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Abstract

Let G be a connected simple graph. A set S € V(G) is a restrained dominating set if every vertex not in S
is adjacent to a vertex in Sand to a vertex in (G) \ S . A set S of vertices of a graph G is an outer-restrained
dominating set if every vertex not in S is adjacent to some vertex in Sand V(G) \ S is a restrained set. The
outer-restrained domination number of G, denoted by y;.(G) is the minimum cardinality of an outer-
restrained dominating set of G. An outer-restrained set of cardinality y;.(G) will be called a y;.(G) —set.
This study is an extension of an existing research on outer-restrained domination in graphs. In this paper,
we characterized the outer-restrained domination in graphs under the lexicographic product of two graphs.
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1. Introduction

Let G be a connected simple graph. A set S of vertices of G is termed a dominating set of G if each vertex
in V (G)\S is adjacent to at some vertex in S. A minimum dominating set in a graph G is one with the
fewest vertices possible. The cardinality of this set is referred to as the domination number of G and is
symbolized by y(G). The notion of domination in graphs was originally introduced by Claude Berge in
1958 and Oystein Ore in 1962 [1]. Since then, it has garnered significant attention in the literature.
Following the article by Ernie Cockayne and Stephen Hedetniemi [2], domination in graphs has become
a prominent area of study for numerous researchers [3—17]. As researchers continue to delve into this area,
we can expect further advancement and insights that will enrich our understanding of graphs.

Another type of domination parameter in a graph is the restrained domination number. A restrained
dominating set is defined as aset S < V(G) where every vertex in V (G) \ S is adjacent to a vertex in S
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and to another vertex in V(G) \ S. The restrained domination number of G, denoted by y,.(G), represents
the smallest cardinality of a restrained dominating set of G. This concept was introduced by Telle and
Proskurowski [18] indirectly as a vertex partitioning problem. It’s noteworthy that the set S = V(G)
constitutes a restrained dominating set, and determining is y,.(G), an NP-complete decision problem [19].
Several studies on restrained domination in graphs can be found in papers [20-30].

A graph G is considered connected if there exists at least one path that connects every pair of vertices
x,y € V (G); otherwise, G is termed disconnected. A set S of vertices of a graph G is defined as an outer-
connected dominating set if every vertex not in S is adjacent to at least one vertex in S, and the subgraph
induced by V(G) \ S is connected. The outer-connected domination number, denoted by y,(G) signifies
the minimum cardinality of such an outer connected dominating set S of a graph G. Cyman introduced the
notion of outer-connected domination in graphs [31]. Various extensions and alternative formulations of
outer-connected domination can be observed in papers [32- 41].

A graph G is represented as a pair (V (G), E(G)), where V(G) is a nonempty finite set whose elements are
referred to as vertices, and E(G) is a set of unordered pairs of distinct elements of V(G), termed edges of
the graph G. The number of vertices in G is termed the order of G, and the number of edges is termed the
size of G. For further exploration of graph-theoretical concepts, readers may refer to additional resources.

Motivated by the concepts of restrained domination and outer-connected domination in graphs, researchers
introduced a new graph domination variant: outer-restrained domination. A set S of vertices of a graph G
is an outer-restrained dominating set if every vertex not in S is adjacent to some vertex in Sand V(G) \ S
is a restrained set. The outer-restrained domination number of G, denoted by y;.(G) is the minimum
cardinality of an outer-restrained dominating set of G. An outer-restrained set of cardinality y;.(G) will be
called a 7,.(G) —set. Following the results presented in [42], the researchers extended the study by
investigating other binary graph operation, which is the lexicographic product of two graphs.

2. Results
The graphs G considered here are simple, finite, nontrivial, undirected and without isolated vertices.

Definition 2.1 A set S of vertices of a graph G is an outer-restrained dominating set if every vertex not in
S is adjacent to some vertex in S and V (G)\S is a restrained set. The outer-restrained domination number
of G, denoted by 7,-(G) is the minimum cardinality of an outer-restrained dominating set of G. An outer-
restrained set of cardinality e 7,.(G) will be called y;.(G) -set.

Definition 2.2 The lexicographic product of two graphs G and H, is the graph G[H] with vertex-set
V(G[H] =V(G) x V(H) and edge set E(G[H]) satisfying the following conditions: (x,u)(y,v) €
E(G[H]) if and only if either x,y € E(H) or x=y and uv € E(H).

Remark 2.3 Let G be a nontrivial connected graph and H = Ka. Then V(G) x {u} is a dominating set of
G[H]) forall u € V(H).
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The following results are needed for the characterization of an outer-restrained dominating set in the
lexicographic product of two graphs.

Lemma 2.4 Let G be a nontrivial connected graphand H = K,. If S = S’ X V(H),where S’ € V(G) is
a dominating of G, then a nonempty set S € V(G[H]) is an outer-restrained dominating set of (G[H]).
Proof: Let G be a nontrivial connected graph and H = K,= [u,, u,]. Suppose that S = S’ x V(H), where
S" € V(G)is a dominating of G. If S'=V(G), then S = V(G) xV(H) = V(G[H]) is an outer-
restrained dominating set (immediate). If S = V(G), then S c V(G), that is, V(G)\S' = ¢. Let v €
V(G)\S'. Then there exists v € S’ such that vv' € E(G), that is, for every (v,u) € V(G[H]) \S, there
exists (v, u) € Ssuchthat (v,u)(v',u) € E(G[H]).Thus, S isadominating set of G[H]. Let (v, u;) €
S = S8 x V(H). Then there exists (v,u;) € V (G[H]) \ S such that (v',u,)(v,u;) € E(G[H]) and
another (v',u,) € S such that (v,u,)(v',u;) € E(G[H]), that is, V (G[H]) \ S is a restrained set.
Hence, a nonempty set S € V (G[H]) is an outer-restrained dominating set of G[H]. m

Lemma 2.5 Let G be a nontrivial connected graphand H = K,. IfS = S’ x {u},whereu € V(H) and
S’ is a dominating set of G and V(G) \ S’ is a restrained set, then a nonempty set S < V(G[H]) is an
outer-restrained dominating set of G[H].

Proof: Let G be a nontrivial connected graph and H = K, = [u,,u,]. Suppose thatS = S’ x {u}, where
u € V(H) and S'is a dominating set of G and V(G)\S' is a restrained set. If ' = V (G),then S =
V(G) % {u,}isclearly adominating set of G[H]. Forevery (v,u,) € V (G[H])\S, there exists (v,u,) €
S such that (v,u;)(v,u;) € E(G[H]) and there exists another (v, u;) € S such that (v,u;)(v',u;) €
E(G[H]), that is, V (G[H]) \ S is a restrained set. Hence, a nonempty set S € V(G[H]) is an outer-
restrained dominating set of G[H]. If S' = V(G), then S" c V(G). Let v € V(G)\S'. Since S’ is a
dominating set, there exists v’ € S’ such that vv' € E(G), and since V(G) \ S’ is a restrained set, there
is another v'' € S’ such that v'v'"" € E(G). Thus, for every (v,u) € V(G[H])\S, there exists (v',u) €
S such that (v,u)(v',u) € E(G[H]), that is, S is a dominating set of G[H], and there exists another
(@",u) € S such that (v',u)(v",u) € E(G[H]), that is, V (G[H])\S is a restrained set. Hence, a
nonempty set S € V(G[H]) is an outer-restrained dominating set of G[H]. m

Lemma 2.6 Let G be a nontrivial connected graph and H=K,. If S = (V(G) x{u;} ) U
(V(G\S" % {u,}),where ¢ c S’ < V(G), then a nonempty set S < V(G[H]) is an outer-restrained
dominating set of G[H].

Proof: Let G be a nontrivial connected graph and H = K, = [u4,u,]. Suppose that S = (V(G) X
{fur}) U (V(G)\ S X {u,}),where ¢ c S € V(G). If S' = V(G), then S = (V(G) x{u;}) U
V(GO\V(G) x {uy}) = (V(G) X {uq}), thatis, S = V(G) x {ul}. By Lemma 2.5, anonempty setS <
V(G[H]) is an outer-restrained dominating set of G[H]. If S' # V (G), then S’ c V (G), that is,
V(G)\S # ¢ . Since V(G) x {u;} © V(G[H]),S is a dominating set of (G[H]), by Remark 2.3. Let
v € V(G)\S', thatis, (v,u) € S.
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Case 1. Ifu = uy, then (v,u;) € S and there exists (v,u,) € V(G[H]) \ S such that (v,u,)(v,u,) €
E(G[H]) and another (v',u;) € S suchthat (v,u,)(v',u;) € E(G[H]).

Case 2. Ifu = wu,, then (v,u,) € S and there exists (v',u,) € V(G[H]) \ S suchthat (v,u,)(v',u,) €
E(G[H]) and another (v,u;) € S suchthat (v,u,)(v,u,) € E(G[H]).

Inany case, V(G[H]) \ S is arestrained set. Since S is a dominating set of G[H], it follows that a nonempty
setS < V(G[H]) is an outer-restrained dominating set of G[H]. m

Lemma 2.7 Let G be a nontrivial connected graph and H=K,. If S = (V(G)\S" X {y,;}) U
(V(G) X {uy}), where @ < §' € V(G), then a nonempty set S < V(G[H])is an outer-restrained
dominating set of G[H].

Proof: Let G be a nontrivial connected graph and H = K, = [u,,u,]. Suppose thatS = (V(G) \S" X
{u:}) U (V(G) X {uy}),where p ¢ S" € V(G).IfS" = V(G),thenS = (V(G)\V(G) X {u,}) U
(V(G) x {uy}) ,thatis, S =V (G) % {u,}. By Lemma 2.5, a nonempty set S < V(G[H]) is an outer
restrained dominating set of G[H]. IfS'= V(G), then S’ c V(G), that is, V(G)\S' = . Since
V(G) x {u,} < V(G[H]),S is a dominating set of (G[H]), by Remark 2.3. Let v € V(G)\S', that is,
(v,u) € S.

Case 1. Ifu = uy, then (v,u;) € S and thereexists (v',u;) € V(G[H]) \ S suchthat (v,u)(v',u,) €
E(G[H]) and another (v,u,) € S suchthat (v,u,)(v,u,) € E(G[H]).

Case 2. If u = u,, then (v,u,) € S and there exists (v,u,) € V(G[H])\ S such that (v,u,)(v,u,) €
E(G[H])and another (v',u,) € S such that (v,u,)(v',u,) € E(G[H]).

Inany case,V(G[H])\ S is arestrained set. Since S is a dominating set of G[H], it follows that a nonempty
set S € V(G[H]) is an outer-restrained dominating set of G[H]. =

The following result is the characterization of an outer-restrained dominating set of the lexicographic
products of two graphs.

Theorem 2.8 Let G be a nontrivial connected graph and H = K,. Then a nonempty set S < V(G[H]) is
an outer-restrained dominating set of G[H] if and only if one of the following is satisfied.

()S = S" xV(H),where S" € V(G) is adominating of G.

(i) S = S’ x{u}, whereu € V(H) and S' is a dominating set of G and V(G)\S' is a restrained set.

(iii) S = (V(G) X {uy ) U (V(G)\S" X {u,}),where p c S" < V(G).

(iv) S = (V(G\S' X {u1D U (V(G) X {u,}), where p ¢ S§" < V(G).

Proof: Suppose that a nonempty set S € V(G[H]) is an outer-restrained dominating set of G[H]. Then
every vertex not in S is adjacent to some vertex in S and V(G[H])\S is a restrained set.
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Casel. Consider that S = S’ x S" where S’ < V(G) and S”" < V(H). Subcase 1. Let S = V(H).If
S'=V(G),thenS = S' x V(H),where S’ = V(G) isadominating of G. This satisfy statement (i). If S’ c
V(G) and suppose that S’ in not a dominating set of G, then there exists x € V(G) such that xx' & E(G)
for all x' € S’, that is, there exists (x,u) € V(G[H])\ S such that(x,u)(x’,u) ¢ E(G[H]) for all
(x',u) € S. This contradict to our assumption that S is a dominating set of G[H]. Thus, S =S’ X V(H),
where S' c V(G) and S’ is a dominating set of G. This satisfy statement (i).

Subcase 2. Let S" c V(H).If " + V(G),thenS’ c V(G)andS = S' x {u}, whereu € V(H).IfS"in
not a dominating set of G, then there exists x € V(G)\S' such that xx' ¢ E(G) forall x' € §', that is,
there exists (x,u) € V(G[H]) \ S suchthat (x,u)(x’,u) ¢ E(G[H]) forall (x',u) € S.This contradict
to our assumption that S is a dominating set of G[H]. Thus, S = S’ X {u}, whereu € V(H) and S’ isa
dominating set of G. Note that V(G[H]) \ S is a retrained set if for every (y,u) € V(G[H]) \ S, there
exists (x,u) € Ssuch that (y,u)(x,u) € E(G[H]) and another (x',u) € S such that (x,u)(x’,u) €
E(G[H]). Suppose that V (G) \ S’ is not a restrained set. Then there exists x € S’ suchthatxx’ ¢ E(G)
for all x' € S, that is there exists (x,u) € S = S§" x {u}, such that (x,u)(x’,u) ¢ E(G[H]) for all
(x',u) € S\ {(x,u)}. This implies that V(G[H]) \ S is not a restrained set contrary to our assumption.
Thus, S = S’ x {u}, where u € V(H) and S’ is a dominating set of G and V(G) \ S’ is a restrained set.
This satisfy statement (ii).

IfS" = V(G),thenS = §' xS". LetS = V(G) x {u}whereu € S" c V(H) = V(K,) = {uy,u,}.
Thus, § = V(G) x{u} = (V(G) X {u }) U (V(G)\S" X {u,}), where @ c S’ = V(G). This satisfy
statement (iii). Or S = V(G) x{u} = (V(G\S' x{u;}) U (V(G) x {u,}), where @¢c § =
V(G). This satisfy statement (iv).

Case 2. Consider that S = (V(G) X S;" YU (V (G)\S' X S,')YorS = (V(G\S' xS,") UV (G) x
S,")whereS" ¢ V(G)and S,",S,"” € V(H) = {u,u;}. Then S = (V (G) X {u1}) U (V(G)\S' X
{u,) or S = (V(G\S' x {u1}) U (V(G) X u,) where @ ¢ S" < V(G). This satisfy statement (iii) and
statement (iv) respectively.

For the converse, suppose that statement (i) is satisfied. Then S = S’ x V(H), where S € V(G) is a
dominating of G. In view of Lemma 2.4, a nonempty set S < V(G[H]) is an outer-restrained dominating
set of G[H].

Suppose that statement (ii) is satisfied. In view of Lemma 2.5, a nonempty set S € V(G[H]) is an outer-
restrained dominating set of G[H].

Suppose that statement (iii) is satisfied. In view of Lemma 2.6, anonempty setS < V(G[H]) is an outer-
restrained dominating set of G[H].

Suppose that statement (iv) is satisfied. In view of Lemma 2.7, anonempty setS < V(G[H]) is an outer-
restrained dominating set of G[H]. m
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The following result is an immediate consequence of Theorem 2.8.

Corollary 29 Let G = Pnofordern > 2and H = K,. Then
n
E,ifn = 0(mod 4)

n+1
2

7-(G[H]) = ,if n = 1(mod 4) or n = 3(mod 4)

n+2

,if n =2 (mod 4).

Proof: LetG = Pn = [v,Vy,...,v,]Wheren > 2 and H = K,=[u, u,]. SupposethatS = S’ x {u},
where u € V(H) and S’ is a dominating set of G and V(G)\S' is a restrained set. Then S is an outer-
restrained dominating set of G[H] by Theorem 2.8. Thus, 7. (G[H]) |S| = |S' x {u}| = |S’|.

Case 1. If n = 0(mod4), then S’ = {v4i_2,v4i_1 i=1,2, %} .Thus, |S'] = 2 - (E) =, that s,
7(G[H]) < |S']| = % Suppose that S = S""\{v} is a minimum outer-restrained dominating set of G for

somev € S'.Then S" ={v,,v3,Vs, Vs .., Vpn_s, Vpn_1} \{v} fOr some v € S’ . However, forany v € §’,
the S" is not a dominating set of G. This implies that S’ must be a minimum outer-restrained dominating
set of G. Therefore, §= 1Sl = |S] - {u}l = 7.(6) - 1 < 7.(G[H]) < |S'] = %

that is, 77(G[H]) = = .

n—1

Case 2. If n= 1(mod4), then §' = {vz,v4i_1,v4l- Hi=1,2,.,"2}. Thus, |5’ = 1+ 2-

("T_l) = ”—“ (thatis, 7.(G[H]) < |S'| =222 Suppose that S = S’ \{v} is a minimum outer-restrained

dominatlng set of G for some v € S'. Then S ={ vy, V3, Vs, VyVg! oo, Up_s, Un_1} \{v} fOr some v € S’ .

However, for any v € S’ the S”" is not a dominating set of G. This implies that S’ must be a minimum
n+1

outer-restrained dominating set of G. Therefore, - = IS = 1S - {u}| =, 7 (G) - 1 < - (G[H]) <

ISl = 2= that is, 7,.(G[H]) = =
Case 3. If n = 3(mod4), then S’={v4i 2 Vaicy 1= 1,2, Thus, 18] = 2+ (22) =

n+1

—, that is, ¥.(G[H]) < |S’'| = ——. Suppose that S"” = S"\{v} is a minimum outer-restrained

domlnatlng set of G for some v € S’. Then S = {v,,v3, V6, Vyr «o, Vp_1,Vn} \{v} fOr some veS .

However, for any v € S’ the S is not a dominating set of G. This implies that S’ must be a minimum
n+1

outer-restrained dominating set of G. Therefore, — = |S'| = [S'| - [{u}| =, 77(G) - 1 < P, (G[H]) <
n+1
IS ===

that is, 7, (G[H]) =

11+1

Case 4. If n= 2(mod4) then S’ = {vu 3, Vgi—p i1 =1,2,. ””} Thus, [S'] = 2- (n+2) =

n+2

—, that is, ¥,.(G[H]) < |S'| = ——. Suppose that $” = S"\{v} is a minimum outer-restrained

domlnatlng set of G for some v € S’. Then S” = {vy,v,, V5, Vgl .., Vp_q, Vn} \{v} for some veSs’.
However, for any v € S’, the S" is not a dominating set of G. This implies that S’ must be a minimum
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outer-restrained dominating set of G. Therefore, nT” =181 =1S"- {u}| =, 7-(G) - 1 < y,.(G[H]) <
|5l = 22, that is, 7,(G[H]) = ==

3. Conclusion

In this paper, we extended the study on outer restrained domination in graphs by dealing with another
binary graph operation — the lexicographic product of two graphs. The outer-restrained domination in the
lexicographic products of two graphs were characterized and the exact value of outer-restrained
domination number resulting from the lexicographic of two graphs were computed. This study will pave
the way to new researches such as bounds and other binary operations of two connected graphs. Other
parameters involving outer-restrained domination in graphs may also be explored. Finally, the
characterization of an outer-restrained domination in graphs of the other binary operations of two graphs,
and its bounds are promising extension of this study.
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