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Abstract

In this paper, we introduce and study the concepts of Intuitionistic Multi L - fuzzy cosets and Pseudo
Intuitionistic Multi L — fuzzy cosets of an Intuitionistic Multi L — fuzzy subgroup under group
homomorphisms and anti-homomorphisms. We investigate the structural properties of these newly
defined cosets and explore their relationships with Intuitionistic Multi L — fuzzy subgroups.
Furthermore, we analyze the preservation of Intuitionistic Multi L- fuzzy membership and non-
membership functions under homomorphic and anti-homomorphic mappings, establishing several
fundamental results. Our findings extend classical coset theory to the framework of Intuitionistic Multi
L- fuzzy algebraic structures, providing deeper insights into their algebraic behaviour.

Keywords:Intuitionistic Multi L-Fuzzy Subgroup (IMLFSG), Intuitionistic Multi L-Fuzzy Coset
(IMLFC), Pseudo Intuitionistic Multi L - Fuzzy Coset (PIMLFC), Homomorphism - Anti-
homomorphism.

1. Introduction

Fuzzy set theory and its generalizations have played a crucial role in extending classical algebraic
structures to handle uncertainty and imprecision. Among these extensions, intuitionistic fuzzy sets,
multi L- fuzzy sets, and their combinations have been widely studied to capture vagueness more
effectively. In particular, intuitionistic multi L-fuzzy subgroups provide a more refined approach for
analyzing algebraic structures under uncertainty.

The concept of fuzzy sets, first proposed by L.A. Zadeh in 1965, is a method for representing
uncertainty mathematically in a regular setting. An element’s membership function in fuzzy set theory is
a single value between 0 and 1. Consequently, K.T. Attanassov (1986) presented intuitionistic fuzzy
sets, a generalization of fuzzy sets that deal with the degree of hesitation and the degree of non-
membership function. The theory of multi-fuzzy sets was first presented by Sabu Sebastian and T.V.
Ramakrishnan using a multi-dimensional membership function. The idea of the multi-anti fuzzy ideal of
a ring under homomorphism was first presented by R. Muthuraj and S. Balamurugan.
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In this paper, we explore the concept of intuitionistic multi L - fuzzy cosets and pseudo intuitionistic
multi L — fuzzy cosets within the framework of group homomorphisms and anti-homomorphisms. The
study of fuzzy cosets extends classical coset theory by incorporating degrees of membership and non-
membership, allowing for a more flexible algebraic analysis.

2. Preliminaries

The basic definitions used in the sequel are listed in this section.

2.1 Definition

Let X be a non-empty set. A fuzzy set A of X is defined by A: X — [0,1].

2.2 Definition

Let X be non-empty set. Let A = {{x, s, (x),74,(x)):xeX} in X is defined as a set of ordered
sequences.

ie-1 A= {(xl (:uAl (.X), :uAZ (x)l e uuAi (X), e ); (VAl (x)l YAZ (X), ey yAi (x)l e s )) xeX}.
Where py: X = [0,1], y4,: X = [0,1] and 0 < py, () + y4,(x) < 1 forall .

Here, pa, (%) = pa, (x) 2. ... 2 py,(x) 2. ..., for all xeX are decreasingly ordered sequence. Then the
set A is said to be an Intuitionistic Multi L-fuzzy subset (IMLFS) of X,
Remark

Since we arrange the membership sequence in decreasing order, the corresponding non-membership
sequence may not be in decreasing or increasing order.
2.3 Definition
The Intuitionistic Multi L-fuzzy subset A = {{x, 14, (x),v,,(x)): xeX} of a group G is said to be
Intuitionistic Multi L-fuzzy subgroup of G (IMLFSG) if it satisfies the following: For all x, yeG,

1o pa,Gey) =2 minfuy, (x), ua,(v)} and v, (xy) < max{y,, (x),va,(v)3,

2. MAi(x_l) = HAi(x) and )/Ai(x_l) = )/Ai(x)-
Or Equivalently, if A is IMLFSG of G iff
ta, Cey™) = min{py, (x), pa, ()} and y,, (xy ™) < max{ys, (x),v4, (1)}
2.4 Definition
Let A be an Intuitionistic Multi L-fuzzy subgroup of a group G. For any aeG, the Intuitionistic Multi L—
fuzzy (left)coset (IMLFC) (aA) of G is defined by, (a4) = {(x Heaap (), V(aay (x)) /x € G} where

1. Heanp () = py(a™x)

2. Yaap(x) = v4,(a™ x), for all xeG.
2.5 Definition
Let A be an Intuitionistic Multi L-fuzzy subgroup of a group G. For any a, beG, the Intuitionistic Multi
L—fuzzy middle coset (IMLFMC) (aAb) of G is defined by,

(adb) = {(x, Heaa;b) (), ¥ (aab) (x)) /x € G}Where

L H’(aAib)(x) = ,uAi(a_lxb_l)
2. Yaap)(X) = Va, (a=1xb~1), for all xeG.

Remarks
1. If a = e in G, then the Intuitionistic Multi L-fuzzy coset (aA) of G is defined by,
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1. Hiaap (x) = Ha; (x)

2. Y(aa) (x) = Ya, (x), where A is an IMLFSG of G.

2. The Intuitionistic Multi L-fuzzy middle coset of an Intuitionistic Multi L-fuzzy group A of the group
G determined by the element a, b € G is an IMLFSG of G if b = a™1.

2.6 Definition

Let A be an Intuitionistic Multi L-fuzzy subgroup of a group G and an element aeG. Then Pseudo

Intuitionistic  Multi L—fuzzy coset (PIMLFC) (ad)? of G is defined by, (ad)? =

{(X, Heaapp (X),)/(aAi)p (X)) /X € G} where
1. Hiaa)P (x) = P(a)llAi (x)
2. Yaapr(x) = p(a)ya, (x), forall xeG and peP.

3. The Properties of IMLFC And PIMLFC of an IMLFSG Under Homomorphism

and Anti-Homomorphism

In this section, we discuss some properties of Intuitionistic Multi L- fuzzy cosets and Pseudo

Intuitionistic Multi L — fuzzy cosets of an Intuitionistic Multi L- fuzzy subgroup of G under

homomorphism and anti-homomorphism.

3.1 Definition

The function f: G — G' is said to be a homomorphism if f(xy) = f(x)f(y),forall x,y € G.

3.2 Definition

The function f:G —» G' (G and G’ are not necessarily commutative) is said to be an anti-

homomorphism if f(xy) = f(y)f(x)forall x,y € G.

3.3 Definition

Let G and G be any two groups. Let f:G — G’ be a homomorphism and onto. Let wu,:G — L* and

Ya;: G - L¥ be an Intuitionistic Multi L-fuzzy subgroups of G.

1. Then f(MAi) is an Intuitionistic Multi L-fuzzy subgroup of a group G', if u,, has a sup property
and uy, is f — invariant.

2. Then f(VAi) is an Intuitionistic Multi L-fuzzy subgroup of a group G’, if y,, has a inf property
and y,, is f — invariant,

3.4 Theorem

Let G and G’ be any two groups. Let f:G — G' be a homomorphism and onto. Let A:G — L* be an

IMLFSG of G and (aA) be a Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-fuzzy

subgroup A of the group G determined by the element a € G. Then f(aA) is an Intuitionistic Multi L-

fuzzy coset of an IMLFSG f(A) of the group G’ determined by the element f(a) € G' and f(ad) =

f(a)f(A), if (i) w,, has a sup property and u,, is f — invariant and (ii) y,, has a inf property and

Ya, I8 f — invariant.

Proof

Let A be an IMLFSG of G and (aA) be a Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-

fuzzy group A of the subgroup G determined by the element a € G.

Clearly, f(A) is an IMLFSG of G’ and f(aA) is an Intuitionistic Multi L- fuzzy coset of a IMLFSG

f(A) of the group G' determined by the element f(a) € G'.

To prove that f(ad) = f(a)f(A).
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Now, forany x € G, f(x) € G'.

() Let, trayreap (f(x) = Mrap F@f(x)) [+ by definition 2.4]
= Urap (f(a™)f (x))
= Urapy(f(@'x))

= Uf(aay) (f(x))
e, Uy (FO)) = traay(f (X))

= Yrap(f@Hf ()
= Yrup(f(@'x))

= Yr(a4p (f(x))
i.e., Yr@ s F D)) = Yraay (f (X))
Hence, by (i) & (ii) gives, f(ad) = f(a)f(A).

3.5 Theorem
Let G and G’ be any two groups. Let f:G — G’ be a homomorphism. Let B: G’ —» L* be an IMLFSG of
G' and (bB) be a Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-fuzzy subgroup B of the
group G’ determined by the element b € G'. Then f~1(bB) is an Intuitionistic Multi L- fuzzy coset of an
IMLFSG f~1(B) of the group G determined by the element f~%(b)e G and f~1(bB)=
fHf1(B).
Proof
Let B be an IMLFSG of G’ and (bB) be a Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-
fuzzy subgroup B of the group G' determined by the element b € G'.
Clearly, f~1(B) is an IMLFSG of G and f~1(bB) is an Intuitionistic Multi L- fuzzy coset of a IMLFSG
f~Y(B) of the group G determined by the element f~1(b) € G.
To prove that f~1(bB) = f~1(b)f~1(B).
Now, forany y € G, f~1(y) € G.
() Let, w145y (f 1)) = py (V)
= upay(f(x)), thereexists x € G suchthat f(x) =y.
= K1y ()
= U1y -1y (T ())
i.e., tr-1ppy (F ) = -1y -8y (f 7T O))
(ii) Similarly, yg-1,5,,(f 7)) = Yoy (¥)
= Ywsy(f(x)), thereexists x € G suchthat f(x) =y.
= V1)1 ey (X)
= Y118y f 1))
i.e., Y18y F ) = Y10y -1 F ()
Hence, by (i) & (ii) gives, f~1(bB) = f~1(b)f~1(B).

3.6 Theorem
Let G and G’ be any two groups. Let f:G — G’ be an anti-homomorphism and onto. Let A: G — L* be
an IMLFSG of G and (aA) be a Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-fuzzy
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subgroup A of the group G determined by the element a € G. Then f(aA) is an Intuitionistic Multi L-
fuzzy coset of an IMLFSG f(A) of the group G’ determined by the element f(a) € G’ and f(ad) =
f(@)f(A), if (i) ua, has a sup property and p,, is f — invariant and (ii) y,, has a inf property and
Ya,; 18 f — invariant.
Proof
Let A be an IMLFSG of G and (aA) be a Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-
fuzzy subgroup A of the group G determined by the element a € G.
Clearly, f(A) is an IMLFSG of G’ and f(aA) is an Intuitionistic Multi L- fuzzy coset of a IMLFSG
f(A) of the group G' determined by the element f(a) € G'.
To prove that f(ad) = f(a)f(A).
Now, forany x € G, f(x) € G'.
(i) Let, upyreap(F ) = tray(F (@™ f(x)) [+ by definition 2.4]
= Urap (f(@a)f (x))
= Urap(f (@) f(@h) [ by definition 3.2]
= Upay(f(xa™™))
= uy,(xa™) = py ((xa™)™h) [ Ais an IMLFSG of G]
= g, (ax™h)
= U@ tay (x™) = peaay )
e, Hr(a)f(ap) f(x)) = Hf(aa) (f(x))
(i) Similarly, vayrap(f(®) = vruy(f(@)~f(x)) [+ by definition 2.4]
= YA (flaHf (x))
=Yy F)f (@) [~ by definition 3.2]
= Yrap(f(xa™™)
=y, (xa™) =y,,((xa™")™1) [~ Ais an IMLFSG of G]
=y, (ax™)
= Y@ 1ap*™) =¥y )
ie., Yr@rapF X)) = Yraan (f ()
Hence, by (i) & (ii) gives, f(ad) = f(a)f(A).
3.7 Theorem
Let G and G’ be any two groups. Let f:G - G’ be an anti-homomorphism. Let B:G' - L* be an
IMLFSG of G' and (bB) be a Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-fuzzy
subgroup B of the group G’ determined by the element b € G'. Then f~1(bB) is an Intuitionistic Multi
L- fuzzy coset of an IMLFSG f~1(B) of the group G determined by the element f~(b) € G and
f1®B) = fHB)f T (B).
Proof
Let B be an IMLFSG of G’ and (bB) be a Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-
fuzzy subgroup B of the group G’ determined by the element b € G'.
Clearly, f~1(B) is an IMLFSG of G and f~1(bB) is an Intuitionistic Multi L- fuzzy coset of a IMLFSG
f~Y(B) of the group G determined by the element f~1(b) € G.
To prove that f~1(bB) = f~Y(b)f~1(B).

IJFMR250345950 Volume 7, Issue 3, May-June 2025 5



https://www.ijfmr.com/

m International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijffmr.come Email: editor@ijfmr.com

Now, forany y € G, f~1(y) € G.
() Let, pp-10p)(f 7)) = ey )
= uwey(f(x)), thereexists x € G suchthat f(x) =y.
= Ur-1nyr-1(ep (%)
= U1y -1 F T O0))
i.e., He=1(bBy) (f')) = He=1b)r~1(B) o
(i) Similarly, y-15,(f 7 () = Yoy )
= Ywsy(f(x)), thereexists x € G suchthat f(x)=y.
= Vr-1myr1 gy (%)
= Y11y FT1OD)
i.e., Ye-1wey F T ) = Y118y F ()
Hence, by (i) & (ii) gives, f~1(bB) = f~1(b)f~1(B).

4. Properties of Pseudo Intuitionistic Multi L-Fuzzy Cosets of an IMLFSG Under
Homomorphism and Anti-Homomorphism
In this section, we discuss the properties of pseudo Intuitionistic Multi L- fuzzy cosets of an IMLFSG of
G under homomorphism and anti-homomorphism.
4.1 Theorem
Let G and G’ be any two groups. Let f:G — G’ be a homomorphism and onto. Let A:G — L* be an
IMLFSG of G and (aA)P be a Pseudo Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-fuzzy
subgroup A of the group G determined by the element a € G. Then f((aA)P) is a Pseudo Intuitionistic
Multi L- fuzzy coset of an IMLFSG f(A) of the group G’ determined by the element f(a) € G’ and
f((aA)?) = (f(@)f(A))P, if (i) ua, has a sup property and p,, is f — invariant and (i) y,, has a
inf property and y,, is f — invariant.
Proof
Let A be an IMLFSG of G and (aA)P be a Pseudo Intuitionistic Multi L- fuzzy coset of a IMLFSG A of
the group G determined by the element a € G.
Clearly, f(A) is an IMLFSG of G’ and f((aA)P) is an Pseudo Intuitionistic Multi L- fuzzy coset of an
IMLFSG f(A) of the group G’ determined by the element f(a) € G'.
To prove that f((ad)?) = (f(a)f(A))P.
Now, forany x € G, f(x) € G'.
(i) Let, Bereareanr (F) = pUF(@)ity(ay (FCX) [+ by definition 2.6]
= p(@)pia, (%)
= H(aa)? (x)
= Us((aap?) (f (X))
i.e., Hira ra? (F (X)) = traapr) (f (x))
(i) Similarly, vra)rcapyr (F(x)) = p(f(a))yf(Ai) (f(x) [+ by definition 2.6]
=p(a) y4,(x)
= Y(aapr (x)
= Yr((aap?) f (X))
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Hence, by (i) & (ii) gives, f((ad)?) = (f(a)f(A))P.

4.2 Theorem

Let G and G'be any two groups. Let f: G — G' be a homomorphism. Let B: G' — L¥ be an IMLFSG of
G' and(bB)P be a Pseudo Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-fuzzy subgroup B
of the group G’ determined by the element b € G'. Then f~1((bB)P) is a Pseudo Intuitionistic Multi L-
fuzzy coset of an IMLFSG f~1(B) of the group G determined by the element f~1(b) € G and
fHBBP) = (F D) fH(B))P.
Proof
Let B be an IMLFSG of G' and (bB)P be a Pseudo Intuitionistic Multi L- fuzzy coset of a Intuitionistic
Multi L-fuzzy subgroup B of the group G’ determined by the element b € G'.
Clearly, f~1(B) is an IMLFSG of G and f~1((bB)?) is a Pseudo Intuitionistic Multi L- fuzzy coset of a
IMLFSG f~1(B) of the group G determined by the element f~1(b) € G.
To prove that f~1((bB)?) = (f~1(b)f~1(B))P.
Now, forany y € G/, f~1(y) € G.
(i) Let, pr-1wpyry(f 1)) = tappyr (V)
= Upg,»(f (x)), thereexists x € G suchthat f(x) =y.
= p(B)ug,(f (x))
=p(f7H (D)) pp-1(5, (%)
= -1y F )
i.e., te-1 oy (F 1)) =ty -2y (F 1))
(i) Similarly, -1,y (f 71 (V) = Ywpyr (V)
= Ywsy»(f(x)), thereexists x € G suchthat f(x) =y.
=p) v5,(f(x)
= p(f (b)) Y1) €9)
=Yyt )

e, Yr-1wepry 1O = Y1y F ()
Hence, by (i) & (ii) gives, f~1((bB)?) = (f~*(B)f~1(B))?.
4.3 Theorem

Let G and G’ be any two groups. Let f:G — G’ be an anti-homomorphism and onto. Let A: G — L* be
an IMLFSG of G and (aA)P be a Pseudo Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-
fuzzy subgroup A of the group G determined by the element a € G. Then f((aA)?) is a Pseudo
Intuitionistic Multi L- fuzzy coset of an IMLFSG f(A) of the group G’ determined by the element
f(a) € G" and f((ad)?) = (f(a)f(A))P, if (i) u,, has a sup property and uy, is f — invariant and
(i) ya, has ainf property and y,, is f — invariant.

Proof

Let A be an IMLFSG of G and (aA)? be a Pseudo Intuitionistic Multi L- fuzzy coset of a IMLFSG A of
the group G determined by the element a € G.

Clearly, f(A) is an IMLFSG of G’ and f((aA)P) is an Pseudo Intuitionistic Multi L- fuzzy coset of a
IMLFSG f(A) of the group G’ determined by the element f(a) € G'.

IJFMR250345950 Volume 7, Issue 3, May-June 2025 7



https://www.ijfmr.com/

m International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijffmr.come Email: editor@ijfmr.com

To prove that f((ad)?) = (f(a)f(A))P.
Now, forany x € G, f(x) € G'.

(1) Let, pir@rapp (fF()) = p(f(@)urway (f (x)) [+ by definition 2.6]
= p(a)pq,(x)
= Haapr €9)
= Hf((aapP) (f ()
i.e., Hif(a)f(a)?P (f(x)) = Hf((aa)P) (f(x))
(i) Similarly, ¥scayranyr (F () = p(F (@)vsea,) (f () [+ by definition 2.6]
= p(a) Ya; (x)
= Y(a4pP (x)
= Yf((a4)P) (f(x))
i.e., Y(ra) )P f(x)) = Y ((aap?) (f(x))
Hence, by (i) & (ii) gives, f((ad)?) = (f(a)f(A))P.
4.4 Theorem

Let G and G'be any two groups. Let f:G — G’ be an anti-homomorphism. Let B:G' — L* be an
IMLFSG of ¢’ and(bB)P be a Pseudo Intuitionistic Multi L- fuzzy coset of a Intuitionistic Multi L-fuzzy
subgroup B of the group G’ determined by the element b € G'. Then f~1((bB)?) is a Pseudo
Intuitionistic Multi L- fuzzy coset of an IMLFSG f~1(B) of the group G determined by the element
fH(b) €G and fTH((BB)P) = (f~H(B)f T (B))P.
Proof
Let B be an IMLFSG of G' and (bB)P be a Pseudo Intuitionistic Multi L- fuzzy coset of a Intuitionistic
Multi L-fuzzy subgroup B of the group G’ determined by the element b € G'.
Clearly, f~1(B) is an IMLFSG of G and f~1((bB)?) is a Pseudo Intuitionistic Multi L- fuzzy coset of a
IMLFSG f~1(B) of the group G determined by the element f~1(b) € G.
To prove that f~1((bB)?) = (f ~1(b)f~1(B))P.
Now, forany y € G, f~1(y) € G.
() Let, pr-1pyry(F D) = tppyr (V)
= pppyr(f(x)), thereexists x € G suchthat f(x) =y.
= p(D)up,(f (x))
=p(f (b)) pr-1(gy (x)
= K1yt D)
i.e., =1 oy F ) = -1y -1y (F 71 (O))
(i) Similarly, -1,y (f 71 (V) = Yweyr (V)
= Ywayr(f(x)), thereexists x € G suchthat f(x) =y.
= p(b) v, (f (x))
=p(f () ¥p-15H (%)
=Yty O))
i.e., Yr-1wepy F T O)) = Y11y F ()
Hence, by (i) & (ii) gives, f~'((bB)P) = (f~1(b)f~*(B))P.
Hence the theorem.
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Remark

In a similar manner, we can extend these ideas to discuss the properties of Intuitionistic Multi L-fuzzy
middle cosets and Intuitionistic Multi L-fuzzy double cosets of an Intuitionistic Multi L- fuzzy (normal)
subgroup of G determined by the elements a and b in G under homomorphism and anti-homomorphism.

5. Conclusion

In this study, we explored the properties of Intuitionistic Multi L- fuzzy cosets and Pseudo Intuitionistic
Multi L- fuzzy cosets within the framework of an Intuitionistic Multi L- fuzzy subgroup under
homomorphism and anti-homomorphism. While homomorphisms generally preserve their structure,
anti-homomorphisms may alter relationships due to operational reversals. These findings contribute to
the broader understanding of fuzzy algebraic structures and their applications. Future work may explore
their implications in topological and categorical settings.
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