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ABSTRACT

For the polynomial P(z) =XiL, ajzj ,aj >aj-1,a0 >0,j =1,2,...,n,ar > 0, a classical result of
Enestrom and Kakeya says that all the zeros of P (z) lie in|z| < 1. In the literature [1-12], there exist
several extensions and generalizations of this result. Recently N.A.Rather and M.A.Shah [12]
generalized it by further relaxing the condition on the coefficients. In this paper, we prove some more
extensions and generalizations of the above results and hence of Enestrom and Kakeya theorem.

Subject classification: 30C10, 30C15.
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Introduction

If P(2) =Xt ajzj is a polynomial of degree n, then Enestrom and Kakeya [10,11] proved the
following intresting result regarding the location of zeros of a polynomial with restricted coefficients.
Theorem A: Let P(Z) :Zjnzo aij be a polynomial of degree n such that

An=aAn—1=.ccoeennn.. >a1>ap>0

then P(z) has all its zeros in |z| < 1.

For example: The Polynomial 4z* + 322 + z + 1 has all zeros in |z| < 1.

In the literature [1-12], there exist several extensions and generalizations of this theorem. Joyal et al
[9] extended Theorem A to the polynomials whose coefficients are monotonic but not necessarily non-
negative. Infact they proved the following result.

Theorem B: Let P(z) =X, ajzj be a polynomial of degree n such that

Then P (z) has all its zeros in the disk
2l < 5 (an] = a0+ [aol).

Govil and Rahman [8] extended the result to the class of polynomials with complex coefficients
by proving the following result.

Theorem C: Let P(z) =}iL, ajzi be a polynomial of degree n with complex coefficients such that
for some real B,
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jarg o ~pl<a< 7 ,0<j=n.

and

|an| > |an-1] > ... > [a1] > [ao.

Then P (z) has all its zeros in the disk

. 2sina -
|z| < (sina + cosa) + ™~ Y layl.

Aziz and Zargar [2] relaxed the hypothesis of Theorem A and proved the following extension of
Theorem A.

Theorem D: Let P(z) =X;., a]-zj be a polynomial of degree n such that for some k >1,
Kan=>ap-1=>...2a1>a >0.

Then P (2) has all its zeros in |z + k —1|<k.

Recently N.A.Rather and M.A.Shah [12] obtained some generalization of the above results by proving
the following

Theorem E: Let P(z) =XiL, ajzi be a polynomial of degree n with complex coefficients. For j

=0,1,..,n, let Regj=a; and Ima; = Bj. If for some reals t , s and for some A €{1, 2, ..., n —
1},

t+ton<on1=..<on=Zon-1=..=Z01=>00—S

and

Bn=Pn-1>...2P1>Po >0,

then all the zeros of P (z) lie in the union of disks |z| <1 and

2+ 1S {2 (an+ ) - oo+ 25+ aol + B }

In this paper, we provide some more generalizations of the Enestrom and Kakeya theorem and of the
above results. In this direction, we first prove the following.

Theorem 1. Let P(z) =}, ajzi be a polynomial of degree n with complex coefficients. For j =
0,1,...,n, let Reaj=aj and Imaj = B;. If for some positive t and for some A, pe{l,2,...,n—
l}and A > [

t+on=zon-1=...20m <01 <..<0p=0u-1=..=>01=00

and

Bn>Pn-1=>...2P1>Po>0

then all the zeros P (z) lie in the union of disks |z|<1 and

|Z+ il < L{ ax-t—Zax+2ap-a0+| 0L0|+Bn}
anp |an||

Remark: Takingt = (k—1)an, k> 1, in theorem 1, we obtain the following result

Corollary 1. Let P(z) =X, ajzj be a polynomial of degree n with complex coefficients. For |
=0,1,...,n, letReaj=aj and Ima; = Bj. If for some k >1 and forsome A,p€l, 2, .., n -1
and A >
konZon-1>..Z2om<o-1 <..<0u=>0u-1>...>201=>00
and
Br=>Pn-1=>...2P1=>Po>0
then all the zeros P(z) lie in the union of disks |z|<1 and

iz +? 1-K) | < ﬁ{z%'z‘“* Katn - a0 +| o] + Bn }
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If ao > 0, then we get the following result.

Corollary 2. Corollary 2. Let P(2) =}, a]-zj be a polynomial of degree n with complex
coefficients. For j =0,1,...,n, let Reaj=a; and Imaj = Bj. If for some positive t and for

someA, ME{1,23......... n-1}and A > [
ttoan=on-1=...Z20<oh-1 <... <0 =0p-1=... =01 =00
and

Br=>Pn-1=>...2P1=>Po>0
then all the zeros P (z) lie in the union of disks |z|<1 and
t
|Z +—
an
Instead of proving Theorem 1. We prove the following more general result.

Theorem 2. Let P(2) :Z}LO ajzj be a polynomial of degree n with complex coefficients. For j =
0,1,..,n, let Reaj=a; and Ima; = B;. If for some positive t, s and for some A, 1 €

1
< —{ay + t—2a, + 2, + By}
lan|

{123......... n-1} and A > [
tton=on-1=...Z2om<o-1 <... <0 =0p-1 =... =01 =00
and

Bn=>Pn-1=>...2P1>Po>0

then all the zeros of P (z) lie in the union of disks |z| <1 and
t 1
|Z+— nl{an+t—2a;\+2au—ao+25+Iao|+[3n}

<L —
apl ~ |a

For s = 0, Theorem 2 reduces to Theorem 1.
For t = 0, Theorem 2 reduces to the following result.
Corollary 3. Let P(z) =X=, ajzi be a polynomial of degree n with complex coefficients. For j =

0,1,...,n, letReaj=0j and Imaj = B;. If for some real s and for some A, € {1,2,3......... n-1}
and A >

On=0n-1=...200S00-1 =...<0p =0p-1=... 201 =00-S

and

Bn>Pn-1=>...2P1>Po>0

then all the zeros of P (z) lie in the union of disks |z| <1 and

1
|z] < m{an—ZQ;\ + 2ay, — oo + |ae| + Bp}
n

Finally, we present the following result for the polynomials with real coefficients.

Theorem 2. Let P(z) =X, a]-zj be a polynomial of degree n. If for some positive numbers t, s and
>

t+an>ap 1 > 2 <1 <..<aqu=a-1=>...>a1=>a—-Ss=0

then all the zeros of P (z) lie in the closed disk
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t 1
z+—| < —{ay + t—2a, + 20, + 25}
anl ~ |anl

Proof of Theorem 2. Consider the polynomial .
|F(z)| = (1 = 2)P(2)
=(1—-2)(@nz"+a, 12" + ... + a1z + ao)
= —anz" +{(ayp —apn-1)z" + (@p_1 —ap_2)z" 14+ (az —ay)z? + (a; —
apg)z+ ag}
=—Z"(anz +t)+ {(apt+t—a,_1)z"+ (ap_1 —ap_)z"" 1 +---+ (a; —ag+s)z—
sz+ o} + i {(Bn — Bn-1)Z" + (Bn-1 — Bn-2)z""' + -+ (B1 — Bo)z+ Bo }
This gives
[F(z)| = [z|" [apz + t]
—{lon + t =g 12" + lotn—1 = an_p 2" + - + |aggg — ][z
+ oy — oozt + lagog — a2 + o Joger — o [lz1" + o, — oy | Iz
+ |0‘u—1 - O(;1—2||Z|“_1 + -+ oy = (g — s)llz] + slz|lag| + [Bn — Bn-1llz|"
+ IBno1 — Bn—zl lzI"™* + -+ [B1 — Bollzl + |Bo|}

— n _ _ |an_1—Cn_2| | lox+1—al lop—o—4| loy—1—ar—2l |
= 12" {lanz +t = log + t— | + ool Bl dos LA et

lopra—ay| | Jop—apa| | Jop-1—oug| oy = (ag=9)| s |t
|z|n—k-1 + |z|n—n + |z|n—n+1 +-t+ |z|n—1 + |z|n—1 + W + IBn - Bn—ll +
IBn—1—Bn-2l , _, IB1i—Bol @}
|z] ot [z|n-1 [z|™
Now let |z| > 1, so that |z|1n—1' < 1,0 <j < n,then we have
|F(2)| = |z|" {|anZ +t|l— laptt—ap_q|l+ lap-1 —anol + -+ |l — il + |lag — a1

+ a1 —ag_p| + -+ |aﬂ+1 - a“| + |“u - a“_1| + |“u—1 - a#_2| + .-

+ lay — (@ =)+ (s + lagD) + [Bn — Bra|l + |Brc1 — Bzl + -

+ 181 — Bol + |,30|}|F(Z)|

> [z" {lanz + t| = lan +t—ap_q| + lang = oqal + -+ loas — o

+ oy — gl + ooy — gl 4 -+ |oges — 0| + oy — ogeg| + Jauor — s

ot oy — (g =)+ s+ lagl) + IBn — Bn-1l+ [Bn-1 — Bn—2| + -

+ |B1 — Bol + 1Bol}
= lzI" [lanz + tl = {an+t—an 1+ an 1 —an o+t —m—a+a_,— a4+
G+ atata,—a gt a g —au ot a— (@g—5)+ s+ |lag)) + Bn —

Br-1+ Bn-1—Bn2+-+ B1—PBo+ Bol
= |z|n[|anz+t| - {an+t—an_1+ Qg1 — Opp 0 — 0 — 0 + 01 — 01 + 0y +
— oty t ooy ot o —a et o — (g —9s)+ 5+ |agl) + Bn — Bn-1 +
Bn-1 —Bn—z2+- -+ B1—PBo+ Bo}]
= |la,z + t| > {an+t—20q+2aﬂ— (ag—s)+ (s+ |agl) + Bn}
= |lapz +t| > {an+t—2ax+2au— (ag—s)+ (s+ |ap]) + Bn}
i.eif|z+é|> ﬁ {an+t—2a3+2a, — ag+s+ s+ lagl + Bn}

. - t 1
1.e|f|z+; > E{an+t—2ax+2au— A +s+ s+ logl + Bn}
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Thus all the zeros of F(z)F(z) whose modulus is greater than or equal to 1 lie in
t 1
|z+;| > s {an +t—2a; +2a, — ag + 25 + |agl + Bn}
t 1
|Z+; > g {on +t— 20y + 20, — g + 25+ |agl + Bn}
But all the zeros of P(z)P(z) are also the zeros of F(z).F(z). Hence it follows that all the zeros of
F(z)F(z) and hence of P(z)P(z) lie in the uniform disks of |z||z] < 1 and

|z+i > ﬁ{an+t—2al+2a#— @+ 25+ |lagl + B}
n

an

t
|Z+—
an

> ﬁ{(xn+t—2ah+2au— Ao+ 25+ |agl + Bn}
n

This completes the proof of theorem 2.
Proof of Theorem 3. Consider the polynomial
[F()| = (1 —2)P(z)

=(1—-2) (anz"+an 12" + ... + a1z + ao)

= —an" +{(a, — an_1)2" + (@p_1 —ap_)z" 1+ -+ (az —ay)z? + (a; —
ag)z + ag}
= — anz"" +{(ap —apn-1)z" + (@p-1 —ap-2)z" 14+ (az —ay)z?+ (a; —
apg)z+ ag}

= —a,z"?! —tz" + (ap+t—ay_)z"+ (ap_1 —an_)z" '+ -+ (a; —ag +s)z—
sz+ ag.
=—z"(apz+t)+ (ap+t—ap_1)z"+ (@p_1 —ap_)z" 1+ .-+ (a; —ag +s)z—sz+
ap = —apz™! —tz" + (ap,+t—a,_1)z"+ (ap_1 —an_)z" 1 +---+ (a; —ag +
s)z—sz+ ag.
=—z"(@pz+t)+ (a,+t—an_1)z"+ (a1 — an_2)z" 1+ -+ (a; —ag + s)z — sz
+ ag.
This gives
|F(2)| = |z]" |anz + t]
—{lan +t —ap_qllzI" + |an_1 — an_pllz["™ + -+ |ag4q — anllz|**?
+ lay —ap_qllzIt + lagog — apa Iz + o+ |aye — ay|lzl#
+ |a, — au_q|lzI* + |ay—1 — ay_s|lzI* + -+ la; — ag + sllz| + slz]
+ |ao|}
[F(z)| = [z[" [apz + t]
—{lan + t—an_1l1zI" + lan_q —an_o[|z[** + - + |an1 — apllz**?
+ lay —ax—qllzI* + lap—1 —ap_allzl** + - + |au+1 — a;1||Z|“+1

+ |alLl — a“_1|lz|ILL + |au_1 — au_2||z|“_1 + -+ |la; —ag + sllz| +s|z| + IaOI}
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= |z|" [Ianz + t

la,—1 — an_2| lays1 — asl lay — az_4|
—Jlap+t—an_1| + + o+
flan +e= B 2 g
n lay—1 — as—»| .y |a#+1 — a#| n |au — au—ll |au—1 — au—2| Lo
|Z|n—l+1 |Z|n—,u—1 |Z|n—u |Z|n—u+1
la; —ag + s S la|
+ +
|z|™ 1 |z|?*= 2|
= |z|" [IanZ + t
lan—1 —ap—_z| lap+1 —axl  lax —ax—1l
—ylapn+t—an_q|+ + -t
flan £ a0 a AT
lax—1 —ax_z| et |au+1 — aul |au - au—ll |au—1 — a11—2| 4.
|Z|n—7\+1 |Z|n—u—1 |Z|n—u |Z|n—u+1
la; —ag + s S la|
+
|z[~—1 |z[?=1  z|™
Now let |z||z| > 1, so that IZI;‘I' < 1,0 <j < n,then we haveso that |z|1n-i <1,0<j<

n, then we have
IF(2)| = |z|"[la,z + ¢l

— {lan +t—an_q1l+ lan-1 —ap_z|++ lags1 —apl + lay — az—4|
+ lar_1 — ap_al + -+ |apsr — au| + |lay — ap_1| + |au-1 —au_2| + -
+ la; —ag + sl +s+ |al}]
IF@)| = |z|"[|lapz + tl
— {lan +t—an_q|+ [an—1 —an—2| + -+ laxs1 —axl + lay —ax—_4l
+ laa—1 —an—z|+ -+ |apsr —ay|+ |lag —ap-1| + |ap-1 —ap—o| + -
+ la; —ag + sl +s+ lagl}]
= |z|™ [Ianz + t]

—f{ant+t—an 1+ Ao — Ao+ F GG @+ A — a3

+ay +—ayy1t+a,+a,—a, 1+ a, 1 —ay +--+a —agt+s
+ 5+ ap}]
= |z|" [Ianz+t|
—fan+t—as 1+ an g —an o+ -+ A —ax —ay+ax_g — ar_,
+a3,+--— ayys +agt+tay—ayq1+ a1 —ap2+--+a; —ag+s
+ s+ ap}]

= |z|™ [lanz+t|— {an+t— 2a,1+2au+25}] >0
= |z|" [lanz+t| - {an+t— 2ax+2au+25}] >0
If lanz +t| > a, +t— 2a; +2a, +2s|agz+t| > a, +t— 2a, +2a, +2s

ieif |z+i| < i{an+t— 2a,—l+2au+25}
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.. t 1
i.eif |z+;| < ;{an+t— 23x+23u+25}

Thus all the zeros of F(z)F(z) whose modulus is greater than or equal to 1 lie in

t 1
’2+— < —{a, +t— 2a; + 2a, + 2s}
an |ax|
t 1
|Z+— < —{an+t— Za;\+2au+25}
an EN

But all the zeros of F(z)F(z) whose modulus is less than 1 already satisfy the above inequality. Indeed
for |z||z| <1, wehave

2a 2a 2s

t t t 1
|Z+—|S|Z|+—<1+—— = — {a, +t — 2a; + 2a, + 2s}
a’Tl a’Tl

lan| — an an QAn an

t t 2a, 2a, 2s 1
|z+— <zl + — <14+ —— ——+ +—=—{an+t— 2aA+2au+Zs}

al’l |an| an an al’l an al’l

Also all the zeros of P(z)P(z) are the zeros of F(z).F(z). Hence it follows that all the zeros of
F(z)F(z) and hence of P(z)P(z) lie in

t 1
z+—| < —{a, +t— 2a; + 2a, + 2s}
an lan|
t 1
|z+— < —{an+t— 2a7\+2au+25}
an |an|

This completes the proof of Theorem 2.
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