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Abstract:  

In this paper, some identities of Rogers_Ramanujan Type related to modulo 5, 7, 15 and 21 is derived 

with the incorporation of generalized Bailey pairs and some standard results established by Andrew V. 
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Introduction:  

For |q|<1, the q-shifted factorial is defined by  

                                   (𝑎; 𝑞)0 = 1 

                                   (𝑎; 𝑞)𝑛 = ∏ (1 − 𝑎𝑞𝑘)𝑛−1
𝑘=0 , for n≥1 

                          and    (𝑎; 𝑞)∞ = ∏ (1 − 𝑎𝑞𝑘)∞
𝑘=1 .       

It follows that      (𝑎; 𝑞)𝑛 =
(𝑎;𝑞)∞

(𝑎𝑞𝑛;𝑞)∞
 

The multiple q-shifted factorial is defined by  

( ) ( ) ( ) ( )
nmn2n1nm21 q;a....q;aq;aq;a,....,a,a =  

      
( ) ( ) ( ) ( )


= q;a....q;aq;aq;a,....,a,a m21m21 . 

The Basic Hyper geometric Series is 
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The series rp1p ++  converges for all positive integers 𝑟 and for all 𝑥. For 𝑟 = 0 it converges only when 

|𝑥|<1. 

 

Jacobi’s Triple Product Identity:( see [5] 2.2.10 and 2.2.11)  

(𝑧𝑞
1

2, 𝑧−1𝑞
1

2, 𝑞: 𝑞)∞ = ∑ (−1)𝑛𝑧𝑛𝑞
𝑛2

2⁄∞
𝑛=−∞                        (1.1) 

And its corollary 

∑ (−1)𝑛𝑞
(2𝑘+1)

𝑛(𝑛+1)
2

−𝑖𝑛 =

∞

𝑛=−∞

∑ (−1)𝑛𝑞
(2𝑘+1)

𝑛(𝑛+1)
2

−𝑖𝑛(1 − 𝑞(2𝑛+1)𝑖)

∞

𝑛=−∞
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                               =∏ (1 − 𝑞(2𝑘+1)(𝑛+1))(1 − 𝑞(2𝑘+1)𝑛+𝑖)(1 − 𝑞(2𝑘+1)(𝑛+1)−𝑖)∞
𝑛=0       (1.2) 

Definition 1: A pair of sequences (𝛼𝑛(𝑎, 𝑞), 𝛽𝑛(𝑎, 𝑞)) is called a Bailey pair if for 𝑛 ≥ 0, 

                                 𝛽𝑛(𝑎, 𝑞) = ∑
𝛼𝑟(𝑎,𝑞)

(𝑞,𝑞)𝑛−𝑟(𝑎𝑞,𝑞)𝑛+𝑟

𝑛
𝑟=0            (1.3) 

In [4] and [5], Bailey proved the following result known as “Bailey Lemma”. 

Bailey’s Lemma: If (𝛼𝑟(𝑎, 𝑞), 𝛽𝑗(𝑎, 𝑞)) form a Bailey pair, then 

1

(
𝑎𝑞

𝜌1
;𝑞)𝑛(

𝑎𝑞

𝜌2
;𝑞)𝑛

∑
(𝜌1;𝑞)𝑗(𝜌2;𝑞)𝑗(

𝑎𝑞

𝜌1𝜌2
;𝑞)𝑛−𝑗

(𝑞;𝑞)𝑛−𝑗
(
𝑎𝑞

𝜌1𝜌2
)𝑗𝛽𝑗(𝑎; 𝑞)𝑗≥0   

=∑
(𝜌1;𝑞)𝑟(𝜌2;𝑞)𝑟

(
𝑎𝑞

𝜌1
;𝑞)𝑟(

𝑎𝑞

𝜌2
;𝑞)𝑟(𝑞;𝑞)𝑛−𝑟 (𝑎𝑞;𝑞)𝑛+𝑟

𝑛
𝑟=0 (

𝑎𝑞

𝜌1𝜌2
)𝑟𝛼𝑟(𝑎; 𝑞)        (1.4) 

Corollary: If (𝛼𝑚(𝑎, 𝑞), 𝛽𝑗(𝑎, 𝑞)) form a Bailey pair, then 

                ∑ 𝑎𝑗𝑞𝑗
2

𝑗≥0 𝛽𝑗(𝑎, 𝑞)=
1

(𝑎𝑞;𝑞)∞
∑ 𝑎𝑚𝑞𝑚

2∞
𝑚=0 𝛼𝑚(𝑎, 𝑞)         (1.5) 

In [4] and [5], Bailey considered several Bailey pairs which are special cases of a more general Bailey 

pair involving additional parameters 𝑑 and 𝑘. 

 

Parameterized Bailey pair: 

Let λ = −
3

2
𝑑2 + 𝑑𝑘 +

1

2
𝑑, ℎ =|

2 λ

𝑑
|, and 𝑡 = 𝑑 + ℎ + 2. 

Let 𝛼𝑑,𝑘,𝑚(𝑎, 𝑞) = {
(−1)𝑟𝑎(𝑘−𝑑)𝑟𝑞

(𝑑𝑘−𝑑2+
𝑑
2
)𝑟2−

𝑑
2
𝑟
(𝑎𝑞2𝑑;𝑞2𝑑)𝑟(𝑎;𝑞

𝑑)𝑟

(𝑎;𝑞2𝑑)𝑟(𝑞𝑑;𝑞𝑑)𝑟

0                 𝑖𝑓 𝑚 = 𝑑𝑟, 𝑎𝑛𝑑 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

and 

𝛽𝑑,𝑘,𝑚(𝑎, 𝑞) =

{
 
 

 
 
𝑙𝑖𝑚
𝑟→0

tt W1+ (𝑎;𝛾1,𝛾2,…,𝛾ℎ,𝜇1,𝜇2,…,𝜇𝑑;𝑞
𝑑;𝜏ℎ𝑎𝑘−𝑑𝑞𝑛𝑑)

(𝑎,𝑎𝑞;𝑞)𝑛
𝑖𝑓 𝜆 ≥ 0

𝑙𝑖𝑚
𝑟→0

tt W1+ (𝑎;𝛿1,𝛿2,…,𝛿ℎ,𝜇1,𝜇2,…,𝜇𝑑;𝑞
𝑑;
𝑎𝑘−𝑑𝑞𝑛𝑑

𝜏ℎ
)

(𝑎,𝑎𝑞;𝑞)𝑛
𝑖𝑓 𝜆 < 0

        (1.6) 

where 𝛾𝑗 =
𝑞
𝜆
ℎ⁄

𝜏
, 𝜇𝑗 = 𝑞

𝑑−𝑗−𝑛, 𝛿𝑗 = 𝜏𝑎𝑞
𝑑−𝜆 ℎ⁄ . 

ss W1+ (𝑎1; 𝑎4, 𝑎5, … , 𝑎𝑠+1;𝑞; 𝑧) = ss 1+ [
𝑎1, 𝑞𝑎1

1
2⁄ , −𝑞𝑎1

1
2⁄ , 𝑎4, … . , 𝑎𝑠+1; 𝑞, 𝑧

𝑎1
1
2⁄ , −𝑎1

1
2⁄ ,
𝑞𝑎1

𝑎4
, … ,

𝑞𝑎1

𝑎𝑠+1

], 

and, 

ss 1+ [
𝑎1, 𝑎2, … . , 𝑎𝑠+1; 𝑞, 𝑧

𝑏1, 𝑏2, … . , 𝑏𝑠
] =∑

(𝑎1,𝑎2,….,𝑎𝑠+1;𝑞)𝑟

(𝑞,𝑏1,𝑏2,….,𝑏𝑠;𝑞)𝑟

∞
𝑟=0 . 𝑧𝑟. 

Then 𝛼𝑑,𝑘,𝑚(𝑎, 𝑞) and 𝛽𝑑,𝑘,𝑚(𝑎, 𝑞) form a Bailey pair. 

Bailey considered the special cases 𝛼𝑑,𝑘,𝑚(𝑎, 𝑞) for (𝑑, 𝑘) = (1,2), (2,2), (2,3)𝑎𝑛𝑑 (3,4)  in [5]. Each 

of these four (𝑑, 𝑘) sets is particularly nice, as the resulting expression for 𝛼𝑑,𝑘,𝑚(𝑎, 𝑞) is summable by 

Jackson’s theorem [2,238, 𝑒𝑞𝑛(𝐼𝐼 − 20)]. Thus,  𝛽𝑑,𝑘,𝑚(𝑎, 𝑞)reduces to a finite product, and upon 

substituting it in (1.5) the left hand side of the resulting 𝑎 − 𝑅𝑅𝑇identity will be a single-fold sum. 

Definition:  For 𝑘 ≥ 1, and 1 ≤ 𝑖 ≤ 𝑘,  

  𝑄𝑑,𝑘,𝑖(𝑎) = 𝑄𝑑,𝑘,𝑖(𝑎, 𝑞) =
1

(𝑎𝑞;𝑞)∞
∑

(−1)𝑛𝑎𝑘𝑛𝑞
(𝑑𝑘+

𝑑
2
)𝑛2+(𝑘−𝑖+

1
2
)𝑑𝑛

(1−𝑎𝑖𝑞(2𝑛+1)𝑑𝑖)(𝑎𝑞𝑑;𝑞𝑑)𝑛

(𝑞𝑑;𝑞𝑑)𝑛
𝑛≥0  
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In [1], Andrew V. Sills has derived the following results with incorporation of the parameterized Bailey 

pairs and some 𝑞-difference equations as noted in [1]. 

Theorem 1.1: For  𝑖 = 1,2 (see [1, Theorem 3.6, p. 13]) 

                           𝐹2,2,𝑖(𝑎, 𝑞) = 𝑄2,2,𝑖(𝑎, 𝑞)           (1.7) 

𝑤ℎ𝑒𝑟𝑒, 

                   𝐹2,2,1(𝑎, 𝑞) = ∑
𝑎𝑛𝑞

3
2
𝑛2+

3
2
𝑛

(𝑎𝑞;𝑞2)𝑛+1(𝑞;𝑞)𝑛

∞
𝑛=0  

                                𝐹2,2,2(𝑎, 𝑞) = ∑
𝑎𝑛𝑞

3
2
𝑛2−

1
2
𝑛

(𝑎𝑞;𝑞2)𝑛(𝑞;𝑞)𝑛

∞
𝑛=0   

Theorem 1.2: For  𝑖 = 1,2,3 (see [1, Theorem 3.9, p. 16]) 

                           𝐹2,3,𝑖(𝑎, 𝑞) = 𝑄2,3,𝑖(𝑎, 𝑞)           (1.8) 

𝑤ℎ𝑒𝑟𝑒, 

            𝐹2,3,1(𝑎, 𝑞) = ∑
𝑎𝑛𝑞𝑛

2+2𝑛

(𝑎𝑞;𝑞2)𝑛+1(𝑞;𝑞)𝑛

∞
𝑛=0   

   𝐹2,3,2(𝑎, 𝑞) = ∑
𝑎𝑛𝑞𝑛

2+ 𝑛

(𝑎𝑞;𝑞2)𝑛+1(𝑞;𝑞)𝑛

∞
𝑛=0   𝑎𝑛𝑑, 𝐹2,3,3(𝑎, 𝑞) = ∑

𝑎𝑛𝑞𝑛
2

(𝑎𝑞;𝑞2)𝑛(𝑞;𝑞)𝑛

∞
𝑛=0  

Theorem 1.3: For  𝑖 = 1,2,3,4 (see [1, Theorem 3.12, p. 17]) 

                           𝐹2,4,𝑖(𝑎, 𝑞) = 𝑄2,4,𝑖(𝑎, 𝑞)               (1.9) 

𝑤ℎ𝑒𝑟𝑒, 

            𝐹2,4,1(𝑎, 𝑞) = ∑ ∑
𝑎𝑛+𝑟𝑞𝑛

2+ 2𝑛+2𝑟2+2𝑟

(𝑎𝑞;𝑞2)𝑛+1(𝑞;𝑞)𝑛−2𝑟(𝑞2;𝑞2)𝑟
𝑟≥0𝑛≥0   

    𝐹2,4,2(𝑎, 𝑞) = ∑ ∑
𝑎𝑛+𝑟𝑞𝑛

2+ 2𝑛+2𝑟2+2𝑟(1+𝑎𝑞2𝑟+2)

(𝑎𝑞;𝑞2)𝑛+1(𝑞;𝑞)𝑛−2𝑟(𝑞2;𝑞2)𝑟
𝑟≥0𝑛≥0    

    𝐹2,4,3(𝑎, 𝑞) = ∑ ∑
𝑎𝑛+𝑟𝑞𝑛

2+2𝑟2+2𝑟

(𝑎𝑞;𝑞2)𝑛(𝑞;𝑞)𝑛−2𝑟(𝑞2;𝑞2)𝑟
𝑟≥0𝑛≥0     

   𝐹2,4,4(𝑎, 𝑞) = ∑ ∑
𝑎𝑛+𝑟𝑞𝑛

2+2𝑟2

(𝑎𝑞;𝑞2)𝑛(𝑞;𝑞)𝑛−2𝑟(𝑞2;𝑞2)𝑟
𝑟≥0𝑛≥0    

Theorem 1.3: For  𝑖 = 1,2,3 (see [1, Theorem 3.14, p. 14]) 

                           𝐹3,3,𝑖(𝑎, 𝑞) = 𝑄3,3,𝑖(𝑎, 𝑞)             (1.10) 

𝑤ℎ𝑒𝑟𝑒, 

            𝐹3,3,1(𝑎, 𝑞) = ∑ ∑
(−1)𝑟𝑎𝑛𝑞𝑛

2+ 3𝑛+3𝑟(𝑟−1)/2(𝑎𝑞3;𝑞3)𝑛−𝑟

(𝑎𝑞;𝑞)2𝑛+2(𝑞;𝑞)𝑛−2𝑟(𝑞3;𝑞3)𝑟
𝑟≥0𝑛≥0   

                𝐹3,3,2(𝑎, 𝑞) = ∑ ∑
(−1)𝑟𝑎𝑛−1𝑞

𝑛2+
3𝑟(𝑟−3)

2 (𝑎;𝑞3)𝑛−𝑟(1+𝑎𝑞
3𝑟−𝑞3𝑟)

(𝑎𝑞;𝑞)2𝑛(𝑞;𝑞)𝑛−3𝑟(𝑞3;𝑞3)𝑟
𝑟≥0𝑛≥0   

                 𝐹3,3,3(𝑎, 𝑞) = ∑ ∑
(−1)𝑟𝑎𝑛𝑞𝑛

2+3𝑟(𝑟−1)/2(𝑎;𝑞3)𝑛−𝑟

(𝑎𝑞;𝑞)2𝑛−1(𝑞;𝑞)𝑛−3𝑟(𝑞3;𝑞3)𝑟
𝑟≥0𝑛≥0   

 

2. In this section, we derive some transformations related to the basic hyper geometric series by 

using (1.7)-(1.10).: 

Setting 𝑖 = 1 and 𝑞 = 𝑞1/2, 𝑞3/2 successively in (1.7), it gives 

∑
𝑎𝑛𝑞(3𝑛

2+3𝑛)/4

(𝑎𝑞1/2;𝑞)𝑛+1(𝒒𝟏/𝟐;𝒒𝟏/𝟐)𝑛

∞
𝑛=0  = 

1

(𝑎𝒒𝟏/𝟐;𝒒𝟏/𝟐)∞
∑

(−1)𝑛𝑎2𝑛𝑞
5𝑛2

2
+
3𝑛
2 (1−𝑎𝑞(2𝑛+1))(𝑎𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛
𝑛≥0        (2.1) 

∑
𝑎𝑛𝑞(9𝑛

2+9𝑛)/4

(𝑎𝑞3/2;𝑞3)𝑛+1(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  = 

1

(𝑎𝑞3/2;𝑞3/2)∞
∑

(−1)𝑛𝑎2𝑛𝑞
15𝑛2

2
+
9𝑛
2 (1−𝑎𝑞6𝑛+3)(𝑎𝑞3;𝑞3)𝑛

(𝑞3;𝑞3)𝑛
𝑛≥0       (2.2) 
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For 𝑖 = 2 and 𝑞 = 𝑞
1

2, 𝑞
3

2 successively in (1.7), it yields 

∑
𝑎𝑛𝑞

3
4
𝑛2−

1
4
𝑛

(𝑎𝑞1/2;𝑞)𝑛+1(𝒒
𝟏
𝟐;𝒒

𝟏
𝟐)𝑛

∞
𝑛=0  = 

1

(𝑎𝒒
𝟏
𝟐;𝒒

𝟏
𝟐)∞

∑
(−1)𝑛𝑎2𝑛𝑞

5𝑛2

2
+
𝑛
2(1−𝑎2𝑞(4𝑛+2))(𝑎𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛
𝑛≥0        (2.3) 

∑
𝑎𝑛𝑞(9𝑛

2−3𝑛/4

(𝑎𝑞3/2;𝑞3)𝑛+1(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  = 

1

(𝑎𝑞3/2;𝑞3/2)∞
∑

(−1)𝑛𝑎2𝑛𝑞
15𝑛2

2
+
3𝑛
2 (1−𝑎2𝑞12𝑛+6)(𝑎𝑞3;𝑞3)𝑛

(𝑞3;𝑞3)𝑛
𝑛≥0       (2.4) 

 

 Setting 𝑖 = 1 and 𝑞 = 𝑞
1

2, 𝑞
3

2 successively in (1.8), it gives  

    ∑
𝑎𝑛𝑞(𝑛

2+2𝑛)/2

(𝑎𝑞1/2;𝑞)𝑛+1(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0  = 

1

(𝑎𝑞1/2;𝑞1/2)∞
∑

(−1)𝑛𝑎3𝑛𝑞(7𝑛
2+5𝑛)/2(1−𝑎𝑞(2𝑛+1))(𝑎𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛
𝑛≥0              (2.5) 

    ∑
𝑎𝑛𝑞(3𝑛

2+6𝑛)/2

(𝑎𝑞3/2;𝑞3)𝑛+1(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  = 

1

(𝑎𝑞3/2;𝑞3/2)∞
∑

(−1)𝑛𝑎3𝑛𝑞(21𝑛
2+15𝑛)/2(1−𝑎𝑞(6𝑛+3))(𝑎𝑞3;𝑞3)𝑛

(𝑞3;𝑞3)𝑛
𝑛≥0      (2.6) 

Setting 𝑖 = 2 and 𝑞 = 𝑞
1

2, 𝑞
3

2 successively in (1.8), it gives 

    ∑
𝑎𝑛𝑞(𝑛

2+ 𝑛)/2

(𝑎𝑞1/2;𝑞)𝑛+1(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0  = 

1

(𝑎𝑞1/2;𝑞1/2)∞
∑

(−1)𝑛𝑎3𝑛𝑞(7𝑛
2+3𝑛)/2(1−𝑎2𝑞(4𝑛+2))(𝑎𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛
𝑛≥0      (2.7) 

    ∑
𝑎𝑛𝑞(3𝑛

2+3𝑛)/2

(𝑎𝑞3/2;𝑞3)𝑛+1(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  = 

1

(𝑎𝑞3/2;𝑞3/2)∞
∑

(−1)𝑛𝑎3𝑛𝑞(21𝑛
2+9𝑛)/2(1−𝑎2𝑞(12𝑛+6))(𝑎𝑞3;𝑞3)𝑛

(𝑞3;𝑞3)𝑛
𝑛≥0        (2.8) 

Setting 𝑖 = 3 and 𝑞 = 𝑞
1

2, 𝑞
3

2 successively in (1.8), it gives   

∑
𝑎𝑛𝑞

𝑛2

2

(𝑎𝑞1/2;𝑞)𝑛(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0  = 

1

(𝑎𝑞1/2;𝑞1/2)∞
∑

(−1)𝑛𝑎3𝑛𝑞(7𝑛
2+𝑛)/2(1−𝑎3𝑞(6𝑛+3))(𝑎𝑞;𝑞)𝑛

(𝑞;𝑞)𝑛
𝑛≥0       (2.9) 

∑
𝑎𝑛𝑞

3𝑛2

2

(𝑎𝑞3/2;𝑞3)𝑛(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  =

1

(𝑎𝑞3/2;𝑞3/2)∞
∑

(−1)𝑛𝑎3𝑛𝑞(21𝑛
2+3𝑛)/2(1−𝑎3𝑞(18𝑛+9))(𝑎𝑞3;𝑞3)𝑛

(𝑞3;𝑞3)𝑛
𝑛≥0               (2.10)                    

 

3. Main results: 

Rogers-Ramanujan Type Identities Modulo 5: 

Setting 𝑎 = 1, 𝑞 successively in the transformation (2.1) and then using (1.1), the following identities of 

Rogers-Ramanujan Type can be obtained, 

 (𝑞1/2; 𝑞1/2)∞∑
𝑞(3𝑛

2+3𝑛)/4

(𝑞1/2;𝑞)𝑛+1(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0  = ∑ (−1)𝑛𝑞

5𝑛2+3𝑛

2 (1 − 𝑞(2𝑛+1))∞
𝑛=0  

                                                 = ∑ (−1)𝑛𝑞
5𝑛2+3𝑛

2∞
𝑛=−∞  

                                                 = ∏
1

1−𝑞𝑛
∞
𝑛=0 , where 𝑛 ≢0,1,4 (mod 5)         (3.1) 

and 

 (𝒒
𝟏

𝟐; 𝒒
𝟏

𝟐)∞∑
𝑞(3𝑛

2+7𝑛+4)/4

(𝑞1/2;𝑞)𝑛+2(𝒒
𝟏
𝟐;𝒒

𝟏
𝟐)𝑛

 ∞
𝑛=0 =∑ (−1)𝑛𝑞

5𝑛2−𝑛

2∞
𝑛=−∞ + 𝑞 ∑ (−1)𝑛𝑞

5𝑛2+7𝑛

2∞
𝑛=−∞  

                     = ∏   
1

1−𝑞𝑛
∞
𝑛=0                    +         𝑞  ∏    

1

1−𝑞𝑛
∞
𝑛=0           

(3.2) 

                                                     where 𝑛 ≢0,2,3 (mod 5)   and     𝑛 ≢0,1,4 (mod 5)  respectively. 

The transformation (2.3) for 𝑎 = 1, 𝑞 yields, 

(𝑞1/2; 𝑞1/2)∞∑
𝑞(3𝑛

2−𝑛)/4

(𝑞1/2;𝑞)𝑛+1(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0  =∑ (−1)𝑛𝑞

5𝑛2+𝑛

2∞
𝑛=−∞                     

                                                           =∏   
1

1−𝑞𝑛
∞
𝑛=0 , where 𝑛 ≢0,2,3 (mod 5)         (3.3) 
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and 

 (𝑞1/2; 𝑞1/2)∞∑
𝑞(3𝑛

2+3𝑛)/4

(𝑞1/2;𝑞)𝑛+2(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0   = 1 + ∏

1

1−𝑞𝑛
∞
𝑛=0 , where 𝑛 ≢0,1,4 (mod 5)                     (3.4)     

Rogers-Ramanujan Type Identities Modulo 7: 

The transformation (2.5) for 𝑎 = 1, 𝑞 yields 

    (𝑞1/2; 𝑞1/2)∞  ∑
𝑞(𝑛

2+2𝑛)/2

(𝑞1/2;𝑞)𝑛+1(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0   = ∑ (−1)𝑛𝑞

7𝑛2+5𝑛

2∞
𝑛=−∞  

                                             =∏
1

1−𝑞𝑛
∞
𝑛=0 , where  𝑛 ≢0,1,6(mod7)                                             (3.5) 

and 

(𝑞1/2; 𝑞1/2)∞∑
𝑞(𝑛

2+4𝑛+2)/2

(𝑞1/2;𝑞)𝑛+2(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0  =𝑞2 ∑ (−1)𝑛𝑞

7𝑛2+11𝑛

2∞
𝑛=−∞ + ∑ (−1)𝑛𝑞

7𝑛2+𝑛

2∞
𝑛=−∞  

=   ∏    
1

1−𝑞𝑛
∞
𝑛=0 +       𝑞2∏   

1

1−𝑞𝑛
∞
𝑛=0                                     (3.6) 

                                                    where 𝑛 ≢0,3,4 (mod 7) and 𝑛 ≢0,2,5 (mod 7) respectively. 

The transformation (2.7) for 𝑎 = 1, 𝑞 yields 

       (𝑞1/2; 𝑞1/2)∞∑
𝑞(𝑛

2+ 𝑛)/2

(𝑞1/2;𝑞)𝑛+1(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0   = ∑ (−1)𝑛𝑞

7𝑛2+3𝑛

2∞
𝑛=−∞  

                                                                  =∏
1

1−𝑞𝑛
∞
𝑛=0 , where  𝑛 ≢0,2,(mod7)                         (3.7)  

(𝑞1/2; 𝑞1/2)∞∑
𝑞(𝑛

2+ 3𝑛+2)/2

(𝑞1/2;𝑞)𝑛+2(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0  = ∑ (−1)𝑛𝑞

7𝑛2+3𝑛

2∞
𝑛=−∞ + 𝑞 ∑ (−1)𝑛𝑞

7𝑛2+9𝑛

2∞
𝑛=−∞  

                                                           =  ∏    
1

1−𝑞𝑛
∞
𝑛=0             +                 𝑞  ∏   

1

1−𝑞𝑛
∞
𝑛=0                     (3.8) 

                                                        where 𝑛 ≢0,3,4 (mod 7) and   𝑛 ≢0,1,6 (mod 7)  respectively. 

 

The transformation (2.9) for 𝑎 = 1, 𝑞 yields 

(𝑞1/2; 𝑞1/2)∞∑
𝑞
𝑛2

2

(𝑞1/2;𝑞)𝑛(𝑞1/2;𝑞1/2)𝑛

∞
𝑛=0  = ∑ (−1)𝑛𝑞

7𝑛2+𝑛

2∞
𝑛=−∞ =∏    

1

1−𝑞𝑛
∞
𝑛=0 , 𝑛 ≢0,3,4 (mod 7)  (3.9) 

 (𝑞
1

2; 𝑞
1

2)∞∑
𝑞(𝑛

2+2𝑛)/2

(𝑞
1
2;𝑞)𝑛+1(𝑞

1
2;𝑞

1
2)𝑛

∞
𝑛=0  =1 + ∑ (−1)𝑛𝑞

7𝑛2+5𝑛

2∞
𝑛=−∞ ,𝑛 ≢0,1,6(mod 7)                            (3.10) 

 

Rogers-Ramanujan Type Identities Modulo 15: 

The transformation (2.2) for 𝑎 = 1, 𝑞3 yields, 

(𝑞3/2; 𝑞3/2)∞∑
𝑞9(𝑛

2+𝑛)/4

(𝑞3/2;𝑞3)𝑛+1(𝑞3/2;𝑞3/2)𝑛
 ∞

𝑛=0  = ∑ (−1)𝑛𝑞
15𝑛2+9𝑛

2∞
𝑛=−∞  

             =∏
1

1−𝑞𝑛
∞
𝑛=0 , where 𝑛 ≢0,3 ,12 (mod 15)      (3.11) 

and,  

→ (𝑞3/2; 𝑞3/2)∞∑
𝑞(9𝑛

2+21𝑛+12)/4

(𝑞3/2;𝑞3)𝑛+2(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0 = ∑ (−1)𝑛𝑞

15𝑛2+3𝑛

2∞
𝑛=−∞ + 𝑞3∑ (−1)𝑛𝑞

15𝑛2+21𝑛

2∞
𝑛=−∞  

        = ∏   
1

1−𝑞𝑛
∞
𝑛=0                    +         𝑞3   ∏    

1

1−𝑞𝑛
∞
𝑛=0             (3.12) 

                                                    where 𝑛 ≢0,6,9 (mod 15)   and    𝑛 ≢0,3,12 (mod 15)  respectively. 

The transformation (2.4) for 𝑎 = 1, 𝑞3 yields 

 (𝑞3/2; 𝑞3/2)∞∑
𝑞(9𝑛

2−3𝑛)/4

(𝑞3/2;𝑞3)𝑛+1(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  = ∑ (−1)𝑛𝑞

15𝑛2+3𝑛

2∞
𝑛=−∞  
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                 = ∏
1

1−𝑞𝑛
∞
𝑛=0 , where 𝑛 ≢0,6,9 (mod 15)     (3.13) 

and 

(𝑞3/2; 𝑞3/2)∞∑
𝑞(9𝑛

2+3𝑛)/4

(𝑞3/2;𝑞3)𝑛+2(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  =  1 + ∑ (−1)𝑛𝑞

15𝑛2+9𝑛

2∞
𝑛=−∞  

          = 1 + ∏
1

1−𝑞𝑛
∞
𝑛=0 , where 𝑛 ≢0,3,12 (mod 15)    (3.14)   

 

Rogers-Ramanujan Type Identities Modulo 21: 

The transformation (2.6) for 𝑎 = 1, 𝑞3 yields 

    (𝑞3/2; 𝑞3/2)∞∑
𝑞(3𝑛

2+6𝑛)/2

(𝑞3/2;𝑞3)𝑛+1(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  =∑ (−1)𝑛𝑞

21𝑛2+15𝑛

2∞
𝑛=−∞  

                                                                  =∏
1

1−𝑞𝑛
∞
𝑛=0 , where 𝑛 ≢0,3,18 (mod 21)                 (3.15) 

and                                  

       (𝑞3/2; 𝑞3/2)∞∑
𝑞(3𝑛

2+12𝑛+12)/2

(𝑞3/2;𝑞3)𝑛+2(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  = ∑ (−1)𝑛𝑞

21𝑛2−3𝑛

2∞
𝑛=−∞ + 𝑞6∑ (−1)𝑛𝑞

21𝑛2+33𝑛

2∞
𝑛=−∞ + 

                                                                     =  ∏    
1

1−𝑞𝑛
∞
𝑛=0         +   𝑞6∏   

1

1−𝑞𝑛
∞
𝑛=0                         (3.16) 

                                                    Where 𝑛 ≢0,9,12 (mod 21)  and 𝑛 ≢0,6,15(mod 21) respectively. 

The transformation (2.8) for 𝑎 = 1, 𝑞3 yields 

    (𝑞3/2; 𝑞3/2)∞∑
𝑞(3𝑛

2+3𝑛)/2

(𝑞3/2;𝑞3)𝑛+1(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0   =∑ (−1)𝑛𝑞

21𝑛2+9𝑛

2∞
𝑛=−∞      

              =∏    
1

1−𝑞𝑛
∞
𝑛=0 , where 𝑛 ≢0,6,15(mod 21)            (3.17) 

(𝑞3/2; 𝑞3/2)∞ ∑
𝑞(3𝑛

2+9𝑛+6)/2

(𝑞3/2;𝑞3)𝑛+2(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  =∑ (−1)𝑛𝑞

21𝑛2+9𝑛

2∞
𝑛=−∞ +𝑞3∑ (−1)𝑛𝑞

21𝑛2+27𝑛

2∞
𝑛=−∞  

                                                                =  ∏    
1

1−𝑞𝑛
∞
𝑛=0          +           𝑞3∏   

1

1−𝑞𝑛
∞
𝑛=0                       (3.18) 

                                                    where 𝑛 ≢0,3,18 (mod 21) and   𝑛 ≢0,1,6 (mod 21)  respectively. 

Finally, the transformation (2.10) for 𝑎 = 1, 𝑞3 yields 

(𝑞3/2; 𝑞3/2)∑
𝑞(3𝑛

2+2𝑛)/2

(𝑞3/2;𝑞3)𝑛(𝑞3/2;𝑞3/2)𝑛

∞
𝑛=0  = ∑ (−1)𝑛𝑞(21𝑛

2+3𝑛)/2(1 − 𝑞(18𝑛+9)∞
𝑛=0 ) 

                                                             = ∑ (−1)𝑛𝑞
21𝑛2+3𝑛

2∞
𝑛=−∞  

            =∏    
1

1−𝑞𝑛
∞
𝑛=0 , where 𝑛 ≢0,9,12(mod 21)                         (3.19) 

and 

 (q3/2; q3/2)∞∑
q(3n

2+6n)/2

(q3/2;q3)n+1(q3/2;q3/2)n

∞
n=0   = 1 + ∑ (−1)nq

21n2+15n

2∞
n=−∞  

                                                                   =∏    
1

1−qn
∞
n=0 , where n ≢0,3,18 (mod21)             (3.20) 

 

Conclusion:  

Some other identities may be found after being replaced  𝑎 by with some other indexes. Also there is a 

scope of obtaining more identities by incorporating some particular identities from the Slatter’s famous 

list of 130 identities of Rogers-Ramanujan type.  
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