = 1,2, … ,
𝑛

4
. Further,  

(𝐷 ∖ {(𝑣4𝑖 , 𝑢1): 𝑖 = 1,2, … ,
𝑛

4
}) ∪ {(𝑣, 𝑢)} 

is a dominating set of 𝐺[𝐻]. 

 Case 2. If (𝑣, 𝑢) ∈ {(𝑣, 𝑢2): 𝑣 ∈ 𝑉(𝐺)}, then (𝑣, 𝑢) is dominated by exactly one vertex 

(𝑣4𝑖−3, 𝑢1) ∈ 𝐷 or (𝑣4𝑖, 𝑢1) ∈ 𝐷 for 𝑖 = 1,2, … ,
𝑛

4
. Further,  

(𝐷 ∖ {(𝑣4𝑖−3, 𝑢1): 𝑖 = 1,2, … ,
𝑛

4
}) ∪ {(𝑣, 𝑢)} 

is a dominating set of 𝐺[𝐻] or  

(𝐷 ∖ {(𝑣4𝑖 , 𝑢1): 𝑖 = 1,2, … ,
𝑛

4
}) ∪ {(𝑣, 𝑢)} 

is a dominating set of 𝐺[𝐻]. 

 In any case, 𝐷 is a perfect secure dominating set of 𝐺[𝐻]. By Remark 2.2, 𝐷 is a minimum perfect 

secure dominating set of 𝐺[𝐻]. 

 Suppose 𝑆 = (⋃ 𝐴𝑘

𝑛

4
𝑘=1

) × {𝑢2} where 𝐴𝑘 = {𝑣4𝑘−3, 𝑣4𝑘} for each 𝑘. Let (𝑣, 𝑢) ∈ 𝑉(𝐺[𝐻]) ∖ 𝑆. 

Then 
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(𝑣, 𝑢) = ({𝑣4𝑖−2, 𝑣4𝑖−1: 𝑖 = 1,2, … ,
𝑛

4
} × {𝑢2}) ∪ (𝑉(𝐺) × {𝑢1}), 

that is, 

(𝑣, 𝑢) = {(𝑣4𝑖−2, 𝑢2), (𝑣4𝑖−1, 𝑢2) ∶ 𝑖 = 1,2, … ,
𝑛

4
} ∪ {(𝑣, 𝑢1): 𝑣 ∈ 𝑉(𝐺)}. 

Case 1. If (𝑣, 𝑢) ∈ {(𝑣4𝑖−2, 𝑢2): 𝑖 = 1,2, … ,
𝑛

4
}, then (𝑣, 𝑢) is dominated by exactly one vertex 

(𝑣4𝑖−3, 𝑢2) ∈ 𝑆 for 𝑖 = 1,2, … ,
𝑛

4
. Further,  

(𝑆 ∖ {(𝑣4𝑖−3, 𝑢2): 𝑖 = 1,2, … ,
𝑛

4
}) ∪ {(𝑣, 𝑢)} 

is a dominating set of 𝐺[𝐻]. 

 If (𝑣, 𝑢) ∈ {(𝑣4𝑖−1, 𝑢2): 𝑖 = 1,2, … ,
𝑛

4
}, then (𝑣, 𝑢) is dominated by only one vertex (𝑣4𝑖, 𝑢2) ∈ 𝑆 

for 𝑖 = 1,2, … ,
𝑛

4
. Further,  

(𝑆 ∖ {(𝑣4𝑖, 𝑢2): 𝑖 = 1,2, … ,
𝑛

4
}) ∪ {(𝑣, 𝑢)} 

is a dominating set of 𝐺[𝐻]. 

 Case 2. If (𝑣, 𝑢) ∈ {(𝑣, 𝑢1): 𝑣 ∈ 𝑉(𝐺)}, then (𝑣, 𝑢) is dominated by exactly one vertex 

(𝑣4𝑖−3, 𝑢2) ∈ 𝑆 or (𝑣4𝑖, 𝑢2) ∈ 𝑆 for 𝑖 = 1,2, … ,
𝑛

4
. Further,  

(𝑆 ∖ {(𝑣4𝑖−3, 𝑢2): 𝑖 = 1,2, … ,
𝑛

4
}) ∪ {(𝑣, 𝑢)} 

is a dominating set of 𝐺[𝐻] or  

(𝑆 ∖ {(𝑣4𝑖, 𝑢2): 𝑖 = 1,2, … ,
𝑛

4
}) ∪ {(𝑣, 𝑢)} 

is a dominating set of 𝐺[𝐻]. 

 In any case, 𝑆 is a perfect secure dominating set of 𝐺[𝐻]. Since 

𝐷 ∩ 𝑆 =

(

 
 
(⋃𝐴𝑘

𝑛
4⁄

𝑘=1

) × {𝑢1}

)

 
 
⋂ 

(

 
 
(⋃𝐴𝑘

𝑛
4⁄

𝑘=1

) × {𝑢2}

)

 
 
 = ∅, 

𝐴𝑘 = {𝑣4𝑘−3, 𝑣4𝑘} for each 𝑘, 

it follows that 𝐷 ∩ 𝑆 = ∅. Thus, 𝑆 ⊆ 𝑉(𝐺[𝐻]) ∖ 𝐷 is an inverse perfect secure dominating set of 𝐺[𝐻] 

with respect to 𝐷. Hence, 𝐶 = 𝐷 ∪ 𝑆 is a disjoint perfect secure dominating set of 𝐺[𝐻].∎ 

The following result is an immediate consequence of Theorem 2.8. 

Corollary 2.9. Let 𝐺 = ⋃ 𝑃4
𝑘

𝑛

4
𝑘=1

 of order 𝑛 ≡ 0 (𝑚𝑜𝑑 4), where 𝑛 ≥ 4. Suppose 𝑃4
𝑘 = [𝑣1, 𝑣2, 𝑣3, 𝑣4] for 

each 𝑘, and 𝐻 = 𝐾2 = [𝑢1, 𝑢2]. Then 𝛾𝑝𝑠𝛾𝑝𝑠(𝐺[𝐻]) = 𝑛. 

Proof. Suppose that 𝐷 = (⋃ 𝐴𝑘

𝑛

4
𝑘=1

) × {𝑢1} and that 𝑆 = (⋃ 𝐴𝑘

𝑛

4
𝑘=1

) × {𝑢2} where 𝐴𝑘 = {𝑣4𝑘−3, 𝑣4𝑘} for 

each 𝑘. Then by Theorem 2.8, 𝐶 = 𝐷 ∪ 𝑆 is a disjoint perfect secure dominating set of 𝐺[𝐻]. Thus, 

𝛾𝑝𝑠𝛾𝑝𝑠(𝐺[𝐻]) ≤ |𝐶|. Now, |𝐶| = |𝐷 ∪ 𝑆| = |𝐷| + |𝑆|. 

 Since, 𝐷 = (⋃ 𝐴𝑘

𝑛

4
𝑘=1

) × {𝑢1} where 𝐴𝑘 = {𝑣4𝑘−3, 𝑣4𝑘} for each 𝑘,  
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|𝐷| = |(⋃𝐴𝑘

𝑛
4⁄

𝑘=1

) × {𝑢1}| 

= |⋃𝐴𝑘

𝑛
4⁄

𝑘=1

| ⋅ |{𝑢1}| 

= |{𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1,2, … ,
𝑛

4
} ⋅ |{𝑢1}|| 

 = [2 ⋅ (
𝑛

4
)] ⋅ 1 

 =
𝑛

2
. 

Since if 𝑆 = (⋃ 𝐴𝑘

𝑛

4
𝑘=1

) × {𝑢2} where 𝐴𝑘 = {𝑣4𝑘−3, 𝑣4𝑘} for each 𝑘, 

|𝑆| = |(⋃𝐴𝑘

𝑛
4⁄

𝑘=1

) × {𝑢2}| 

= |⋃𝐴𝑘

𝑛
4⁄

𝑘=1

| ⋅ |{𝑢2}| 

= |{𝑣4𝑖−3, 𝑣4𝑖: 𝑖 = 1,2, … ,
𝑛

4
} ⋅ |{𝑢2}|| 

 = [2 ⋅ (
𝑛

4
)] ⋅ 1 

 =
𝑛

2
. 

Thus, |𝐶| = |𝐷 ∪ 𝑆| = |𝐷| + |𝑆| =
𝑛

2
+
𝑛

2
= 𝑛. Since 𝐷 and 𝑆are minimum perfect secure dominating 

sets by Remark 2.2, it follows that 

𝑛 =
𝑛

2
+
𝑛

2
= 𝛾𝑝𝑠(𝐺[𝐻]) + 𝛾𝑝𝑠(𝐺[𝐻]) = 𝛾𝑝𝑠𝛾𝑝𝑠(𝐺[𝐻]) ≤ |𝐶| = 𝑛, 

that is, 𝛾𝑝𝑠𝛾𝑝𝑠(𝐺[𝐻]) = 𝑛.∎ 

 

3. Conclusion 

In this paper, we provided some important results on the disjoint perfect secure domination in graphs under 

some binary operations. Specifically, we characterized the disjoint perfect secure dominating set in the 

lexicographic product and Cartesian product of two graphs. Moreover, the disjoint perfect secure 

domination number on graphs under such binary operations was determined. Future studies on other 

parameters involving disjoint perfect secure domination are possible for expanding the understanding of 

this new parameter. Moreover, the disjoint perfect secure domination on graphs under other binary 

operations, such as the zig-zag product and the parallel graph composition, is a potential topic for future 

research. 

 

https://www.ijfmr.com/


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR240216564 Volume 6, Issue 2, March-April 2024 8 

 

4. Acknowledgement 

This research is funded by the Department of Science and Technology—Accelerated Science and 

Technology Human Resource Development Program (DOST-ASTHRDP). 

 

References 

1. G. Chartrand and P. Zhang. A First Course in Graph Theory, Dover Publication, Inc., New York, 

2012. 

2. C. Berge, Théorie des graphes et ses applications:2e edition, France: Dunod (Orléans, Impr. nouvelle), 

1958.  

3. O. Ore, Theory of Graphs, American Mathematical Society, Provedence, R.I., 1962. 

4. E.L. Enriquez, and S.R. Canoy, Jr., On a variant of convex domination in a graph. International Journal 

of Mathematical Analysis, 9 (32),1585-1592. http://dx.doi.org/10.12988/ajma.2015.54127 

5. E.L. Enriquez, and S.R. Canoy, Jr., Restrained Convex Dominating Sets in the Corona and the 

Products of Graphs, Applied Mathematical Sciences, Vol. 9, 2015, no. 78, 3867-3873. 

6. J.N.C. Serrano and E.L. Enriquez, Fair Doubly Connected Domination in the Corona and the 

Cartesian Product of Two Graphs, International Journal of Mathematics Trends and Technology, 

69(12), 2023, pp 46-41. 

7. DH.P. Galleros, E.L. Enriquez, Fair Restrained Dominating Set in the Cartesian Product and 

Lexicographic Product of Graphs, International Journal of Mathematics Trends and Technology, 

67(7), 2021, pp 87-93. 

8. C.A. Tuble and E.L. Enriquez, Outer-restrained Domination in the Join and Corona of Graphs, 

International Journal of Latest Engineering Research and Applications, 9(1), 2024, pp 50-56. 

9. E.L. Enriquez, Super Fair Dominating Set in Graphs, Journal of Global Research in Mathematical 

Archives, 6(2), 2019, pp 8-14. 

10. E.L. Enriquez, On Restrained Clique Domination in Graphs, Journal of Global Research in 

Mathematical Archives, Vol. 4, 2017, no. 12, 73-77. 

11. E.L. Enriquez, Super Restrained Domination in the Corona of Graphs, International Journal of Latest 

Engineering Research and Applications, Vol. 3, 2018, no. 5, 1-6. 

12. R.T. Aunzo, E.L. Enriquez, Convex Doubly Connected Domination in Graphs, Applied Mathematical 

Sciences, 9(135), 2015, pp 6723-6734. 

13. E.L. Enriquez, A.D..Ngujo, Clique Doubly Connected Domination in the Join and Lexicographic 

Product of Graphs, Discrete Mathematics, Algorithms and Applications, 12(5), 2020, pp 2050066. 

14. E.L. Enriquez, B.P. Fedellaga, C.M. Loquias, G.M. Estrada, M.L. Baterna, Super Connected 

Domination in Graphs, Journal of Global Research in Mathematical Archives, 6(8), 2019, pp 1-7. 

15. E.L. Enriquez, Secure Convex Dominating Sets in Corona of Graphs, Applied Mathematical Sciences, 

9(120), 2015, pp 5961-5967. 

16. Enrico Enriquez, Grace Estrada, Carmelita Loquias, Reuella .J Bacalso, Lanndon Ocampo, 

Domination in Fuzzy Directed Graphs, Mathematics, 9(17), 2021, pp 2143 

17.  V.R. Kulli and S.C. Sigarkanti, “Inverse domination in graphs,” Nat. Acad. Sci. Letters, 14(1991) 

473-475.  

18. WR.E. Alabastro and E.L. Enriquez, Restrained Inverse Domination in the Join and Corona of Two 

Graphs, International Journal of Latest Engineering Research and Applications, 9(1), 2024, pp 57-62. 

19. W.R.E. Alabastro, K.B. Fuentes, G.M. Estrada, M.C.A. Bulay-og, E.M. Kiunisala, E.L. Enriquez,   

https://www.ijfmr.com/
http://dx.doi.org/10.12988/ajma.2015.54127


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR240216564 Volume 6, Issue 2, March-April 2024 9 

 

a. Restrained Inverse Domination in the Lexicographic and Cartesian Products of Two Graphs, 

International Journal for Multidisciplinary Research, 6(2), 2024, pp 1-11. 

20. T.J. Punzalan, and E.L. Enriquez, Inverse Restrained domination in graphs, Global Journal of Pure 

and Applied Mathematics, 12, No. 3(2016), pp. 2001-2009. 

21. E.L. Enriquez, Inverse fair domination in the join and corona of graphs, Discrete Mathematics, 

Algorithms and Applications, 16(01), 2024, pp 2350003. 

22. E.M. Kiunisala, and E.L. Enriquez, Inverse Secure Restrained Domination in the Join and Corona of 

Graphs, International Journal of Applied Engineering Research, Vol. 11, 2016, no. 9, 6676-6679 

23. V.S. Verdad and E.L. Enriquez, Inverse Fair Restrained Domination in the Corona of Two Graphs, 

International Journal of Mathematics Trends and Technology, 69(12), 2023, pp 27-35. 

24. K.M. Cruz and E.L. Enriquez, Inverse Doubly Connected Domination in the Join and Cartesian 

Product of Two Graphs, International Journal of Latest Engineering Research and Applications, 9(1), 

2024, pp 20-25. 

25. J.A. Ortega, E.L. Enriquez, Super Inverse Domination in Graphs, International Journal of Mathematics 

Trends and Technology, 67(7), 2021, pp 135-140. 

26. Enriquez, E., & Kiunisala, E. (2016). Inverse Secure Domination in Graphs. Global Journal of Pure 

and Applied Mathematics, 12, 147–155.  

27. M. Hedetnieme, S.T. Hedetniemi, R.C. Laskar, L.R. Markus, and P.J. Slater, “Disjoint Dominating 

Sets in Graphs,” Proc. of ICDM, (2006), 87-100. 

28. R.C. Alota and E.L. Enriquez, “On Disjoint Restrained Domination in Graphs,” Global Journal of 

Pure and Applied Mathematics, 12, No. 3(2016), pp. 2385-2394.  

29. SP.G. Cajigas, E.L. Enriquez, K.E. Belleza, G.M. Estrada, and C.M. Loquias, “Disjoint Restrained 

Domination in the Join and Corona of Graphs,” International Journal of Mathematics Trends and 

Technology, 67(12), 2021, pp 57-61.  

30. M.D. Garol, E.L. Enriquez, K.E. Belleza, G.M. Estrada, and C.M. Loquias, “Disjoint Fair Domination 

in the Join and Corona of Two Graphs,” International Journal of Mathematics Trends and Technology, 

68(2), 2022, pp 124-132. 

31. J. Dayap, E. Enriquez, “Disjoint secure domination in the join of graphs,” Recoletos Multidisciplinary 

Research Journal, 4(2), 2016.  

32. E.J. Cockayne, B.L. Hartnell, S.T. Hedetniemi, and R. Laskar, “Perfect domination in graphs,” J. 

Combin. Inform. System Sci. 18(1993), 136-148. 

33. Enrico E., Valerie F., Teodora P., and Jonecis D., “Perfect outer-connected domination in the join and 

corona of graphs,” Recoletos Multidisciplinary Research Journal, 4(2), 2016.  

34. Hanna Rachelle A. G., Enrico L. E., “Inverse Perfect Restrained Domination in Graphs,” International 

Journal of Mathematics Trends and Technology, 67(8), 2022, pp 164-170.  

35. D.P. Salve and E.L. Enriquez, “Inverse perfect domination in graphs,” Global Journal of Pure and 

Applied Mathematics, 12, No. 1(2016) 1-10.  

36. E. J. Cockayne, O. Favaron, and C.M. Mynhardt. “Secure domination, weak Roman domination and 

forbidden subgraphs,” Bull. Inst. Combin. Appl, 39, 87-100, 2003. 

37. E.L. Enriquez and S.R. Canoy, Jr., “Secure Convex Domination in a Graph,” International Journal of 

Mathematical Analysis, Vol. 9, 2015, no. 7, 317-325.  

38. E. L. Enriquez, “Fair secure domination in graphs,” International Journal of Mathematics Trends and 

Technology, 66(2), 49-57, 2020.  

https://www.ijfmr.com/


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR240216564 Volume 6, Issue 2, March-April 2024 10 

 

39. E. M. Kiunisala and E. L. Enriquez, “On clique secure domination in graphs,” Global Journal of Pure 

and Applied Mathematics, 12(3), 2075-2084, 2016.  

40. Rashmi, S. V., Arumugam, S., Bhutani, K. R., and Gartland, P., “Perfect secure domination in graphs,” 

Categories and General Algebraic Structures with Applications, 7(Special Issue on the Occasion of 

Banaschewski’s 90th Birthday (II)), 125-140, 2017.  

41. C. S. Castañares and E. L. Enriquez, “Inverse Perfect Secure Domination in Graphs,” International 

Journal of Mathematics Trends and Technology, 67(8), 2022, pp 150-156. 

42. R.B. Udtohan and E.L. Enriquez, “Disjoint Perfect Secure Domination in the Join and Corona of 

Graphs,” International Journal of Latest Engineering Research and Applications, 9(1), 2024, pp 63-

71. 

https://www.ijfmr.com/

