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Abstract

In this article, we examine the fractional order of Legendre’s equations by applying the Differential
Transformation Method (DTM). This method is effective and sustainable in the investigation of
Legendre’s equations. Series solution could be used to compare the Bessel and Legendre differential
equations. If « = 1 then, to get the solution of fractional order of Legendre’s equation. Generalized fraction
variation will use to calculate the fraction form of a special function. The results of the Legendre equation
will compare with the exact solutions at @ = 1 and also shows that the method is quite precise and reliable.
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1. Introduction

Differential equations have emerged as a significant area of study in both fundamental and applied math-
ematics since the middle of the seventeenth century. Even though the topic has been thoroughly studied,
it is still important for research because of new connections to other mathematical fields, appropriate in-
teractions with other fields, the intriguing evolution of basic concepts and hypotheses over time, the emer-
gence of fresh perspectives in the 20th century, and other factors[1].

It may also be used to simulate the onset of cancer and the systemic spread of disease in medical education.
It may also be applied to describe the flow of current. Economists may find it useful in developing the
most effective financial plans. These equations can also be used to explain the motion of waves as well as
a clock[2].

Boundary value problems arise in many areas of science and mathematics. In physics, for example, a
boundary value problem can be used to model the actions of a heat-conducting rod or a vibrating string.
In engineering, building a support structure or a bridge usually requires solving a boundary value problem.
Boundary value problems are useful in many fields and provide a useful tool for understanding how
differential equation-governed systems behave[3].

The second order ordinary differential equation is also refer to as the Legendre's differential equation.
Legendre's technique are used in several fields of applied mathematics, physics, and chemistry in physical
conditions involving spherical geometry, for instance, the movement of a perfect fluid around a sphere,
determining the magnetic field due to a given sphere, and determining the heat distributions in a cylinder
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with its exterior. Legendre's differential equation was developed by Legendre in the last years of the 18th
century[4].

One mathematical strategy that generates a technique based on an electric sequence is the Differential
Transform Method (DTM). This work undertakes a thorough examination of DTM and its development
as a productive method for resolving a variety of mathematical issues. Like every other area of
mathematics, DTM has evolved both longitudinally and laterally. Among other things, it may be used to
answer fractional, partial, and typical problems in mathematics[5].

Fractional calculus may be considered because the fractional derivative extends the ordinary derivative to
non-integer classifications. The equation is converted to a fractional differential equation using the deriv-
ative of fractions operator. Once the differential issue has been transformed into a fractional differential
equation, it may be solved using a variety of techniques. These methods might include Laplace transforms,
Mellin transforms, or other integral transforms, depending on the circumstances[6].

In this research we will find approximate solution of fractional order Legendre’s differential equation by
using Fractional differential transform method and compare the result obtained with the existing method.

2. Preliminaries
In this section we discuss some definitions related to our research.
Definition no 1: [7] The Legendre differential equation also known as second order ordinary differential

equation is defined as
d’y dy

— 52y 2L _ - =
(1 x)dx2 Zxdx+n(n+1)y 0.

Definition no 2: [8]The Differential Transformation of the n™ the derivative of the equation f (X) at Xo is
defined as

110™f(x)
Fn) = F[ 0x™ lyey,

Foo =YLy,
i=0

[

If f£(x) is a mathematical function on x,, then f(x) the order differential transformation is written as
F(x) = DT{f (x)},
_ f"(x)l
X=Xq

k!

Definition no 3:[9] The reverse of the differential transformation is written as

D7 {F(k)} = f(x),
_ Z F () (x — xo)* .
k=0

Theorem 1: Let f(x) and g(x) relate to differentially transformed analytical operations F (k) and G (k)
accordingly;
Thus,

Drfaf (x) + Bg(x)} = aF (k) + BG (k). (a)
In which a and g stand for variables.
Theorem 2: Let f(x) define an analytical functioning, with differential transformation F(k); then,
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(@' f(x)) _ (k+n)!
Dy = {2 = R G+ ). (b)

Theorem 3: Let f; (x) and likewise f,(x) indicate analytical functions that f (x) = f; (x). f>(x); then,
k

FiO = ) R Fylk =) ©
Theorem 4: Let f(x) similar to an analytical functional with D-{f (x)} = F(k); thus,
Dr{x™f™ ()} —Zalm”‘%;‘)'mm—o ()

And if, m = n, then

Drlem im0} = | [tk -oFo.

Theorem 5: Let f(x) describe a mathematical function Dy {f (x)} = F(k); then,

Dr{e®f"(x)} = Z“ D et

i=0 l)
5o it (k+n-1)!
Dy{cos(ax) f*"(x)} = ; Hcos( Z)WFU( +n—1i),
And
_ L2 S (k+n—1)!
Dr{sin(ax) f*(x)} = Z(; sin(— )(k—)F(k +n—1i). (e)
Theorem 6: Let f(x) develop a function of analysis, where D-{f (x)} = F(k); then,
k+1)(k !
o (o Gepmon} = SE DD gy %

Take note of, for n = 1, simplifies to the following formula:

d
Dy {E (xfl(x))} = (k+ D2F(k + 1).
Theorem 7: Let f(x) represent an analytical function, whereas D {f (x)} = F(k); then,
d (k+1D)(k+n—-—m+1)!
- mifn —
Dr {dx @f (x))} (k—m+1)!
3. Solution of the Fractional Order Legendre Differential Equation
The Fractional Form of the Legendre Differential Equation.
(1 —x2%)D*D%y(x) — 2a;xD%y(x) + m(m + Day(x) =0,
L'(y) 1-a 3y

Flk+n—m+1) (9)

D (x) = ———
y() F(y—a+1)x dx’
L'(y) dy
DaDa — Da 1-a 7 ,

&) ry—a+1) (x dx)

ry) | d%y dy
DeD«* — 21-a) —_ 7 2(1—a) 2 )

() [F(y—a+ 1)] x d2x+x dx

dy dy dy
ar.l-a — paf,(1-a) 1-apa
DE(x1 ") = D (x )dx+x De—,
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:< F(Y) x(1—2a)d_y+ 1-a F(Y) xl_aDay(x)> X

r'y—a+1) dx x r'y—a+1)
rv) x(1-2a) dy 4 a0t d*y
ry—a+1) dx d?x
Where,
I'(y)

Ty —a+D ™
(1 —x2*)D*D%(x) — 2a;xD%y(x) + m(m + Day(x) = 0.

=F(y—a+1)

r@y) N .
F(y—a+1)a

n=1

I'(y) ’ ) N
_ -1 a(n-2)
ll"(y—a+1) a E nn—1)Cpx ,

) ry
1= F(y—a+1)

D%y(x) =

D*D%y(x) =

o)

(1 —x2%)(ay)? Z n(n — 1)Cpx*™2) — 2x(ay)? z nCx®™ D + m(m + 1) (a;)? Z Cx™ =

n=2 n=1 n=0
[ee]

(ay)? z n(n — 1)Cx®™=2) — (g,)2 z nn — 1)C,x%" — 2(ay)? z nC,x*"

n=2 n=1
n=2

+m(m + 1) (ay)? Z Cx™ =0,
n=0

(a;)? E n(n — 1)Cx®™=2 — Z n(n —1)Cx 2 Z nCpx® + m(m + 1) Z C,x®| =0,
pr n=1 n=0

n=2
a; # 0, then
E n(n — 1)C,x*"2) — Z nn —1)Cpx® — 2 Z nC,x“ + m(m+ 1) Z Cx®™ =
por n=2
Put,n = k +2, n=k,
E (k + 2)(k + 1)Cpppx® — Z k(k — 1)Cx® — 2 Z kCox™ + m(m + 1) z Cx
— k=2 k=1 k=0

=0,
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o

2(1)Cyx° + 3(2)C3x%* + E (k +2)(k + 1)Cpypx®F — Z k(k — 1)Cpx® —2(1) C;x*
k=2

k=2

-2 Z kCix® + m(m + 1)Cox° + m(m + 1)C;x% + m(m + 1) Z Crx®™ =0,

k=2 k=2
[2C, + m(m + 1)Cy]x*©@ 4+ [6C; — 2C; + m(m + 1)C;]x“

+

Since, Series is identically zero.

Z{(k +2)(k + 1)Cryp — k(k — 1)C, — 2kCy + m(m + 1)ck}] X
k=2

=0,

So,
—m(m+ 1)
= ———Co, €
(m+2)(m—-1)
3=~ 31 1 (2)
Hence
m—-k)(k+m+1)
Crypz = — 3
ferz (k+2)(k+1) % ®)
By putting, kK = 2 in equation (3) we get
m(im—2)(m+ 1)(m+ 3)
4 = 41 Co (4)
By putting, k = 3 in equation (3) we get
(m—1)(m-3)(m+2)(m+4)
Cs = 3 G, )
By putting, k = 4 in equation (3) we get
-2)(m—-—4)m(m+1)(m+3 +5
. __(m—2)( )m( - )( )(m )C0 ©
By putting, k = 5 in equation (3) we get
-1 —-3)(m-5 +2)(m+4 +6
c, __(m—-1(0m-3)( )7('m )( )(m )C1 o
And so on...
y = Z Cnxan ,
n=0
y = Co+ C1x% + Cx%% 4 C3x3% + Cox*® + Csx®* + Cex% + C,x7% ..., (8)
If we choose y(1) =C,, y(0) =C,
Putm=4,C,=1,
_ —4(4+1)
2 2 )
C, =—10.
Put m =4, C; = 0, inequation (3)
2—-4(4+1)
= "7(0),
3 ()
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C3 = 0

Put m=4,C, =1, inequation (4)
. 4(4-2)(4+ 14 +3)
4 = )
4

Put m =4, C; = 0, inequation (5)

Put m=4,C, =1, inequation (6)
o (A-2)4-H44+1)(4+3)(4+5)
6 — 6! )
Ce=0.

Put all the above values in Eq. (1)

— a _ 2a 3a ﬁ 4a 5a 6a 7a
y=14+(0)x*+ (—-10)x** + (0)x°* + 3 x** 4+ (0)x>% + (0)x°* + (0)x

35
y1 ()% =1 — 10x2* + —x*¢,

3
If we choose y(1) =C,, y(0) =C;
Co,=0And C; =1.
Put m=4,C, =0, then
CZZO.
2—-m(m+1)
3= 6 1
Put m =4, C; =1, inequation (3)
2—-4(4+1)
€3 =—mmF,
3 6
C3=_3.

Put m =4, C, = 0, inequation (4)

. 4(4 — 2)(4;r 1)(4 + 3) ©,

C4:O.

Put m =4, C; =1, inequation (5)

B 4-1D4-3)4+2)4+4

B 3.2.1 ’
Cs =24.

Cs

Put m =4, C, = 0, in equation (6)
4-2)4-4)4@+1D)A+3)4+5)
6!
Ce=0.

C6:

0,

Put m=4,C; =1, inequation (7)
_ 4-1DUA-3)4-5U+2)4+4)4+6)

[ 7.6.5.43.2.1
o 2
7 - 7 .
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Put all the above values in Eq. (8)
2
y =0+ x%+ 0x2* + (—3)x3% + 0x** + 24x°% + 0x5% + 7x7“
2
¥, (%)% = x% — 3x3% + 24x5% + ;xm .

The exact equation of Fractional Order Legendre Differential Equation.
y() =y ()" + y2(0)*,

35 2
y(x) =1-10x** + ?x‘*“ + x% — 3x3% + 24x5% 4+ 7x7“,

35 2
) = 1+x% = 10x%¢ = 33 + —=x*¢ 4 2405 + Zx7°,

3
From Eq. (1)
y = Co+ Cx* + Cpx®* + -,
y(x) = Coy ()% + Cry, (%)%,
1100 = [Co B m(n’;!-l- 1) Cox? + m(m — 2)(Tr;!+ 1)(m+ 3) Coxta
_(m-4)(m - z)m(n;!+ D(m+3)(m +5) Gy 4 l ’
1 -2 1 3
R R CES I LTS
(m—4)(m—-2)m(m+1D(m+3)(m+5) . l
- e x8% 4 ..o |,
120 = lClx“ B (m— 1)35m +2) €t 4 (m—-3)(m - 1;(!m +2)(m+ 4) ¢, x5
(m=-5m-3)(m-1)(m+2)(m+4)(m+ 6) .

Note that, if m is an even integer, thelst series vanishes meanwhiley, (x) denotes an infinite series.
For m = 4,then

yl(x):col1_%x2a+m(m )("Z!-i- Y(m + )x‘“"
_(’"‘4)(m—2>m<m+1)(m+3)<m+5>x6a+...l
6! )
44+1 4(4-2)4+1)4+3
yl(x)=col1_(2—-:')xza+ (4 —2)( 4—:— (4 + )x4“
(4-HE-D4E+DE+3)(4+5) l
B 6! x% 4+ ... |,
44 +1 4(4-2)4+1)4+3
yl(x):COI1_%x2a+ ( )( 4‘:‘ )4+ )x4“—Ol,
45 4, 4QED ,,
Y1(x)=C0[1—Hx2 Wx l’

35
y1(x) = C, [1 — 10x2%% + ?x‘*“]
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The series m contains odd integers. To put it a different way, we obtain nth degree exponential when m is
a non-negative integer. The result is a fixed number of the Legendre equation. Note that it is a specific

value for C, and C; which depend on whether m denotes an odd or even positive integer.

For, m = 0 we select C, = 0,

For, m = 2,4,6
Put, m=20
nl13..(n—1
Co = (—1)72(—),
Wherem=1andC; =1
1.3..n

For example, m = 4

n-1
C1: (—1) 2 m

3

1
yi(x) = 8 [3 — 30x2%% + 35x*%],

41.3 35
y1(x) = (—1)Eﬁ 1 —10x2% + —x4“] ,

X F=Exact Z = FDTM |F-Z|
0.0 3.00000569 3.00000000 0.00000001
0.1 2.96840667 2.96293750 0.00546917

S 0.2 2.80234667 2.85700012 0.05465345
0.3 2.56172503 2.59567523 0.03261175
04 2.53242856 2.51270000 0.01972856
0.5 2.36416667 2.33593750 0.03177083
0.6 2.19024000 2.21700000 0.02676000
0.7 2.17584667 2.21293750 0.04290917
0.8 2.10698667 2.17200000 0.04149867
0.9 2.13926000 2.11293750 0.02163224
1.0 3.66536235 3.62500000 0.04036235

Table 4.1: Comparison of Exact solution with FDTM at a = 1.
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Figure 1: Graph of Exact Solution of Legendre Differential Equation
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Figure 2: Graph of Approximate Solution of FDTM at a = 1.
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Figure 3: Comparison of Exact and FDTM Solutions at a = 1.
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4. Conclusion

In this work, the Differential Transformation Method (DTM) has shown to be an effective and trustworthy
technique for deciphering Legendre's equations' fractional order. Through the use of this technique, we
have been able to get series solutions that enable a thorough comparison of the Bessel and Legendre dif-
ferential equations. The precision of the DTM is shown by our results, which show a high degree of accu-
racy and alignment with the precise solutions, especially at o = 1. Additionally, new directions for study
and application are made possible by the use of generalized fraction variation in determining the fractional
form of special functions. All things considered, the results show that DTM is both practical and sustain-
able for the continued investigation of Legendre's equations, offering a strong basis for further research in
this area.
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