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Abstract. In this study, we give proof of a Ramanujan type series for 1/m, which is derived from cubic
singular moduli xs /5.
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1. Introduction

Let (b), = 1 and, for a positive integer n,
BD)p:=bb+1)(b+2)...(b+n—-1),

and

o (@)n(@)n(Ase1)n X"
(O s b 0= S (Cmanl

integer and a4, ..., ag41, by, - .., by are complex numbers.

Ramanujan recorded 17 series for 1/ in his famous paper “Modular equations and approximations to
n”’[1], [2, pp. 36--38]. Again, at the beginning of section 14 of the same paper [1], [2, p. 37] Ramanujan
wrote, “There are corresponding theories in which q is replaced by one or other of the functions”

PG =5 11-%)
qr:= qr(x):= exp | —mesc(m/r) T o) (11)

2F1 (

where r = 3, 4, or 6. Here r = 3 corresponds to Ramanujan’s theory of g3, where

|x|] < 1, sisanon negative

2m 2F1(§, %: 1; 1—x)> (1 2)

qs.- = Q3(x): = exp <_\/§ 2F1(§' %7 L x)

J.M. and P.B. Borwein [3] proved all these 17 series for 1/m. See [4] for a current overview of
Ramanujan’s series for 1/m.

2. Definitions, Preliminary Results and Notation
Following is the fundamental inversion formula recorded by Ramanujan [5, p. 258] in his second
notebook.

z:=2(0): =, F1 (5.5 1,x) = a(qs), (21)
where g5 is given by (1.2) and
a(43): = Simn=-e q§" T (2.2)

Borwein brothers [6, p. 695, Theorem 2.3] were the first to prove this result in print. Later Berndt,
Bhargava, and Garvan [7], [8, p. 99] also proved this result. In the remaining part of this paper, we will
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use g = q3 and x = x(q).
We now define a cubic modular equation of degree n. Suppose that the equality

(2.3)

AGEue) oAl Tue)
holds for some positive integer n. A modular equation of degree n is a relation between the moduli k
and [ that is given by (2.3). Ramanujan recorded his modular equations in terms of a and S, where a =
k? and B = I2. B is said to have degree n over a. The corresponding multiplier m is defined by

F. 1, E; 1, a
2 l(i 3 )= z(q) (24)

m:= m(ar ﬁ). = 2F1(§‘ g" 1; ﬁ) Z(qn)

We define Ramanujan’s Eisenstein series

) qu
P(@:=1-24% o lal <1 (2.5)
P(q) satisfies the identity [7, Lemma 4.1]
P(q) = (1 — 4x)z% + 3H(q)z -, (2.6)
where
H(q) = 4x(q)(1 — x(q)).
. We set

Xn: = x(e72V3) and z,:= z(e"ZW3), 2.7)
The numbers x,, are cubic singular moduli. Also, it is shown that [9, Egs. (3.11), (3.7) and (3.10)]

1= Xy =X1m Zim =Vnz,, and m(xym) =Vn, (2.8)
where m = m(x(q), x(q™)) is the multiplier defined by (2.4). We end this section by stating the

following lemmas.
Lemma 2.1 [3, p.178 proposition 5.6(b)] Let

 5.6,6),
Cjer = —HAozdotok
Af z: = z(3; q) is defined by (2.1), then
22 = ,4F, (gg% 1,1;H) =Yy CeH¥, 0<x <~ (2.9)
Lemma 2.2 [10, p. 367, Eq. (5.8)]
P(e~2™n/3) = ¥ (6(1 — 2x,)k + 1 — 4x,}C HE. (2.10)

where H,, = 4x,,(1 — x,,).

Lemma 2.3 From H.H. Chan and W.-C. Liaw’s paper [9, Egs. (3.6) and (3.17)], we have,

nP(q") — P(q) = 2(@)z(q™) {(1 — 4x(g™) = — (1 - 4x(q))m — 12x(q)(1 -
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x(9))) 1o} (2.11)
and
nP (e 2™"/3) 4 p(e 2Ty = OO _ oy 52 (2.12)

Three series for 1/m were derived by Baruah and Berndt [10] by substituting n =2, 3 and 5 in (2.10)--
(2.12). In the final section of this paper we derive a series for 1/m for n = 5/2.

3. Series correspondington =5/2
Theorem 3.1 If C,, k = 0, is defined as above, then

3244/15 . (223+70v/10) k
— = 2o {30(35V2 — 2V5)k + 125V2 + 16V5}C (Tss) - (31)

Proof. Setting n = 5/2 in (2.11), and replacing q by g2 we arrive at

5P(q%) — 2P(a?) = 22(q?)z(q%) {(1 — 4x(¢%) = — (1 — 4x(q*))rh — 12x(g*)(1 -
(@) ) (32)
z(q%)

z(q%)
Again, setting g = e~2m/V30 i (3.2) and employing (2.8), we obtain

5P (e 2/5/%) — 2P (e=2m?/1%) = 2,[5 /27,7 {(1 - 4x5),/5/2 - <4x5 - 3) \E —12xs (1 -
2 2 2

Xsy2) oo } (3.3)

dx(q?) q=e—2m/30

where . 1h =

To calculate x5, we recall the following identity from [12, Eq. (2.7)]

For g = e~ 2™/n/3 jf

L= fe(=q)
" 3/3qf5(—¢%)
where f(=q) =TI.(1 —q"),
then
xi =2+ 1 (3.4)
and i = i (3.5)

The parameter u,, was introduced by K.G. Ramanathan[15, Eq.(51)].
Next, we recall two further identities from [14, Theorem. 4.4], namely

1/2 1
13, 1 — (Hasn) 7" _ ()2
3 ((.u‘mu'ZSn) + (ﬂnMZSn)1/3) N ( Un ) (#an) ’ (36)
and
1341 ) _ Hn | Han
3 ((Mnﬂ4n) + (linﬂ4n)1/3) Uan + Un (37)

Settingn = 1/10 in (3.6) and (3.7) and using (3.5), we arrive at
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3(A+7)+5=8%-= (3.8)
and
3(B2+5;)+5=43+, (3.9)
u 1/3 1/6
where A = (ﬁ) and B = (uyous/2) (3.10)
HUs/2
Solving for A and B from (3.8) — (3.9), we obtain
HioMs 2 = 99 + 70v2 and ;‘i =9+ 45 (3.11)
5/2
Thus, from (3.11) and (3.4), we deduce that
1 35v2+425 1 35v2-25
X0 =3~ " op AN X5z =T (3.12)
Next, we evaluate —"— ( atq = e‘z"/\/_ We have
dmm _ dm dx(q)
dx(q?) ~ dx(q) dx(q?) (3.13)
But, by theorem 2.3 of [11],
ax(@™) _ n x(@™)(1-x(q™)
dx(q)  m?* x(q)(1-x(q)) (3.14)
where m = 24
z(q™)
In Particular, whenn = 2,
dx(qz) _ ix(qz)(l_x(qz)) (315)

dx(q)  m? x(9)(1-x(q))
Setting g = e~2%/V30 jn (3.15), so that (¢) = X110 = 1= x50 and x(q?) = xp/5 = 1 — x5/, , We
obtain

dx(q) 1 _p-2m/v30 2 \z10/ "x10(1-x10) '
To evaluate Z5/2 \we recall from Theorem? 1(iii)[8, p. 120] that
_wa) _ a=x@)? B@d)
= z(q?) - (1—x(q))1/3 x%(q) (317)
Setting g = e~2m/V30 jn (3.17) and using (3.12), we arrive at
Zsjz _ 3VZ
7o = Vior1 (3.18)
Employing (3.18) and (3.12) in (3.16), we obtain
dx(q?) _ 5699+1802v10
[dx(q) —e—2m/V30 - 81 (3'19)
_dam_ z(q?
Now, we evaluate [d @ gz . To this end, differentiating . = o )Wlth respect to x = x(q), we
obtain
am__z(q®) _d z(@q@ , z@ _d z(4?
dx(q) ~ z(q) "dx(@)z(q%)  z(q®) dx(q) z(q) (3.20)
To evaluate ——Z24 a) , we recall the following modular equation of degree 2 from [8, p.120, Theorem

dx(q) z(q) ’
7.1]. If B = x(q?) has degree 2 over a = x(q), then
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z(q%) _ 1((x@)*?  (1-x(q)*
z(q) z{x(q2)1/3 (1—x(q2))1/3} (3.21)
Differentiating (3.21) with respect to x(q) and then setting g = e~2m/V30 e arrive at
_d_z(a®) _ _2
| e = 3 (134 4T0) (3.22)
d_ z(q) : - o - _
Now we evaluate [dx Dz (qs)]q=e_2n/m. To this end, differentiating (3.14) with respect to x = x(q), we
deduce that
2 d2(x(q™) dm dx(q™ _ _ x(@"(1-x(qg™) 11 dx(@™) 1 1
2@ T Ma@ a@ " @@ {(x(qn) 1—x(qn>) @ @ 1—x(q)} (3.23)
Forn =5,
me SO gt ) g MO s ) G2
dx?(q) ax(@)" ax(@) T x(@0-x(@) Wx(@®) 1-x(q%/) dx(@) x(@)  1-x(q) '
_ z(@
where m = 2
dZ 5
To calculate d(:z(:q))), we recall from [8, p. 124] the following modular equations of degree 5 in the

cubic theory. If x(g°) has degree 5 over x(g), then

x(@x(@N'? +{(1 = x(@)) (1 = x(@* NI + 3{x(@x(g*) (1 — x(9) (A —x(g*N}* =1 (3.25)
Differentiating (3.25) twice with respect to x = x(q) and then setting g = e~2m/V30 gpqg using (3.12),
(3.19), we deduce that

le(x(qS))l _ 856(5699+1802v10) (3.26)
dx2(q) q=e-2TNT0 9(85v2-53v5) .
Again, setting g = e~2m/\30 jp (3.24) and (3.13) and using (3.19), we arrive at
dm _ d z(q) _ 1404
[dx(q)]qze—m/m - [dx(q) Z(qs)]qze—zmm T 223-70v10 (3'27)
and
dm _ 666
[dx(qz) g=e—27V30  29917+946010 (3.28)
With the aid of (3.28) and (3.12) , we can rewrite (3.3)
5P (e72n576) — 2p (72mf2/T8) = 2, 2 (3.29)
Again, settingn = 5/2 in (2.12), we obtain
_ _ 12415
5P (e727//3/6) + 2P (72215 ) = N2 — 1075, (3.30)
Adding (3.29) and (3.30) and with the aid of (2.9), we arrive at
_ _ 36 25v2-4v/5-30\ v oo k
P (e Zn/m) =a T ( 30 )Zk=0 Ciells 2 (3:31)
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Finally, setting n = 5/2 in (2.10) and with the aid of (3.12), we arrive at

P (e72V58) = 3o {(B2E22) ke + L (=27 + 352 — 2V5) ) Cis ", (3.32)
where Hs,, = _223;75(2@

From (3.31) and (3.32), we arrive at (3.1).

References

1. Ramanujan S., Modular equations and approximations to m, Quart. J. Math. (Oxford), 45 (1914),
350-372.

2. Ramanujan S., Collected Papers, Cambridge Univ. Press, Cambridge, 1927; reprinted by Chelsea,
New York, 1962; reprinted by Amer. Math. Soc., Providence, RI, 2000.

3. Borwein J. M., Borwein P. B., Pi and the AGM; A Study in Analytic Number Theory and
Computational Complexity, Wiley, New York, 1987.

4. Baruah N. D., Berndt B. C. and Chan H. H. Ramanujan’s series for 1/m: A survey , American
Mathematical Monthly, to appear.

5. Ramanujan S., Notebooks (2 volumes), Tata Institute of Fundamental Research, Bombay, 1957.

6. Borwein J. M., Borwein P. B., A cubic counterpart of Jacobi’s identity and the AGM, Trans. Amer.
Math. Soc., 323 (1991), 691-701.

7. Berndt B. C., Bhargava S., Garvan F. G., Ramanujan’s theories of elliptic functions to
alternativebases, Trans. Amer. Math. Soc., 347 (1995), 4136-4244.

8. Berndt B. C., Ramanujan’s Notebooks, Part V, Springer-Verlag, New York, 1998.

9. Chan H. H., Liaw W. -C., Tan V., Ramanujan’s class invariant A,, and a new class of series for 1/m,
London Math. Soc.(2), 64 (2001), 93-106.

10. Baruah N. D., Berndt B. C., Ramanujan’s series for 1/m arising from his cubic and quartic
theoriesof elliptic functions, J. Math. Anal. Appl., 341 (2008), 357-371.

11. Chan H. H., Liaw W. -C., Cubic modular equations and new Ramanujan-type series for 1/m, Pacific
J. Math 343 (2000), 219-238 .

12. Chan H. H., On Ramanujan’s cubic transformation formula for ,F; (1/3,2/3;1;z), Math. Proc.
Cambridge Philos. Soc., 124 (1998), 193-204 .

13. Ramanathan K. G., Some applications of Kronecker limit formula, J. Indian Math. Soc., 52
(1987),71-89.

14. Baruah N. D., Saikia N., Some new explicit values of ramanujan’s continued fractions, Indian J.
Math., 46 (2004), 357-371.

15. Ramanathan, K.G. Some applications of Kronecker limit formula, J. Indian Math. Soc. 52, 71-
89,1987

IJFMR240528449 Volume 6, Issue 5, September-October 2024 6



https://www.ijfmr.com/

