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Abstract:

In this paper, some identities of Rogers_Ramanujan Type related to modulo 5, 7, 15 and 21 is derived
with the incorporation of generalized Bailey pairs and some standard results established by Andrew V.
Sills [1] using some q — difference relations.
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Introduction:
For |g|<1, the g-shifted factorial is defined by
(@;9)0=1
(@ @)n = [Ti=o(1 — aq"), for n>1
and  (a; @)oo = [T5=1(1 — ag").
. — (49) 0
It follows that  (a; q),, e
The multiple g-shifted factorial is defined by

(@g.az, 23 0), =(@1;0), @2;0), - (am:a),

(81,82, 8m;0)., =(a1;0),,(82:0)., (83 0.
The Basic Hyper geometric Series is

y [a“az’ ----- ’amiq;x] = aiq i)y, 50) 0 C1g 2
e B b o )(bl CI)( ) ..... (bp”;q)n

The series ., ¢, converges for all positive integers r and for all x. For v = 0 it converges only when

|x|<1.

Jacobi’s Triple Product Identity:( see [5] 2.2.10 and 2.2.11)

1 1 2
(20227102, G: Do = Tt oe(—D)"2"q" /2 (2.9)
And its corollary

z ( 1)n (2k+1) —lTl Z ( 1)n (2k+1) —ln(l q(2n+1)i)

n=-—oo n=-—oo

IJFMR240528566 Volume 6, Issue 5, September-October 2024 1



https://www.ijfmr.com/

~ Y International Journal for Multidisciplinary Research (IJFMR)

i

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com
:H?{;o(l _ q(2k+1)(n+1))(1 _ q(2k+1)n+i)(1 _ q(2k+1)(n+1)—i) (1_2)
Definition 1: A pair of sequences (a,(a, q), Bn(a, q)) is called a Bailey pair if for n > 0,
Bala,q) = ar(e.q) (13)

T 0(
4,.Dn-r(A9.Dn+r
In [4] and [5], Bailey proved the following result known as “Bailey Lemma”.

Bailey’s Lemma: If (ar(a, q),Bj(a, q)) form a Bailey pair, then

(p1;Q)j(p2;Q)](p1p2 \Dn-j  aq - ;
a a > IB; a,
arm (p‘z’ 2jz0 @Dn- Gop) P& D
_on (p1 Dr(P2:Dr g (a; q) (1.4)

"0 ChOr GO (@ Dn—r (ag; Dntr P1P2

Corollary: If (am(a, q),B;(a, q)) form a Bailey pair, then

Sj20 @0’ Bj(a )= =T a™q™ am(a,q) (1.5)

In [4] and [5], Bailey considered several Bailey pairs which are special cases of a more general Bailey

pair involving additional parameters d and k.

Parameterized Bailey pair:
LetA=—2d? +dk+3d h=FH andt=d +h+2.

d d
- dk-d?+5)r2—=
(—1yrat-arg 23" (aq?%q? D), (aq D,

Let agrm(a q) = (@q?Dr(q4qD,
0 if m = dr,and otherwise
and
oWV @rvove Yotz raq BT R g
lmol e ifA=0
_ ) ro aq;q)n
ﬁd,k,m(a» q) = k-d nd (1.6)
W d.a q
WV (881,82, 8n Bz o a5 )
lim ifA<o0
r—0 (a,aq;9)n
Y
_q'’h — ,d—j—n _ a-4
wherey; = — M =q J7h,§; = taq /n.
1 1
2 2 .
a;,qa,' %, —qa,'*,ay, ..., 0541;q, Z
s+1 (ali Ay, s, - 'as+1;q'Z) - s+l¢5 al/z _ 1/2 qa; qas ’
T T 7ay " " ase

and,

p [a1; a, .... a5+1,q, ] —ye (a1,82,00541;@)r
s+l by, by, ..., b 7=0"(q,b1,bz,..bsi @)y

Then ag xm(a, q) and Barm(a, q) form a Bailey pair.

Bailey considered the special cases a, . (a,q) for (d, k) = (1,2),(2,2),(2,3)and (3,4) in [5]. Each
of these four (d, k) sets is particularly nice, as the resulting expression for ag . (a, q) is summable by
Jackson’s theorem [2,238,eqn(Il — 20)]. Thus, Bgxm(a, q)reduces to a finite product, and upon
substituting it in (1.5) the left hand side of the resulting a — RRTidentity will be a single-fold sum.
Definition: Fork > 1,and 1 <i <k,

Qaxi(a) = Qurila,q) =

aknq(dk"'d)" +(k —i+> ) (1 a q(2n+1)d1)(aqd qd)n

(="
@t Znz0 (atqh)y,

(aq; q)
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In [1], Andrew V. Sills has derived the following results with incorporation of the parameterized Bailey
pairs and some g-difference equations as noted in [1].
Theorem 1.1: For i = 1,2 (see [1, Theorem 3.6, p. 13])

FZ,Z,i(a; q) = Qz,z,i(a, q) (1.7)
where,
302430
oo a™q2 2
F22,1(a,4) = Xinzo (@q;q)n+1(@:Dn
32 1
anqin —En

F222(@,4) = Znzo oz~ -

Theorem 1.2: For i = 1,2,3 (see [1, Theorem 3.9, p. 16])

F2,3,i(a; q) = Q2,3,i(a: q) (1.8)
where,
o anqn2+2n
Fo31(@ @) = Zn=o g an), @

2 2
anqn +n anqn

and, F2‘3‘3(a, q) = Xn-o (@

F = Y= (@63 (@GDn
2,3,2(a,q) Z”—O(aq; 4*)n(@:Dn

4 n+1(@Dn
Theorem 1.3: For i = 1,2,3,4 (see [1, Theorem 3.12, p. 17])

F2,4,i(a» q) = Q2,4,i(a, q) (1.9)

where,

2 2

n+r,n“+ 2n+2r<+2r

a

F2,4,1(a, q) = Xnz0 Zr=0 (@aqq 1

n+1(@GDn—2r@%9®)r
an+rqn2+ 2n+2r2+2r(1+aq2r+2)

F2,4,2 (a,q) = Ynz0 Xr20 (@q

38 n+1(@GDn—-2r(@%9?)r
q 2 2

ne+2re+2r
On(@Dn-2r(@%a%)r
qn2+2r2
Fo14(@ @) = Lnzo 2r20 (e o~ amny,
Theorem 1.3: For i = 1,2,3 (see [1, Theorem 3.14, p. 14])
F33i(a,q) = Q33:(a,q) (1.10)

aTl+T

Fya3 (a,q) = Xnz0 Zr20 (@qq

an+r

where,
(—1)ranqn2+ 3n+31(r=1)/2 (43,43 ) -y

gD 2n+2(@GDn-2rq3:0%)r
ron—-1 n2 437 =3) 3 3r_ . 3r
(-D"a q 2 (q9°)n-r(1+aq" —q°")

gD 20 (@ Dn-3ra3%q3)r
(_1)ranqn2 +3r(r—1)/2 (a;q3)n—r

(gD 2n-1(G:Dn-3r(q3:0%)r

F3,3'1(a, q) = Xnz0 Xr=0

F3,3,2 (a,q) = Xnz0 Xr20

F3,3,3 (a,q) = Ynz0 Xr20

2. In this section, we derive some transformations related to the basic hyper geometric series by
using (1.7)-(1.10).:
Setting i = 1 and g = q%/2, ¢3/? successively in (1.7), it gives

sn? 3n
ZOO anq(3n2+3n)/4 _ 1 Z (—1)na2”qT+T(1—aq(zn“))(aQ;Q)n (2 1)
=0 (aq1/2,q) 41 (q1/2:q1/2)y, ~ (aql/Z;q1/2)e <120 (@Dn '
2 1512 9n
ZOO anq(‘)n +9n)/4 _ 1 Z (_1)na2an+7(1_aq6n+3)(aq3;q3)n (2 2)
=0 (aq3/2,0%)n+1(a3/%:0%/ 20 (aq3/2,q3/2)e <120 @%0%)n '
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1 3
Fori = 2 and g = gz, g2 successively in (1.7), it yields

3 1 5n2 n
o aannZ_Zn : 1 (—1)”a2”qT+7(1—a2q(4n+2))(aq;q)n 2 3
Zn:o T 1 11 2in=0 @D (2.3)
(@qV%;,9)n+1(4%:92)n (292420 e
1512 3n
- anq(9n2—3n/4 1 (_1)na2an+7(1_a2q12n+6)(aq3;q3)n
Z’n:O 3/2.43 3/2.43/2 = 3/2.43/2 Zn>0 3.43 (24)
(@q3%,03)n+1(@%/%4%3/2)n  (aq3/2;q3/2) e < (@3%a3)n
1 3
Setting i = 1 and g = g2, qz successively in (1.8), it gives
ZOO anq(n2+2n)/2 _ 1 2 (—1)na3nq(7n2+5n)/2(1_aq(2n+1))(aq.'q)n (2 5)
=0 (aq1/2;q)n+1(@Y2%q2)n  (aql/2;q/2)e <120 (@GDn '
ZOO anq(3n2+6n)/2 _ 1 Z (_1)na3nq(21n2+15n)/2(1_aq(6n+3))(aq3:qs)n (2 6)
=0 (aq3/2,03)n+1(a%/%:03/ 20 (aq3/2;,q3/2)ee 120 (@%a%)n '
1 3
Setting i = 2 and g = gz, gz successively in (1.8), it gives
ZOO anq(n2+ n)/2 _ 1 Z (_1)na3nq(7n2+3n)/2(1_a2q(4n+2))(aq;q)n (2 7)
=0 (aq/2;q)n+1(@Y%q12),  (aql/2;qt/2)e <120 (@GDn '
Zm anq(3n2+3n)/2 _ 1 Z (_1)na3nq(21n2+9n)/2 (1_a2q(12n+6))(aq3;q3)n (2 8)
=0 (aq3/2;0%)n41(a3/%:0%/ 20 (aq3/2;q3/2)e =120 (a%a%)n '
1 3
Setting i = 3 and g = gz, q2 successively in (1.8), it gives
2
n
ZOO atqz _ 1 Z (_1)na3nq(7n2+n)/2(1_a3q(6n+3))(aq;q)n (2 9)
n=0 (aq1/2;,q),(q¥/2%;qY/2)y, ~ (aql/2;q1/2)e <120 (@GDn '
3n?2
Zoo atq 2~ _ 1 Z (—1)na3nq(21n2+3n)/2(1—a3q(18n+9))(aq3;q3)n (2 10)
=0 (aq3/2;43),(q3/%q3/2)n ~ (aq3/2;,q3/2) 0 <120 @%a%)n '

3. Main results:
Rogers-Ramanujan Type Identities Modulo 5:
Setting a = 1, g successively in the transformation (2.1) and then using (1.1), the following identities of
Rogers-Ramanujan Type can be obtained,
(3n2+3n)/4 5n243n
@754 X0y = So(-1"g F (1 qCm)

Dn+1(@Y%,91/2),
sn2+3n

= Xn=-(=D"q 2

= n:;;oﬁ, where n £0,1,4 (mod 5) (3.1)
and
1 1 o q(3n2+7n+4)/4- - sn?-n - snZ+7n
(qz;qz)ooznzo 1 1 =Zn=—oo(_1)nq 2 +q2n=—oo(_1)nq 2
(@Y%a)n+2(4%:92)n
oo 1 0 1
=Iln=0 == * q Iz —=
(3.2)

where n #0,2,3 (mod 5) and n #0,1,4 (mod 5) respectively.
The transformation (2.3) for a = 1, q yields,

1/2. 172 o q(3n2—n)/4 e n snZ+n
(@587 )eo Lm0 @Y%0)n41@"%a*)n “on=-eo(=1)"q
=[ =0 #, where n #0,2,3 (mod 5) (3.3)
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and
1/2. 1/2 o q3n?+3n)/4 o 1
@"%9" ) o Y=o @ 1+ [0 o where n #0,1,4 (mod 5) (3.4)

Rogers-Ramanujan Type Identities Modulo 7:
The transformation (2.5) for a = 1, q yields

1/2. 1/2 o q(n2+2n)/2 o n 7n24+5n
(@754 )e z:"=0(611/2:q)n+1(ql/2;ql/2)n = 2n=—o(=D)"q
=n;;°=0$, where n #0,1,6(mod7) (3.5)

and

1/2. 172 o q(n2+4n+2)/2 5 oo n 7n?+11n w n 7n2+n
(@5 q )ooznzo(ql/Z:Q)n+2(q1/2;q1/2)n =q" Yn=-(—D"q 2 Xl o(—1)"q :z

9] 1 0 1
= Hn:O 1_qn+ CI2 Hn:O 1_qn (36)

where n #0,3,4 (mod 7) and n #0,2,5 (mod 7) respectively.
The transformation (2.7) for a = 1, q yields

1/2. 1/2 o g+ /2 _ Yoo p IR
(@75 47 )e Zm=o @Y%n+1(@2q2)y Ln=—eo(=1)"q 2
:n:;;(,#, where n £0,2,(mod?) (3.7)
1/2. 1/2 o q(n2+ 3n+2)/2 o n 7n%+3n - n 7n2+9n
(q y q )oo Zn=0 (ql/z:q)n+z(q1/2;q1/2)n = Zn=—oo(_1) q 2 + q Zn=—oo(_1) q =2
o 1 e 1
= Hn:o m + q l_[n=0 1-qn (38)

where n #0,3,4 (mod 7) and n #0,1,6 (mod 7) respectively.

The transformation (2.9) for a = 1, q yields

2

w nT - 7n%+n w 1
(qY?; YD) 32, (ql/Z:Q)n(qu/z;ql/z)n =¥ _o(-D"q =z =[12, ™ #0,3,4 (mod 7) (3.9)
11 q(n2+2n)/2 771.2—+5n
(929 0 Xm0 — —— =14+ Yo _o(—1D"q =z ,n #0,1,6(mod 7) (3.10)

@z;0)n+1(a2:92)n

Rogers-Ramanujan Type Identities Modulo 15:
The transformation (2.2) for a = 1, ¢3 yields,

(3/2. 3/2 0 gom?+m)/4 v i 15n2+9n
R )°°ano(q3/2:q3)n+1(q3/2;q3/2)n_Z"=—°°( ORCENE
=TT5-0 = Where n £0,3,12 (mod 15) (3.12)
and,
74 )wznzo(q3/ziq3)n+2(q3/2:q3/2)n Zn——oo( 1) q +q Zn——oo( 1) q
=Ml SR | (3.12)

where n #0,6,9 (mod 15) and n #0,3,12 (mod 15) respectively.
The transformation (2.4) for a = 1, ¢3 yields

q(9n2—3n)/4 151n2+3n

(q3/2; q3/2)00 Z:{LO (q3/2,q3)n+1(q3/2‘q3/2)n = Z;‘f:—oo(_l)nq 2
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= 170 7, Where n £0,6,9 (mod 15) (3.13)
and
q(9n2+3n)/4 15n2+9n

420323/, =1+ Z?i)=—00(_1)nq z

=1+ n;:;;oﬁ, where n £0,3,12 (mod 15)  (3.14)

(@%.8%) o0 Xm0 Tirm;

Rogers-Ramanujan Type Identities Modulo 21:
The transformation (2.6) for a = 1, g3 yields

3/2. 32 - q(3n2+6n)/2 o n 21n?+15n
(q ; q )OO Zn:o (q3/2;q3)n+1(q3/2;q3/2)n _Zn=_oo(_1) q 2
:r[;';oﬁ, where n £0,3,18 (mod 21) (3.15)
and

3/2. ,3/2 . q(3n2+12n+12)/2 o n 21n2-3n 6 oo . 21n2+330

(@%/%4% )0 it et o = B~ 2 @O T w(-Dg 2+
oo 1 e 1

= [Tn=o — + q°[In=o P (3.16)

Where n #0,9,12 (mod 21) and n #0,6,15(mod 21) respectively.
The transformation (2.8) for a = 1, g3 yields

3/2 3/2 0 q(3n2+3n)/2 v n 21n2+9n
(q 4 )oozn=0 (q3/2;q3)n+1(q3/2;q3/2)n _Zn=—oo(_1) q ’
=Moo 1= Where n %0,6,15(mod 21) (3.17)
3/2. ,3/2 o qn*+on+6)/2 w g mieem o , 2mitern
@¥%4%) o0 Enmo gy gy “one-o("D"q 7 +q° Epe_w(-D"q 2
oo 1 Ioe) 1
=Iln=0 == + q® =0 P (3.18)

where n #0,3,18 (mod 21) and n #0,1,6 (mod 21) respectively.
Finally, the transformation (2.10) for a = 1, g3 yields

(0% 47 T e = By (1) I /(1 — 159
N
=[Tr=o #, where n £0,9,12(mod 21) (3.19)
and
2 n? n
(@2 )0 T2, (q3/2;qq;;:ﬂ:?//iqg/z)n S 1+ 32 oD 2
=11, ﬁ where n £0,3,18 (mod21) (3.20)

Conclusion:

Some other identities may be found after being replaced a by with some other indexes. Also there is a
scope of obtaining more identities by incorporating some particular identities from the Slatter’s famous
list of 130 identities of Rogers-Ramanujan type.
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