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Abstract

Let G be a connected simple graph. A dominating subset S of V() is a fair dominating set in G if all the
vertices not in S are dominated by the same number of vertices from S. A fair dominating set S € V(G)
is a fair restrained dominating set if every vertex not in S is adjacent to a vertex in S and to a vertex in
V(G) \ S. Alternately, a fair dominating set S € V(G) is a fair restrained dominating set if N[S] = V(G)
and (V(G) \ S) is a subgraph without isolated vertices. Let D be a minimum fair restrained dominating
set of G. A fair restrained dominating set S < (V(G) \ D) is called an inverse fair restrained dominating
set of G with respect to D. The inverse fair restrained domination number of G denoted by yf}ld(G) is
the minimum cardinality of an inverse fair restrained dominating set of G. An inverse fair restrained
dominating set of cardinality yf‘Tld(G) is called y;rld-set. In this paper, we investigate the concept and give
some important results on inverse fair restrained dominating sets under the join of two graphs.

Keywords: dominating set, fair dominating set, fair restrained dominating set, inverse fair restrained
dominating set, join of two graphs

1. Introduction

A subset S of V(G) is a dominating set of G if for every v € V(G) \ S, there exists x € S such that xv €
E(G),i.e., N[S] = V(G). The domination number y(G) of G is the smallest cardinality of a dominating
set of G [1]. Some studies on domination in graphs were found in the papers [2, 3,4, 5,6, 7, 8, 9, 10, 11,
12, 13].

In 2011, Caro, Hansberg and Henning [14] introduced fair domination and k-fair domination in graphs. A
dominating subset S of V(G) is a fair dominating set in G if all the vertices not in S are dominated by the
same number of vertices from S, that is, [N(u) N S| = |N(v) n S| for every two distinct vertices u and
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vfromV(G) \ S andasubsetS of V(G) is a k-fair dominating set in G if for every vertex v € V(G) \ S,
IN(v) N S| = k. The minimum cardinality of a fair dominating set of G, denoted by y;4(G), is called the
fair domination number of G. A fair dominating set of cardinality y¢4(G) is called y;4-set. Some studies
on fair domination in graphs were found in the paper [15-18].

The restrained domination in graphs was introduced by Telle and Proskurowski [19] indirectly as a vertex
partitioning problem. Accordingly, aset S < VV(G) is a restrained dominating set if every vertex not in
S is adjacent to a vertex in S and to a vertex in V(G) \ S. Alternately, a subset S of V(G) is a restrained
dominating set if N[S] = V(G) and (V(G) \ S) is a subgraph without isolated vertices. The minimum
cardinality of a restrained dominating set of G, denoted by y,.(G), is called the restrained domination
number of G. A restrained dominating set of cardinality y,.(G) is called y,.-set. Restrained domination in
graphs was also found in the papers [20-27].

The study of fair restrained dominating set is found in [28]. A fair dominating set S < V(G) is a fair
restrained dominating set if every vertex not in S is adjacent to a vertex in S and to a vertex in V(G) \ S.
The minimum cardinality of a fair restrained dominating set of G, denoted by yf,.4(G), is called the fair
restrained domination number of G. A fair restrained dominating set of cardinality yy,4 (G)-is called yz;.4-
set.

Let D be a minimum dominating set in G. The dominating set S € V(G) \ D is called an inverse
dominating set with respect to D. The minimum cardinality of inverse dominating set is called an inverse
domination number of G and is denoted by y~1(G). An inverse dominating set of cardinality ¥y ~1(G) is
called y ~*-set of G. Inverse domination in graphs is found in in [29-34].

The inverse fair restrained domination in graphs was introduced in [35]. Let D be a minimum fair
restrained dominating set of G. A fair restrained dominating set S < (V(G) \ D) is called an inverse fair
restrained dominating set of G with respect to D. The inverse fair restrained domination number of G

denoted by yf‘Tb(G) is the minimum cardinality of an inverse fair restrained dominating set of G. An

inverse fair restrained dominating set of cardinality yf‘rld(G) is called yf‘rld-set. In this paper, we investigate
the concept and give some important results on inverse fair restrained dominating sets under the join of
two graphs.

For the general terminology in graph theory, readers may refer to [36]. A graph G is a pair (V(G), E(G)),
where V(G) is a finite nonempty set called the vertex-set of G and E(G) is a set of unordered pairs {u, v}
(or simply uv) of distinct elements from V(G) called the edge-set of G. The elements of V() are called
vertices and the cardinality |V (G)] of V(G) is the order of G. The elements of E(G) are called edges and
the cardinality |E(G)| of E(G) is the size of G. If |V(G)| = 1, then G is called a trivial graph. If E(G) =
@, then G is called an empty graph. The open neighborhood of a vertex v € V(G) isthe set N;(v) = {u €
V(G):uv € E(G)}. The elements of N (v) are called neighbors of v. The closed neighborhood of v €
V(G) is the set N;[v] = Ng(v) U {v}. If X € V(G), the open neighborhood of X in G is the set

N (X) = U Ng (). The closed neighborhood of X in G is the 8[X] = U Ng [v] = Ng(X) U X.

vEeEX vEX

When no confusion arises, N;[x] [resp. N;(x)] will be denoted by N[x] [resp. N(x)].
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2. Results

The join of two graphs G and H is the graph G + H with vertex-set V(G + H) = V(G) U V(H) and edge-
setE(G + H) = E(G) VEH) U {uv: u € V(G),v eV(H)}.

Remark 2.1 Let G and H be connected graphs. Then V(G) and V (H) are fair dominating sets of G + H.
Remark 2.2 Let G = B,and H = P, wheren, m = 2. Then S c V(G) or S ¢ V(H) is 1-fair or 2-
fair dominating set of G + H.

We need the following Lemma for our next Theorem.

Lemma 2.3 Let G and H be nontrivial connected graphs. If S = S; U S where S, is an r-fair dominating
set of G, Sy Is an s-fair dominating set of H, and r — s = |S;| — |Sy| then S is a fair restrained
dominating set of G + H.

Proof: Since S, is an r-fair dominating set of G, for every u € V(G) \ S¢, |[Ng(w) N S;| = r. Since Sy
is an s-fair dominating set of H, forevery v € V(H) \ Sy, |[Ng(v) N Sy| = s. Now, S; < V(G) implies
that V(G) \ Sg # @. Letu e V(G) \ Sg- Thenu e V(G + H) \ S, |(Ngeyg(w) N Sy)| = |Syl, and

|(Ngry () N S| = [Ngyu(w) N (S U Sy)
= |Ng+u(W) N Sg) U (Ng4y (W) N Syl
= |Ngsn(@) N Sgl + |(Ng+n(@) N SH)l
= |(Ne@ N Sl + 1Syl
=71+ ISHI
Similarly, since Sy cV(H), V(H)\Sy #0. Let veV(H)\Sy. Then veV(G + H)\S,
|(Ng+u(w) N Se)| = |S¢, and

INg+n(@) N S| = |Ngyu(@) 0 (S U Syl

= |(Ngsu(@) N Sg) U (Ngyu(v) N Syl

= |(Ng+u(@) N Se)| + |(Ngyun(v) N Syl

= |Sg| + |[(Ng(v) N Sy)

= |S¢| + s.
Sincer — s = |S;| — |Sy|impliesthatr + |Sy| = |Sg| + s. It follows that, for every u,v € V(G +
H)\S, |Ngeu(w) N'S| = |[Ngry(v) NS|. Hence, S is a fair dominating set of G + H. Now, let u €
V(G)\S; andv € V(H)\ Sy. Thenu,v € V(G + H)\ Sanduv € E(G + H). Since S is a dominating
set, there exists x € S suchthatxu € E(G + H)orxv € E(G + H). Thus, every vertexinV(G + H) \ S
is adjacent to a vertex in S and to another vertex in V(G + H)\ S. Hence, S is a fair restrained dominating
setof G + H. m
Lemma 24 Let G = B, = [x4, x,...,x,J and H= B, = [y4, Y2,.-., V] forn = 4. Then D is a

minimum fair restrained dominating sets of G + H and S is an inverse fair restrained dominating set of
G + H with respect to D such as:

DD = {tsi-2Vsi-2:1 = 1,2.3,..,
3k + 1 for all positive integer k.

n+2

T}ands ={x2'}’2’x3i, Y3t L= 1,2,3,...,”7_1}ifn=

n+1

)b = {x3i—2:3’3i—2’ i =123,.., T} and S = {xz,}’2'x3i+2, V3itz P L=
1,2, 3,...,”T_Z}ifn = 3k + 2 for all positive integer k.
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i) D = {x3_1,y3-1: 1 = 1,2,3,.., SfandS = V(G + H)\Difn = 3k + 3 forall positive

integer k.
Proof: Suppose that G = B, = [x1,X2, ..., X,] and H = B, = [y, V2, .., Yn] fOr n > 4. 1f n = 3k +

n+2 n+2 . ..
2 }oforder —— Isaminimum

1 for all positive integer k, then the set D; = {x3i_2 ti=1,2,3,..,

fair dominating set of ¢ and Dy = {y3i_2:i =123, .., nT”} of order %2 is a minimum fair

dominating set of H. This implies that D = D; U Dy, of order n;-Z + n;rz =+t

dominating set of G + H. Observe that for every u € V(G + H) \ D, there exists v € D and u' €
V(G + H) \ D such that uv,uu’ € E(G + H). Thus, D is a minimum fair restrained dominating set of

is a minimum fair

G + H. Using the same arguments forn =3k + 1, S = {xz,yz,x{3i},y{3i}: i =123.., nT_l} is also

a minimum fair restrained dominating set of G + H of order 2 + "T_l + "T_l =2+ w =
2 + 2”3_2 = 6+(23n_2) = 2% Next, if n = 3k +2 for all positive integer k, then D; =
{x3i_2: i =123,.., "T“} of order ”T“ IS a minimum fair dominating set of ¢ and Dy =
{y3i_2: i =12 3%1} forder"T“isaminimum fair dominating set of H. This implies that D =
D¢ U Dy of order ";1 + ”;1 = 2"3” is a minimum fair dominating set of G + H. Observe that for

every u € V(G + H) \ D, there exists v € D and u' € V(G + H) \ D such that uv,uu’ € E(G + H).

Thus, D is a minimum fair restrained dominating set of G + H. Using the same arguments forn = 3k +
2,8 = {xz,yz,x3i+2,y3i+2: i=1,23,.., "T_Z} is also a minimum fair restrained dominating set of
n

lo2 4
3

n-2)+(n-2) -2+ 2n3—4- _ 6+(23n—4) _ 2n+ 2

G + H of order 2+nT_2+ . Now, if

n = 3k + 3 for all positive integer k, then D, = {xgi_l ci= 1,23, %} of orderg is a minimum
fair dominating set of G and Dy, = {ygi_l: i =1273,.., %} of order g is a minimum fair dominating

set of H. This impliesthat D = D; U Dy of order g + g = 2?" is a minimum fair dominating set of G +

H. Observe that for every u € V(G + H) \ D, there exists v € D and u’' € V(G + H) \D such that
uv,uu’ € E(G + H). Thus, D is a minimum fair restrained dominating set of G + H. Using the same
arguments forn = 3k + 3,5 = V(G + H) \ D is also a fair restrained dominating set of G + H of

order |S| = |[V(G+H)\D|= |[V(G+H)| - |D|=2n- 2?"= 6”;2"=4’?". This complete the

proofs.m
Lemma25LletG = B, = [x4,%X3,...,xp]and H = P, = [ ¥4, V2, ..., Y] fOrn = 4and m > 5 with

m = n + 1. The minimum fair restrained dominating sets D and S of G + H are the following:

n+2

i)Dz{x3i_2: i = 1,2,3,...,T}U{y3i_2: i=1,23,.., m;rl}and

n-1 m+1

S = {xz,xgl-: i=123,.., T}U{y3i:i = 1,2,3,...,7} if n = 3k + 1 for all positive
integer k.
i) D = {X3io1, %1t § = 1,2,3,...

n
'3

Yu{ysiozii = 12,3, 22} and
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S={apx5: i =123, 0{yyyu:i=123.., =}ifn =3k +3forall positive
integer k.

Proof: Suppose that G = B, = [xq,x,...,x,] and H = P, = [Y1,V2,---,Ym] fOrn =>4 and m > 5
with m = n + 1.1fn = 3k + 1 for all positive integer k, then the set Dg ={x3i_2:i =

1,2,3, ngiz} of order "T” is a minimum fair dominating set of G and D, = {y3i_2 ci=1,23,..,

m+1

+1 . L . L . +1 +1)+1
T} of order mTlsamlnlmum fair dominating set of H. Since — = n+H+1_ 7

3

+2 .
3 , it follows

that D = D; U Dy of order n;’2+ n;’z = 22* % s a minimum fair dominating set of G + H. Observe

that for every u € V(G + H) \ D, there exists v € D and u’ € V(G + H) \ D such that uv,uu’ €
E(G + H). Thus, D is a minimum fair restrained dominating set of G + H. Using the same arguments

for n =3k +1 5= {apuag:i=1223.., =} uly:i=123., 22 isalo a
minimum  fair restrained dominating set of G + H of order [1 + "T_l]+m;1 =

3+(n-1+((n+1)+1) _ 2n+4
. .

Now, if n= 3k + 3 for all positive integer k, then D; =
{x3i_1, Xpoq i = 1,2,3,..., g} of order g + 1 is a minimum fair dominating set of G and Dy =

{yaicari=123..,
(n+;)+2 = n;r3 ==+ 1,itfollows that D = Dg U Dy oforder[ S+ 1] + [g + 1] = 2?n+ 2isa
minimum fair dominating set of G + H. Observe that for every x € V(G + H) \ D, there existsy € D
and x" €V (G + H)\ D such that xy,xx" € E(G + H). Thus, D is a minimum fair restrained

dominating set of G + H. Using the same arguments for n = 3k+3, S = {xz,x&-: i =

+ 2 +2 . .. . . . . + 2
m3 }of order mT is a minimum fair dominating set of H. Since m3 =

1,2, 3%} U {yz,y3i i =1,23,.., mT_l} is also @ minimum fair restrained dominating set of G +

H of order [1 + §]+[1 + %‘1] =1+ g] + 0+ (n+1)-1

proofs. m
The following result is the characterization of the inverse fair restrained domination in the join of two
paths.
Theorem 2.6 LetG = P, and H = P,, where n,m > 2. Then a nonempty proper subset S of V(G + H)
is an inverse fair restrained dominating set of G + H if and only if one of the following statement is
satisfied.

(i) S=V(G)andy(H) = 1.

(ii) S = V(H)andy(G) = 1.
(iii) S isa 1-fair dominating set of G and n =
or S is a 2-fair dominating setof G andn = 3.
(iv) S isa 1-fair dominating setof H and m = 2
or S is a 2-fair dominating set of H and m = 3.
(v) S = S; USywhere S; < V(G) is an r-fair dominating set of G, Sy < V(H) is an s-fair dominating
setof H,|S;| + s = r + |Sy|, and D is a minimum fair dominating set of G + H.
Proof: Suppose a nonempty proper subset S of V(G + H) is an inverse fair restrained dominating set of
G + H. Consider the following cases:

] =2+ 2 This complete the
3

2
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Case 1. Consider that SN V(H) = @ . Then S €V (G). Suppose that S = V(G), then S is a fair
dominating setof G + H by Remark 2.1. If y(H) # 1,say y(H) = 2, then let D be the minimum fair
dominating set of H. Clearly, m = 4orm = 50orm = 6sincey(H) = 2andH = B,,. Foreveryu €
V(G) € V(G + H)andv € V(H)\D < V(G + H), Ngoy(u) N D = 2 # 1 = Ngyy(v) N D,
that is D is not a fair dominating set of ¢ + H. Hence, S < V(G + H) \ D is not an inverse fair
dominating setof G + H with respectto D, a contradiction. Hence, y(H) = 1, and the proof of statement
(i) is satisfied. Suppose thatS # V(G).Letu € V(G)\Sandv # usuchthatu,v € V(G + H)\S.
Then, |[Ngiy(w) N S| = |Ngig(v) N S| since S is a fair dominating setof G + H. Ifv € V (G) \ S,
then

[N;(w) N S| = |Ng(v) n S| = k for some positive integer k.

This implies that S is a k-fair dominating set of G. By Remark 2.2, n,m > 2andk = 1ork = 2since
G = B,,apath.Ifn = 2 orn = 3, then statement (iii) is satisfied. Clearly if n > 4, then S is not an
inverse fair restrained dominating setof G + H since H = B, andm > 2.

Case 2. ConsiderthatS n V(G) = @.ThenS < V(H).IfS = V(H),then S isa fair dominating
setof G + H by Remark 2.1. If y(G) # 1, say y(G) = 2, then let D be the minimum fair dominating
setof G. Clearly,n = 4orn = 50rn = 6since G = B,. Foreveryu € V(H) c V(G + H) and
v € V(G)\D c V(G + H), Nguyw) N D =2 # 1 = Ngyoy(v) N D, that is D is not a fair
dominating set of G + H. Hence, S ¢ V(G + H)\ D is not an inverse fair dominating set of G + H
with respect to D, a contradiction. Hence, y(G) = 1, and the proof of statement (ii) is satisfied. Suppose
that S #= V(H). Let u € V(H)\ S and v # u such that u,v € V(G + H)\S. Then, |N;yy(uw) N
S| = |Ngey(v) N S| since S is a fair dominating setof G + H.Ifv € V(H) \ S, then [Ny (u) n S| =
[Ny (v) n S| = k for some positive integer k.

This implies that S is a k-fair dominating set of H. By Remark 2.2, n,m > 2andk = 1ork = 2since
H = P,,apath.Ifm = 2orm = 3, then statement (iv) is satisfied. Clearly if m > 4, then S is not an
inverse fair restrained dominating setof G + H since G = B,andn > 2.
Case 3. Consider that S N V(G) # pandSNV(H) # @.LetS; = SN V(G)and Sy = S n V (H).
Then § = S; U Sy where S; € V(G) and Sy < V(H). Suppose that to the contrary, S; is not a fair
dominating set of G. Then there exists distinct vertices u and v in V(G) \ S; such that

INc(w) N Sg| # |Ng(v) N Sgl.
Thus,

INg+u() N S| = [Ngiy(@) N (Sg U Syl

|(Ng+w () N Sg) U (Ngpy(u) N Syl

|[(Ng(u) N S;) U Syl,sinceu e V(G)\ S

INg(w) N Sg| + |Syl

INg(v) N Sg| + |Sy]

|(Ng(v) N Sg) U Syl

|(Ng+u (@) N Sg) U (Ngey(v) N Sy)l, sincev €V (G)\ S
INg+u(¥) N (S U Syl

INg+n(v) N S|

1 [ YN T |

This contradict to our assumption that S is a fair dominating set of G + H. Therefore, S; must be a fair
dominating set of G. Similarly, Sy is a fair dominating set of H. Thus, for every vertex u € V(G) \ S,

[N¢(uw) N Sg| = r,wherer = 1lorr = 2since G = P, isa path,
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and for every vertex v € V(H) \ Sy,
INy(v) N Sy| = s,wheres = 1ors = 2since H = B, is a path.
This implies that S, is an r-fair dominating set of G and Sy is an s-fair dominating set of H.

Now, letu € V(G) \ Sz and v € (H) \ Sy. Then,

INg+n (@) N S| = |Ngryw) N (Sg U Syl
= |(Ngsu() N Sg) U (Ngpy(w) 0 Sy
= [(Ng(w) N Sg) U Syl
= |(Ng(w) N Sg| + [Syl
=r + |Sy| and

INg+u(v) N S| = [Ngeu(v) N (Sg U Syl

= |(Ng+n(¥) N Sg) U (Ng4n(v) N Sy

= |S¢ U (Ny(v) NSyl

= |Sgl + INy(v) N Syl

= [S¢| + s.
This proves statement (iv).
For the converse, suppose that statement (i) is satisfied. Since S = V(G), S is a fair dominating set of
G + H by Remark 2.1. Since y(H) = 1and H = B, itfollowsthatm = 2orm = 3. Letv € S.
Thenforeveryu € V(G+ H)\S = V(H), thereexistsz € V(H) where (z # u) such that uz,uv €
E(G + H). That is, S is a restrained dominating set of G + H. Now, let S’ = {y} be the dominating set
of H since y(H) = 1. Then S is a minimum fair dominating set of G + H.Sincen > 2,foreveryu €
V(G + H)\S', there exists z € V (G + H)\ S’ where (z # u) such that uz,uy € E(G + H).
Hence, S’ is a restrained dominating set of G + H, that is, S’ is a minimum fair restrained dominating set
of G + H. Thisimpliesthat S < V (G + H) \ S'is an inverse fair restrained dominating set of G + H
with respect to S’.
Suppose that statement (ii) is satisfied. If S = V(H), then S is a fair dominating set of G + H by Remark
2.1. Since y(G) = 1and G = B,, itfollows thatn = 2 orn = 3. Let v € S. Then for every u €
V(G + H)\ S = V(G),thereexists z € V(G) where (z # u)suchthatuz,uv € E(G + H). That
is, S is a restrained dominating set of G + H. Now, let S” = {x} be the dominating set of G since y(G) =
1. Then S is a minimum fair dominating setof G + H.Sincem > 2,foreveryu € V(G + H) \ S",
there exists z € V(G + H) \ S"” where (z # u) such that uz,ux € E(G + H). Hence, S is a
restrained dominating set of G + H, that is, S’ is a minimum fair restrained dominating set of G + H.
This implies that S < V(G + H) \ S” is an inverse fair restrained dominating set of G + H with respect
to S".
Suppose that statement (iii) is satisfied. Consider thatn = 2 thatis, G = P, andletV(G) = { x,y}. The
S = {x} is a 1-fair dominating set of G, that is, S is a 1-fair dominating set of G + H. Since for every
u € V(G+ H)\S there exists v € V(G + H) \ Ssuch that uv,ux € E(G + H). Thus, S is a
restrained dominating set of G + H, that is, S is a fair restrained dominating set of G + H. Similarly,
S" = {y} is a fair restrained dominating set of G + H. This implies that S c V(G + H)\ S' is an
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inverse fair restrained dominating set of G + H with respect to S’. Consider that n = 3and let G =
P; = [ x4, x3,x3]. Then S = {x;, x3}is a 2-fair dominating set of G, that is, S is a 2-fair dominating set
of G + H. Since for every u € V(G + H) \ Sthereexistsv € V(G + H) \ S such that uv,ux; €
E(G + H) or uv,ux; € E(G + H), S is a restrained dominating set of G + H, that is, S is a fair
restrained dominating set of G + H. Similarly, S’ = {x,} is a minimum fair restrained dominating set of
G + H. This impliesthat S c V(G + H) \ S’ is an inverse fair restrained dominating set of G + H with
respect to S'.
Suppose that statement (iv) is satisfied. Consider that m = 2, thatis, H = P, and let V(H) = {x,y}.
Then S = {x} is a 1-fair dominating set of H, that is, S is a 1-fair dominating set of G + H. Since for every
u €V(G+H)\Sthereexistsv € V(G + H) \ S such that uv,ux € E(G + H). Thus, S is a restrained
dominating set of G + H, that is, S is a fair restrained dominating set of G + H. Similarly, ' = {y}isa
fair restrained dominating set of G + H. This implies that S < V(G + H) \ S'is an inverse fair
restrained dominating set of G + H. Consider that m = 3 and let H = P; = [ xq,x5,x3]. Then § =
{ x4, x3} is a 2-fair dominating set of H, that is, S is a 2-fair dominating set of G + H. Since for every
u € V(G + H) \ Sthereexistsv € V(G + H) \ S such that uv,ux; € E(G + H) or uv,ux; €
E(G + H).Thus, S is arestrained dominating set of G + H, that is, S is a fair restrained dominating set
of G + H. Similarly, S = {x,} is a minimum fair restrained dominating set of G + H. This implies that
S c V(G + H)\ S'isan inverse fair restrained dominating setof G + H.
Finally, suppose that statement (v) is satisfied. ThenS = S; U Sy where S; c V(G) isar-dominating
setof G,and Sy c V(H) is a s-fair dominating set of H,and |S;| + s = r + |Sy|. By Lemma 2.3, S is
a fair restrained dominating set of G + H. Consider that y(G + H) = 1.Then y(G) = 1or y(H) =
1. Supposed that y(G) = 1. Then G = P, = [x,y](or G = P; = [x,y,z]). Set D = V (G) \
S¢ = {y}. Then D is a minimum fair restrained dominating set of G + H, where S; = {x } (or S; =
{x,z})and Sy = {u} < V(H).Since Sy isadominatingsetof H = B,,m = 2orm = 3,thatis, P, =
{u,v}(orP; ={t,u,v}).Hence, S = S; USy ={x,u}(orS = {x,z u})isan inverse fair dominating
set of G + H with respect to D. Suppose that y(H) = 1. Then S is an inverse fair restrained dominating
set of G + H by similar arguments above. Now, consider that y(G + H) # 1. Thenn > 4and m >
4for G = B, = [x1,%3, X3,...,Xx]and H = Py, = [Y1,Y2, ¥3,.--,Xm]. If n = m, then by Lemma
2.4, D is a minimum fair restrained dominating setof G + H and S is an inverse fair restrained dominating
setof G + H.Ifn # m,saym = n + 1, thenby Lemma 2.5, D isa minimum fair restrained dominating
setof G + H and S is an inverse fair restrained dominating set of G + H. This completes the proof. m
The following result is an immediate consequence of Theorem 2.6.
Corollary 2.7 Let G = B, and H = B,, where n,m > 2, and S is an inverse fair restrained dominating
setof G + H. Then
(1, if Sisal— fair dominating setof Gandn = 2

or Sisal— fair dominating set of Hand m = 2.

v (G + H) = 4 2, if Sisa?2— fair dominating set of G andn = 3,(m > 4)
Jra or Sis a2 — fair dominating set of Handm = 3,(n > 4
|S], if S = S;USy, Sgisamin fair dominating set of G,
\ Sy is amin fair dominating set of H,and m,n > 4

Proof: Suppose that S is a 1-fair dominating setof G andn = 2,say V(G) = { x4, x,}. LetS = {x,} and
D = {x,}. Since for every u € V(G + H) \ D there exists u' € V(G + H)\ D (u # u') such that
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uu' € E(G + H) and ux; € E(G + H), D is a restrained dominating set of G. Since D is a 1-fair
dominating set of G, D is a minimum fair restrained dominating set of G + H. Similarly, S is a fair
restrained dominating set of G + H, thatis, S is a minimum inverse fair restrained dominating set of G +
H with respect to D. Hence, yf‘Tb(G + H) = |§| = 1.If Sisa 1-fair dominating setof Hand m = 2,
then yf"rld(G + H) = |S| = 1 by using the same arguments above. Next, if S is a 2-fair dominating set
of G (or H) and n =3 (or m = 3). Let G = [ x1,x5,%x3] (0Or H = [ x1,x5,%x3]). Then D = {x,} is a
minimum fair restrained dominating set of G + H. The S = {xy,x3} < V(G) (or S < V(H)) is a
minimum inverse fair restrained dominating set of G + H since m > 4 (or n > 4) with respect to D.
Thus, yf_rld(G + H) = |S| = 2 Finally, suppose that S = S; U Sy, S; is a minimum fair dominating set
of G, Sy is @ minimum fair dominating set of H and m,n > 4. Let G = B, = [ x4, X3, X3,...,X,] and

H = P, = [V1,Y2, Y3 -+, X;m]. Consider that n = m. By Lemma 2.4, D = {x3i_2,y3i_2: i =

n+2

1,2,3,..., T} is a minimum fair dominating set of G + H and

S:SGUSH

) n—1 ) n—1
= {xz,x3i:1 = 1,2,3,...,T} U{yz,y3i:1 =1,23,.., 3 }

. n—1
={x2'y2'x3i;y3i: 1 = 1,2,3,..., 3 }

is an inverse fair dominating set of G + H with respect to D if n = m = 3k + 1 for all positive integer
k. Since

. n—1
|S| = |{x2:y2fx3i'y3i L= 112'3""1 }|

3
el
B 3 3
3+3+(m-1D+ -1
B 3
_ 6 + 2n- 2
B 3
_ 2n + 4
I
_n+ 2 + n+ 2
3 3
) n+ 2
= |{X3i_2,y3l’_2 1= 1, 2, 3, ey }|
= |D|
where D is a minimum fair restrained dominating set of G + H, it follows that S is also a minimum

n+4
3 =

inverse fair restrained dominating set of G + H with respect to D. Therefore, yfrb(G +H) =

|S|. This complete the proofs. m

3. Conclusion and Recommendations

In this work, the fair restrained domination in the join of two paths of order n > 2 were characterized and
the exact fair restrained domination number resulting from this binary operation of two paths were
computed. This study will result to new research such as bounds and other binary operations of two graphs.
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Other parameters involving the inverse fair restrained domination in graphs may also be explored. Finally,
the characterization of a fair restrained domination in graphs and its bounds is a promising extension of
this study.

4. Acknowledgement

This research is funded by the DOST-Accelerated Science and Technology Human Resource
Development Program, under its accredited university, The University of San Carlos, Cebu City,
Philippines.

5. References

1. E.J. Cockayne, and S.T. Hedetniemi, Towards a theory of domination in graphs, Networks, (1977)
247- 261.

2. N.A.Goles, E.L. Enriquez, C.M. Loquias, G.M. Estrada, R.C. Alota, z-Domination in Graphs, Journal
of Global Research in ~ Mathematical Archives, 5(11), 2018, pp 7-12.

3. E.L. Enriquez, V.V. Fernandez, J.N. Ravina, Outer-cliqgue Domination in the Corona and Cartesian
Product of Graphs, Journal of Global Research in Mathematical Archives, 5(8), 2018, pp 1-7.

4. E.L. Enriquez, G.M. Estrada, V.V. Fernandez, C.M. Loquias, A.D. Ngujo Clique, Doubly Connected
Domination in the Corona and Cartesian Product of Graphs, Journal of Global Research in
Mathematical Archives, 6(9), 2019, pp 1-5.

5. E.L. Enriquez, E.S. Enriquez, Convex Secure Domination in the Join and Cartesian Product of
Graphs, Journal of Global Research in Mathematical Archives, 6(5), 2019, pp 1-7.

6. E.L. Enriquez, G.M. Estrada, C.M. Loquias, Weakly Convex Doubly Connected Domination in the
Join and Corona of Graphs, Journal of Global Research in Mathematical Archives, 5(6), 2018, pp 1-
6.

7. J.A. Dayap, E.L. Enriquez, Outer-convex Domination in Graphs in the Composition and Cartesian
Product of Graphs, Journal of Global Research in Mathematical Archives, 6(3), 2019, pp 34-42.

8. D.P. Salve, E.L. Enriquez, Inverse Perfect Domination in the Composition and Cartesian Product of
Graphs, Global Journal of Pure and Applied Mathematics, 12(1), 2016, pp 1-10.

9. E.L. Enriquez, and S.R. Canoy,Jr., Secure Convex Domination in a Graph, International Journal of
Mathematical Analysis, Vol. 9, 2015, no. 7, 317-325.

10. E.L. Enriquez, B.P. Fedellaga, C.M. Loquias, G.M. Estrada, M.L. Baterna Super Connected
Domination in Graphs, Journal of Global Research in Mathematical Archives, 6(8), 2019, pp 1-7.

11. M.P. Baldado, Jr. and E.L. Enriquez, Super Secure Domination in Graphs, International Journal of
Mathematical Archive-8(12), 2017, pp. 145-149.

12. J.A. Dayap, and E.L. Enriquez, Outer-convex domination in graphs, Discrete Mathematics Algorithms
and Applications, 2020, 12(01), 2050008.

13. E.L. Enriquez, and A.D. Ngujo, Clique doubly connected domination in the join and lexicographic
product of graphs, Discrete Mathematics, Algorithms and Applications, 2020, 12(05), 2050066.

14. Caro, Y., Hansberg, A. Henning, M., Fair Domination in Graphs. University of Haifa, 1-7, 2011.

15. E.L. Enriquez, Super Fair Dominating Set in Graphs, Journal of Global Research in Mathematical
Archives, 6(2), 2019, pp 8-14.

16. E.L. Enriquez, Fair Secure Domination in Graphs, International Journal of Mathematics Trends and
Technology 2020, 66(2), pp 49-57.

IJFMR240217601 Volume 6, Issue 2, March-April 2024 10



https://www.ijfmr.com/

~ Y International Journal for Multidisciplinary Research (IJFMR)

i

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

17. L.P. Gomez, Fair Secure Dominating Set in the Corona of Graphs, International Journal of
Engineering and Management Research, 10(3), 2020, pp. 115-120.

18. E.L. Enriquez, G.T. Gemina, Super Fair Domination in the Corona and Lexicographic Product of
Graphs, International Journal of Mathematics Trends and Technology, 6(4), 2020, pp. 203-210.

19. J.A. Telle, A. Proskurowski, Algorithms for Vertex Partitioning Problems on Partial-k Trees, SIAM
J. Discrete Mathematics, 10(1997), 529-550.

20. C.M. Loquias, and E.L. Enriquez, On Secure Convex and Restrained Convex Domination in Graphs,
International Journal of Applied Engineering Research, Vol. 11, 2016, no. 7, 4707-4710.

21. E.L. Enriquez, and S.R. Canoy, Jr., Restrained Convex Dominating Sets in the Corona and the
Products of Graphs, Applied Mathematical Sciences, Vol. 9, 2015, no. 78, 3867-3873.

22.E.L. Enriquez, Secure Restrained Convex Domination in Graphs, International Journal of
Mathematical Archive, Vol. 8, 2017, no. 7, 1-5.

23. E.L. Enriquez, On Restrained Clique Domination in Graphs, Journal of Global Research in
Mathematical Archives, Vol. 4, 2017, no. 12, 73-77.

24. E.L. Enriquez, Super Restrained Domination in the Corona of Graphs, International Journal of Latest
Engineering Research and Applications, Vol.3, 2018, no. 5, 1-6.

25. E.M. Kiunisala, and E.L. Enriquez, Inverse Secure Restrained Domination in the Join and Corona of
Graphs, International Journal of Applied Engineering Research, Vol. 11, 2016, no. 9, 6676-6679.

26. T.J. Punzalan, and E.L. Enriquez, Inverse Restrained Domination in Graphs, Global Journal of Pure
and Applied Mathematics, Vol. 3, 2016, pp1-6.

27. R.C. Alota, and E.L. Enriquez, On Disjoint Restrained Domination in Graphs, Global Journal of Pure
and Applied Mathematics, Vol. 12, 2016, no. 3 pp 2385-2394.

28. D.H.P. Galleros and E.L. Enriquez, Fair Restrained Dominating Set in the Corona of Graphs,
International Journal of Engineering and Management Research, Vol. 10, 2020, no. 3 pp 110-114.

29. T. Tamizh Chelvan, T. Asir and G.S. Grace Prema, Inverse domination in graphs, Lambert Academic
Publishing, 2013.

30. V.R. Kulli and S.C. Sigarkanti, Inverse domination in graphs, Nat. Acad. Sci. Letters, 14(1991) 473-
475.

31. Enriquez, E.L. and Kiunisala, E.M., Inverse Secure Domination in Graphs, Global Journal of Pure and
Applied Mathematics, 2016, 12(1), pp. 147?155.

32. Enriquez, E.L. and Kiunisala, E.M., Inverse Secure Domination in the Join and Corona of Graphs,
Global Journal of Pure and Applied Mathematics,2016, 12(2), pp. 1537-1545.

33. Hanna Rachelle A. Gohil, HR.A. and Enriquez, E.L., Inverse Perfect Restrained Domination in
Graphs, International Journal of Mathematics Trends and Technology, 2020, 66(10), pp. 1-7.

34. Enriquez, E.L., Inverse Fair Domination in Join and Corona of graphs, Discrete Mathematics
Algorithms and Applications 2023, 16(01), 2350003

35. V.S. Verdad, E.C. Enriquez, M.M. Bulay-og, E.L. Enriquez, Inverse Fair Restrained Domination in
Graphs, Journal of Research in Applied Mathematics, Vol. 8, 2022, no. 6, pp: 09-16.

36. G. Chartrand and P. Zhang, A First Course in Graph Theory. Dover Publication, Inc., New York,
2012.

—G) ©)
Licensed under Creative Commons Attribution-ShareAlike 4.0 International License

IJFMR240217601 Volume 6, Issue 2, March-April 2024 11



https://www.ijfmr.com/
http://creativecommons.org/licenses/by-sa/4.0/

