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Abstract
In this paper we will present the method of asymptotic expansion of Laplace-Stieltjes transform defined
as [f(x)] =m(t,2z) = fow% f(x)dx . Asymptotic Transforms which comes to further improvement

the extension of the Laplace-Stieltjes Transforms to all locally integrable function as proposed by
Watson's Lemma. It gives us a way to obtain the complete asymptotic expansion of integrals on the real
axis that have an exponential type of kernel.. To obtain the asymptotic expansion of the transform, we
follow the technique of Handelsman and Blestein.
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1. Introduction
One of the generalization of Laplace-Stieltjes transform given by Giona and Paterno [1] is defined by

the equation M[f(x)] = [ e_zxf(x)dx ...(1)

0 1+tx
where 0 <z <o and |argt| < m. Itisalso denoted as M[f (x)] = m(t,z) and known as Laplace-

Stieltjes transform.

2. Existence of Laplace-Stieltjes Transform

Theorem: If the function f (X) is piecewise continuous on every finite interval in the range 0 < x < oo,
then a Laplace-Stieltjes transform of f(x) exists for all

Re(z) > M, |argt| <m.

3. Classical Properties of the Laplace-Stieltjes transform
3.1 Linear Property
The Laplace-Stieltjes transform is linear for every pair of function f1(x) and f2(x) and every pair of
constant a; and az ,
M [ar fi(X) + a2 f2(X) ] = a1 M [f1(X)] + a2 M[f2(X) ] ...(2)
3.2 Translation Property or Shifting Theorem
If M[ f(x)] = m(t, z) , when Re(z) > « , « is positive number then
M[e™f(x)]=m(t,z+a) , .(3)
Re(z) > a + a, a is positive number.
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3.3 Change of Scale Property

If M[f()] = m(t 2) , then M[f (ax)] = ém(é,é), (4)
where ‘a’ is non- zero constant.

3.4 Multiplication by x"

If f(x) is piecewise continuous and locally integrable in the interval 0 < x < oo
and if M[ f(x)] = m(t, z), then

M (0] = (-0

m(t,z), n=1,2,3, ... ..(5)

3.4 Division by x"
If f(x) is piecewise continuous and locally integrable in the interval 0 < x < oo and if M[ f(x)] = m(t, z),
then

X

M{M}:ﬁ ......... Tm(t,u)(du)” n=1,2,3,..  ..(6)

17

limit
proved that x — Oj@dx, exists.
X

3.5 Laplace-Stieltjes Transform of the derivative of f (x)
If f(x) is piecewise continuous and locally integrable in the interval 0 <X < oo and if M[ f(x)] = m(t, z),
then

M[f'(x)]=—f(0)+ (z+t).m(t,z) +1t> %m(t, 2), ..(7)

where f'(x) denotes derivative of f(x).

3.6 Inversion Theorem
Let f(x) be continuous and x “1f(x) be locally integrable function in the interval
0 < x < oo, and if M[f(X)] = m(t, z) , then

f(x) = ZLMCT%(L z)-e”(1+tx)dz, ...(8)

c—ioo

where ‘c’ is constant and Re(z) >0, argt| <.

4. Asymptotic Expansion
Asymptotic analysis gives the behavior of function at and near given points in their domains of

definition. To describe the behavior of the function F(z) as |z| — oo within a sector a<Rez<b , itis in
many cases sufficient to derive an expression of the form F(z) = ¢(z)[1+1(2)] ... (9)

where ¢(z)is a function of similar structure of F(z) and r(z) converges to zero as |z| — o within the

given sector . Equation (9) is called the asymptotic representation of F (z) for large |z|.
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4.1. Introduction and Preliminary Results
4.1.1 Asymptotic sequence
A sequence of functions¢,, asn— 0 to oo is called an asymptotic sequence at z
— zo from S if whenever n > m, wehave ¢n(z) = o(em(z)) as z — zo from S.
4.1.2 Watson’s Lemma
Supposethat fef € L}, .([0,9),X) has anasymptotic expansion in terms of {t"},,cy as
t—0+; i.e., suppose that f(t)~ Yn—o cnt™ , Then, for any ue{f} we have that
U(Z)~ B Cn oy 88 200
Wong [6] and Saxena [5] have obtained the asymptotic expansion of Stieltjes transform and generalized
Stieltjes transform. Also the asymptotic expansions of Stieltjes transform and Laplace transform are
obtained by Widder [7].Also some authors are given the asymptotic expansion of some integral

transformations by using the different methods. In this article we obtain the asymptotic expansion of

Laplace —Stieltjes transform defined by Giona and Paterno [2],
m(t,z) = M[f(x)] = [;”S— f(x)dx

where z is complex variable and t € (C\(—o,0]), and studied by Chaudhary and Nikam [3]. To obtain

1+tx

the asymptotic expansion of the transform(1), we follow the technique of Handelsman and Blestein [4].
The basic idea to get the asymptotic expansion of the integral transform (1) = Ih(lx) f(x)dx given
0

by Handelsman and Blestein is as follows:

if ()= cx* x—0
r=0

and h(X)~ Y d,X™as x oo for b, #a, +1 forany r , then as A —oo
r=0

|(ﬂ)=i[bfdrM[f;1—br]+§:/1‘1‘a'ch[h;1+ar] .. (10)

r=0 r=0
Where M[f;1-b ]denotes the Mellin transform at function f(x) with parameter A , the Mellin
transform of kernel h(x) evaluated at A .

5. Asymptotic expansion of Laplace —Stieltjes transform

Let f(x)zzCrXar as X — oo
r=0

For x=% in (1.2), it becomes

m(t,2) = [ lf(%jdy
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e} e_%/
= [ #dy - (1)
o Y+t
Where
1.(1)_ 5.2
¢(y)=—f[—]=2cry' as y—0 ....(12)
y \y) =
From the equation (1), kernel is
K(t e’
L Y) =
t.2:y) 1+ty
Considering expansion of Laplace —Stieltjes transform w.r.t. t, fort =1,
2y
KLz y)=2
1+

1 &',
k(1 z;y) ~— yA
L z;y) 1+yrZ=O‘, Y

o 1\l
k@ z;y) ~ iZﬂzryr ,as y > o0
yi= r!

N
Nz( 1|) 2y 40 as y o
~ I

-

~

dy™ ....(13)

[Ms

o

(_1)r ZY

where d, =
r!

and b, =1—-r

_yy
IS given by
y

Using result [1, 312(4)], Mellin transform of kernel k(1, z; y) :1e
_l_

. . —_ eizy
~M[k@Lzy)]=M L+ y}

=[Tp-e’T(-p,2)] ... (14)
where Rez>0,Rep >0and I'(a,z)is an incomplete gamma function.

From the above discussion and by using Handelsman and Blestein technique, we arrive at following
theorem;
Theorem: If

¢(Y):Zcryaﬁl as y—>0 ,
r=0

k(Lz;y) ~>.dy™ and a, =1—r

r=0
thenas t > oo
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1)r Zr —(1-r) = —a 7
’ r=0

mt,2)= O

which gives asymptotic expansion of Laplace —Stieltjes transform.
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