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Abstract:

Markov modelling provides an effective mathematical framework for analysing the reliability and
availability of repairable systems in which component failures and repairs occur randomly over time. In
the present study, a four-component repairable system with different failure rates and repair rates is
considered. The system is represented by a continuous-time Markov chain (CTMC) consisting of sixteen
possible states corresponding to the different combinations of good and failed states of the four
components. The transition rate matrix is formulated by assigning distinct failure rates 4 and repair rates

u,1=1,2,3,4, to the four components. The Kolmogorov forward equations are obtained from the transition

matrix and are used to determine the state probabilities. Numerical computations are carried out for
different combinations of failure and repair rates. The results demonstrate the influence of component
failure nd repair rates on the performance of the repairable system. The proposed model can be useful for
reliability assessment and maintenance planning of systems consisting of multiple repairable components.
Keywords: Markov model, repairable system, reliability, availability, failure rate, repair rate, MTBF, four-
component system, Kolmogorov forward equations.

1. Introduction

Reliability analysis plays an important role in the design, operation and maintenance of engineering
systems. In practical systems, components may fail during operation and can subsequently be restored to
working condition through repair. Therefore, the reliability analysis of repairable systems requires
consideration of both failure and repair processes.

Markov analysis provides a mathematical method for representing systems in terms of a finite number of
states and transitions between these states. It is particularly useful for systems involving component
failures, repairs, redundancy, sequencing and fault tolerance. The research paper by saritha, Thirumala
Devi and Sumathi Uma Maheswari applies Markov modelling to both non-repairable and repairable
systems and considers different failure and repair rates.

For a non-repairable system, once a component fails, it remains in the failed condition. Hence, measures
such as reliability and mean time to failure are important. In a repairable system, however, a failed
component can return to the operational condition after repair. Consequently, the system may move

[JFMR250387258 Volume 7, Issue 3, May-June 2025 1



https://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijffmr.com e Email: editor@ijfmr.com

repeatedly between successful and failed states. Measures such as steady-state availability and mean time
between failures become important.

Previous Markov reliability studies have considered parallel redundant systems with different failure and
repair rates. In the present work, the Markov approach is extended to a four-component repairable system.
Since each component can be either good or failed, the system has 2* =16 possible states. Each component
is assigned its own failure rate 4, 4,,4,,4, and repair rate 4, s, 15, 4, -

The transition rate matrix corresponding to these sixteen states is formulated. The Kolmogorov forward
equations are then used to obtain the time-dependent state probabilities. These probabilities re used to
obtain the time-dependent state probabilities. These probabilities are used to investigate the reliability,
availability and MTBF of the system.

The main purpose of this study is therefore to investigate how different failure and repair rates affect the
performance of a four-component repairable system.

2. Literature Review

Reliability analysis of repairable systems has been extensively studied using stochastic and
Markov modelling techniques. Markov models are particularly useful for repairable systems because they
can represent the movement of a system between different operating and failed states through failure and
repair transitions.

James Li presented a Markov modelling approach for calculating the reliability of parallel
redundant systems having different failure and repair rates. The study derived the mean time to failure
(MTTF) for non-repairable systems and mean time between failures (MTBF) for repairable systems. The
work demonstrated that Markov modelling can effectively incorporate different failure and repair rates for
individual units[1].

Cherian, Jain and Sharma investigated the reliability of a standby system with repair. Their work
considered standby units and repair processes and demonstrated the applicability of stochastic modelling
to systems in which failed units can be restored to operation [2].

El-Damcese and Temraz developed a mathematical model for the availability nd reliability analysis
of a parallel repairable system with different failure modes. Their study considered degradation and
common-cause failures and used Markov and supplementary-variable techniques. An example involving
four identical repairable components was also analysed[3].

El-Damcese and Temraz also studied the availability and reliability of repairable parallel systems
with different failure rates. Their work used Markov models to investigate system availability, reliability
and mean time to failure under different failure characteristics[4].

Saritha, Tirumla Devi and Sumathi Uma Maheswari applied Markov modelling to both non-
repairable and repairable systems. For the repairable case, they considered a three-component system with
different failure rates and repair rates and derived the state probabilities, steady-state availability and mean
time between failures. Their study showed that Markov modelling provides a systematic method for
analysing repairable systems with different component failure and repair characteristics[5].

The same study reported that, for the repairable system, increasing the failure rate reduce steady-state
availability and MTBF, whereas increasing the repair rate improves these measures[5].

Sujatha, Boopathi and Kumar discussed reliability and availability analysis of standby systems with repair
using Markov-chain-based differential equations. Their work also considered numerical solution
techniques for the resulting reliability equations[6].
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3. Objectives of the Study

The main objective are:

To develop a Markov model for a four-component repairable system.
To represent the system using 2* =16 possible states.

To assign different failure rates 4, 4,,4,,4, to the four components.
To assign different repair rates g, u,, 15, 4, -

To formulate the transition rate matrix of the system.

To derive the Kolmogorov forward equations.

To determine the time-dependent state probabilities.

To obtain the system reliability and availability measure according to the specified success and
failure states.

XN kW=

0. To calculate the steady-state availability.

10.  To calculate the mean time between failures (MTBF).

11. To study the effect of failure rates on system performance.
12. To study the effect of repair rate on system performance.
13. To present numerical results and graphical interpretations.
14.

4. Notations

e

Symbol Description

4 Failure rate of component i

Jz Repair rate of component i

1=1,2,3.4 Component number

S System state

P(t) Probability that the system is in state S, at time t

Q Transition rate matrix

A(t) System availability at time t

MTBF Mean time between failures

ol wla| v r|w||—~|Z

t Operating time

5. Assumptions

The following assumptions are used:

The system consists of four components

Each component has two conditions: GOOD or FAILED.

Hence, the system has 2* =16 possible states.

The failure time of each component follows an exponential distribution.
The repair time of each component follows an exponential distribution.
Failure rates 4,,4,,4,,4, and 1, 14,, 145, 14, are different.

Only one component changes its condition during an elementary transition.
The system evolution satisfies the Markov property.

The transition rates are independent of the previous history of the system.
The transition matrix is constructed according to the specified sixteen-state model.

A PR BRSNS e

_
S
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11.  Initially, all four components are assumed to be good: B, (0)=1and R(0)=0, i=234,.....,16.

6. System Transition diagram

STATE2

STATEG

CL:FAIL
C2:FAIL
C3: GOOD
C4: GOOD

hast
STATE 14

C1: GOOD
C2:FAIL

STATE 10

CL:FAIL
C2:FAIL

C3: GOOD
C4:FAIL

STATE 11

STATE 12

STATE 15

CL:FALL CL-FALL haAt
C2: GOOD Rait | c2coop

C3:FAIL | C3:-FAIL

C4:GOOD |« C4:FAIL A

STATE 13

7. Transition Matrix:

S, S, S, S, S, S, s, S,

S, (314”12 ] h Uy My Hy 0 0 0
+4,+4,

So | A —(4+m) 0 0 My 0 0
S; | 4 0 —(A+A4,+1)| 0 Hs 0
Sy | A 0 —(A4+A+m1)] 0 0 0 My
Ss | A, 0 0 ~(A+m)| 0 0 0
S [0 A 0 0 0 “(&+m)| 0 0
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;10 0 A 0 0 0 ~(A+u) | O
S 10 0 0 A4 0 0 0 ~(A+ )
S 10 0 0 0 A 0 0 0
Sp| 0 0 0 0 0 Ay 0 0
Sul 0 0 0 0 0 0 Ay 0
S| 0 0 0 0 0 0 0 4
S| 0 0 0 0 0 0 0 0
Skl 0 0 Ay 0 0 0 0 0
S| 0 0 0 A 0 0 0 0
S| 0 0 0 0 0 0 0 0

S, Sio S, S, S Si Sis
S0 0 0 0 0 0 0
S; 10 0 0 0 0 0 0
S; 10 0 0 0 0 My 0
S, 10 0 0 0 0 0 M
Ss | 1 0 0 0 0 0 0
S 10 iy 0 0 0 0 0
S; 10 0 iy 0 0 0 0
S 10 0 0 i 0 0 0
So | (L+m) |0 0 0 My 0 0
Su| 0 ~( A4+ ;13) 0 0 0 0 0
Sul 0 0 —( A+ 3+ 1) Ay 0
S| 0 0 (A + a4y + 1) 0 A4
S| 4, 0 —(4+w) |0 0
Sul0 0 iy 0 0 —(4+m) | O
Sis| 0 0 0 Hy 0 —(Ay+14)

6| O A 4 A s 0 0

8. Mathematical Formulation:

From the transition matrix, the probability of the system in state one at t+At time is

P (t+At)=[1— (A4 + 4 + A + 4, ) At | B, (t) + s AP, (t) + s,AtP, (1) + £, AP, (1) + 14, AR, (t)
The probability of the system in state two at t+At time is
P, (t+At) = LAtR (1) +(1— (A, + 14 ) At) P, (1) + 1,AtR, (1)

= LA, (t)+ P, (1) — (4, + 14 ) AP, (1) + 1,AtP; (1)

P (t+At)— P (t) :[%Pl(t)_(ﬂz "‘M)Pz (t)+/”2P6 (t)]At

P, (t+At)—P, (1)

At

= AP ()= (4 + )P (1) + 1P ()

Taking the limit as At —0, and the differential equation 1s
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m - (HA;Z_P 1) AR (1)~ (A + 1) Py ()4 1R 1)
dpét(t) = AR (1) = (4 + ) P, (1) + 1,R; (1)

Integrating above equation

de2 (t)= ﬂij. P.(t) dt—(4, +,LL1)J. P, (t) dt+y2j P, (t) dt

0 0 0 0

The boundary conditions are P,(0)=1and P, («)=1, zero at all other conditions.
ATy _(ﬂ? +M)Tz +u,15=0

Where T,,T,,T, are the expected time in state one, two, six respectively.

(ﬂ"z +/”1)T2 =AT +u,T, =T, = ﬂzlfMTe +ﬂ,zj—l,ulT1 (2)

The probability of the system in state three at t+At time is
P, (t+At) = LAR, (t)+(1— (4 + A, + 15, ) At) P, () + 16AtP, (1) + 14, AtR, (1)

- (t+A2_ PO R () (+ 4+ 4) PO+ 6P (6 1P (1)

Taking the limit as At —0, and the differential equation is

tim PEAOZRO) s p (1) (444,10 P 0+ 4P, (1) 1R 1)

P) R () A 1 )Py(0) 5 26 1)+ R 1)

Integrating above equation
[dr,(t) ﬂ?IP (A + 4 +y2)j  (£) dt+ 14 [ P (t) dit+ 2, [ R, () dit
0 0 0

AT = (1 + A+ AT+ 1T, + 14,T,, =0

L S T SN/
A+ Ay + 1y A+ Ay + 14 Ao+ Ay + 1

The probability of the system in state three at t+At time is
P (t+At) = LA (t)+ (1= (4 + 4, + 15, ) At) P, () + 16AtP, (1) + 14, AtR, (1)
P, (t+At)-P,(t)

=T, =

= AP (1) = (A + 4 + 11, ) Py () + 1Py (1) + 14,P (1)

At
Taking the limit as At —0, and the differential equation is
P (t+At) =R (t)
l!m) At _ﬂZP( ) (ﬂ3+/14+,L12)P3('[)+/13P7(t)+,u4Pl4(t)
dr, ( )

= 2P (1) = (A + A4 + 44, ) Py (1) + 1P (1) + 2, ()

Integratlng above equation
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T AJP (A + 4 +y2)j (t)dt+y3TP7(t)dt+y4TPM t) dt

AT _('UZ +4 +ﬂ’4)T3 +uT, + 14,1, =0
4 T4t T T
A+ Ay + 1y A+ Ay + 14 A+ Ay + 1
The probability of the system in state four at t+At time is
P, (t+At) = AR, (t)+(1— (4 + A, + 14, ) At) P, (t) + 14, AR, (1) + 2 AtR, (1)

P4(t+A:2_P4(t):ispl(t)_(jl-}-ﬂq—h%)l:’()+,U4 () mP ()

Taking the limit as At —0, and the differential equation is

tim PBOZR) G 1) (40,10, ()4 0 ()4 4R 1)

=R (1) = (A4 + 4+ 15) Py () + 1, Ry (1) + 14 Rs (1)

Integrating above equation
[dr,(t) A3IP t)dt—(4 + 4, + 14 jP (t)dt+,u4_[P dt+,ulj
0

AT _(/‘% +4 +ﬂ*4)T4 + 44, Tg + 14 T5 =0
=T, = 4 T+ s Ty + £
A+ Ay + g A+ Ay + gy A+ Ay + g
The probability of the system in state five at t+At time is
P (t+At) = A,AR, (t)+(1— (4 + 1, ) At) B, (t) + 4 AR, (1)
P (t+At)-R(t
(AR R (0 ()R ()5 4R (1)
Taking the limit as At — 0, and the differential equation is
R (t+at)-R(t)
At

=T, =

T15

i = 2B (1)~ (A + 22 ) Py (£) + 24P (1)
Pl R4+ )R (0P 0)

Integrating above equation
[dr,(t)=4,[R (1) dt (21+y4)j (1) dt+MjP () dt
0 0 0

= 4,1 —(ﬂl +y4)T5 +uT,=0
Api Mg
A+ u, A+,
The probability of the system in state six at t+At time is

P, (t+At) = LAP, (t)+(1— (4, + 25, ) At) By () + 1At (t)

=T, =

)

“4)

)
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LR ey (0 ()R (1) R )

Taking the limit as At —0, and the differential equation is
P, (t+At)—P(t)

Am At = 4,P, (1) = (& + 44 ) Py (1) + 11,P (1)
dP;t(t) = 4P, (t)_(ﬂ? +/U2)P6 (t)+/u3PlO (t)

Integrating above equation
de (t) Z,ZJ.P t)dt—(4 + 4 jP(t dt+y3jplo

= AT, _(23 +/12)T6 + 15T, =0
L K g
Attt D Aty
The probability of the system in state seven at t+At time is
P, (t+At) = LA, (t)+(1— (4, + 16 ) At) P, (t) + 2,AtP, (1)

P(H_AAtz () ng() (/14+,L13)P7(t)+ﬂ4pn(t)

Taking the limit as At —0, and the differential equation is
P, (t+At)—P, (1)

=T, =

ﬂrj}) At :ﬂspg(t)—(/14+lu3)P7 (t)+#4pll(t)
dP:jt(t) = 1P, (t) = (A4 + 42 ) P, (1) + 11,P (1)

Integrating above equation

J 6P (0)= 2] P (0) At () [ B )0 By (1)

= ATy = (A + 1) T, +44,T,, =0

X’d T3 + /u4 Tll
Ay + 1y Ay + 143

=T, =
The probability of the system in state eight at t+At time is

P, (t+At) = 2,AtP, (t)+(1— (4 + 1, ) At) B, (1) + 14, AR, (t)

Ps(”AB_Pg(t) = 2P, (t) = (A + 12, ) Py (t) + 1P, (1)

Taking the limit as At —0, and the differential equation is

Ps(”Atz‘Ps(‘) = AP (1) (A 1) Py (1) +44P (8)

lim

At—0

dl::zt(t) =A4P (t)_(ﬁl +ﬂ4) R (t)+:u1Plz (t)

Integrating above equation

(6)

(7
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[e’e]

JR (0= AP (0 dt=(2 ) R (1) 8t R

0
= 4,1, _(;li+/'l4)T8 +uT, =0
& T, + A T

A+ u, A+,

The probability of the system in state nine at t+At time is
P, (t+At) = AR, (t)+(1— (4, + 14 ) At) R, (1) + 1,AtP, (1)

P, (t+At)-PR,(t
e U RERTALYC I NG
Taking the limit as At —0, and the differential equation is
. B(t+At)-R(t
im 2270 (1) (4, 4R, () R (1)

At—0 At

dP()

=T, =

= AP (t) = (4, + 4 ) Py (1) + 14,P5 (1)

Integratmg above equation

JoR (0= 4[RO &=+ )[R 8 R ()

= AT _(ﬂ'z +/“1)T9 + 1T, =0
A ogate g

Aty " At

The probability of the system in state ten at t+At time is

Po (t+At) = AR, (t)+(1— (4, + 1) At) Py (1)

P, (t+At)—P, (t

o (BB e (1) (2 10 Rut)

Taking the limit as At —0, and the differential equation 1s

R TURCRYALAL

dad;pzﬂgPs(t)—(&‘Fﬂs)Pw(t)

Integrating above equation

=T, =

[dr (1) ﬂgjp —(Aa+ ) [ P (t) it
0 0
= XSTG_(/?’4+/’13)T10 =0
:>T10:ﬂv hy T,
4Tl

The probability of the system in state eleven at t+At time is
B, (t+At) = A,AP, (t)+(1— (A4 + s + 41, ) A) B, (1) + L,AR, (1)

®)

©)

(10)
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Pll(t+AAtz—P11(t):/14p7( t) = (A + 4t + 14 ) P () + APy (1)

Taking the limit as At —0, and the differential equation is

m Pu(t+AAtz—P11(t) = 2P, (V)= (A + 145 + 42, ) Py (1) + 4P, (1)

At—0

dpldlt(t) = A,P () = (A + s + 11, ) Py () + 4P, (1)

Integrating above equation
[ AR, (1) = A, [Py (1) dt = (A + pt, + g2, ) [ Py (1) dlt + A, [ B ()t
0 0 0 0

= 4T, _(ﬂﬂ. Ry +/u4)T11 + 4,1, =0
A T, + %
At Aty
The probability of the system in state twelve at t+At time is
P, (t+At) = LAtR, (t)+(1— (4, + 4 + 14, ) At) P, (t) + 2, AR, (1)

P, (t+At)—P, (1)

At :ﬂips(t)_(ﬂ“z+ﬂ1+/14)|312(t)+ﬂ4pls(t)
Taking the limit as At —0, and the differential equation is

lim Rultr A1) R, (1) = AP (1)~ (4 + 4+ 1, ) Py (1) + A,R5 (1)

At—0 At

d%()

=T, = 14

= 4Ry (1) = (4 + 44+ 44, ) P, (1) + 4P (1)

Integratmg above equation

o0

polz ﬂiJ-P ﬂz"':ul"':uzt J. 12 dt+ﬂ’J.PlS
0

= ATg _(/12 +4 "',u4)T12 +4,T5 =0
A Ty + A

Lty At

The probability of the system in state thirteen at t+At time is

P (t+At) = LA, (t)+(1— (4 + 15 ) At) By (1)
P, (t+At)—PF,(t
L YURCRYALY®
Taking the limit as At —0, and the differential equation is
Ps (t +At) — P (t)

o

=T, = 15

Am A = 2P (1)~ (& +41,) P (1)
Poll)_ ey (0)- (2 )P4 )

Integrating above equation

)

(12)
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[

O sy 8

0P (1) = 2 [ Py (1) dt (4, + 41,

= Al —(23+/12)T13 =0

=Ty, (13)

The probability of the system in state fourteen at t+At time is
Py (t+At) = AP, (t)+(1— (A, + 4, ) At) By, (1) + 1, AtP, (t)

P14(t+A;'):_P14(t) =ﬂ4pg(t)_(ﬂa +,u4)Pl4(t)+,U3Pl1(t)

Taking the limit as At —0, and the differential equation is

AtTo £ (t+A;):_P14 (t) =i4ps(t)_(ﬂ'3 +,U4)Pl4 (t)+/u3pll(t)

dp, (t
L) 1By () (2 1) R (1) 4 2 1)
Integrating above equation

IdPM (t)= ﬂIP t) dt - ﬂa+y4)ja4 dtwsjal (t)dt

O'—o8
r.o

= 4,1, _(23 + 4, )T14 + 451, =0

A U
ST, (14)
4 4

The probability of the system in state fifteen at t+At time is
P (t+At) = ZAP, (t)+(1—(4, + 14 ) At) P (1) + 12, AR, (t)

Ps (t+AAtz_P15 (t) = AP, (t)—(ﬂ4 .|_;11)F’15 (t)+,u4plg (t)

Taking the limit as At —0, and the differential equation 1s

tim Pl 29 ZB)_5p 6)(4,) R () 0P 1)

dplgt(t_) = AP, ()= (A + 14 ) Ps (t) + 12, (1)

Integrating above equation
[drs (1) ﬂjJ'P t) dt—(4, +ﬂl)j dt+y4j , (t)dt
0

= AT, = (A +14)Tos + 4,T,, =0

N %! T+t T, (15)
Ayt 14 Ayt 1

The expressions for T2 1T3 ’T4 1T5 ’TB 1T7 1T3 ;Tg 1T10 1T11 , le 1T13 ;T14 |T15 in terms of Tl arc

A (Fs+20)+ 1ty (A + 1)

Tz = 1
H (/13 +4, ) + Aty + A, 454,
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A(22+ p(A+ p))

= = = = = = = = T=
If A=A =4=4=2 and t4 = t, = pt; = 4, = it then 2 Wt AV A 2

3

If

.=

If

If

If

4= 2 2 9 T
A4 22 (A+p) +/1(/12+,uz)ﬂ+,uz((/1+ﬂ) +u )

_ ABArm(hrm)
U Modat Apdapte + 1 (Aot ) 1y

A=Ay =ly=Ay =24 and t =1, =t =t = then 15 =
T = 422(144_/"3) T

’ A Ay + A1 + 14 1y (/14 +:u3) '

A=4=4=4 =21 and 1 = 1, = tis = 44 = { then T6 -

/1223(21(]3+,u4)+1u4(/13+/14+,u3+ﬂ4)) T

7

If

ﬂz(/‘l'l(ﬂ%'*'ﬂs)(ﬂe‘*’/h)“'ﬂa/h(ﬂa+ﬂ'4+,u3+,u4))

) {21/13(/13/14 +(ﬂ'4 +ﬂ2)(ﬂ'4 + iy ))+j1(/13/14 + 4, (14 +/U3)),U4JT1

Ty (/13 +4, +/13+,u4)
hA=k=4=4=41 and

AA(a+ p) + 4 (224 20))

B 2,3(/1122 (A + 1)+ Aoyt + 11, ((’12 +14) (4, +,ul)+,ul,u4)>
1122214 +A44, (/14 +:“1)(ﬂ4 +ﬂ3)+ﬂ1(ﬂfzﬂ“4 +ﬂl;u3)/v‘4
TG, ((ﬂz +:ul)(ﬂ’4 +:ul)+'ul'u4)

b=y = 2o = Ay = and
/1(/12 (/”L+,u)+/”t,u2 +,u((/1+,u)2 +,uz))

- 2113(2324+(ﬂ4+,uz)(ﬂ,4+/13))+ll(/1324+;12 (/14+/13))/14 !
il (A + Ay + s + 1)
h=ly=l=4 =4 and
A (A(A+ )+ p(22+2u))

7:32(12+(i+/02y+ﬂ(22+ﬂ(i+A0)ﬂ+Aﬁ(22+2”)1

8

Ay (/12 (14 +/‘1)+ﬂ1(ﬂi+ﬂ4 +/vﬁ+,uz1))

" A2+ g (4 1) (e + b5 )+ e (o + ipts ) 1y

oty (A + 1) (A + 1)+t

T

(22 (2% + (2 1) )+ 2(2% + (At o) a4 (224 200))

(A2 +u(A+ )

M=, = =y =H

=y =y =y =

/13+22,u+,u(/1+,u),u !

A° (/1+,u)

A+ P+t (/1+,u)

=y =y = =

T

Tl

(16)

then

7)

then

(18)

(19)

(20)

then

@2y
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If h=h=k=4=41 and =M == =H
_ A2 (A(A+p)+ pu(24+2u)) .
L + 22 (A+u) +/1(22 +,uz),u+,u2 (A+u) +u '
A, (/13 + U, )

9~ T,
M+ A Aty + 1y (/13 T4y )'u4

T /12(/1+,u)

If A=4=4=4,=4 and i, = 4, = yt3 = 14, = 1t then 9 _/13+j/2/u—|—‘u(/1+/,l)/yl !
- hdoly .
10 — 1

A gy + Ao Ayt + 14 11 (}“4 +;U3)

13

If h=h=4=4=4 andﬂl=ﬂ2=#3=ﬂ4=ﬂthenTlo:/13+/12ﬂ+ﬂ2(/‘t+ﬂ)Tl
T = /12/1314(/13"‘14"'/13"'!‘4) T
1= 1

Ay (2314 +(/14 +,u2)(/14 T M ))+/11 (/13/14 T H, (14 +,u3))lu4

T sy (23 + A+ ,u4)
If A=k =L=~=1 and =y =y =y = U

/13(2&+2,u)

T = 2( 52 2 2 3 T

A (/1 +(/1+,u) )+/1(ﬂ +,u(/1+,u)),u+,u (22+2,u)
T - %2314(%+/14+ﬂ1+ﬂ4) T
12 7 42 1

/11/12}“4+ﬂ12'2(/14+ﬂ1)(ﬂ4+ﬂ3)+ﬂ1(ﬂzﬁ4+ﬂ1ﬂ3)ﬂ4

Ty ((/12 +:“1)(/14 +ILL1)+:LL1:U4)
If A= =4=4=2 and M= ===
T, - 2 A (24 +2p) : T

AP+ 2% (A+ ) +/1(/12+y2)y+y2((/1+,u) +,u2)
T _ 11/12]“4 T
13 ™ 1

A2+ A datty + 1 (A + 1y ) 1y

13

2 7 -7 — = = — T, = T,

If A=2=4=2=2A and th =, = s = p44 = ¢t then '13 B+ APput+ gt (A+p) "

then

(22)

(23)

(24)

then

(25)

then

(26)

27)
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- Aoy (g (A + )+ 115 (A + A + 15+ 11,)) .
Ay (A + (A 1) (A + 115)) + A (A + 1ty (A +p85) ) ity
ity sty (A + A + 15 + 11y
If A=A=L=4=41 and W=, =y = [, = U then
A2 (A(A+ )+ p(24+2u))
Z?(ﬂz+(l+;02>+ﬂ(lz+y(ﬂ+;0)y+;ﬁ(2&+2y)1
o Ak (A (A )+ s (Ao A+ a1y)
B W Ahy + Ay (Ag 1) (A + 115 ) + A0 (A Ay + 0t) 14 '
ity (A + 1) (A + 1) + 1ty
If A=h=4L=4=2 and My =y =y = [y =} then
A2 (A(A+ )+ p(24+2u))
ﬂ4+2?(2+;02+ﬂ(22+;ﬁ)y+;ﬁ(i+;02+y2
The probability of the system in state sixteen at t+At time is

Po (t+At) = 2,AtR, (t)+ AAR, (t)+ L,AR, (t)+ L,AR, (t)

Pe(t+At)—Pg (t
BP0 _ (1) 4R () 2R ()4 4R (1)
Taking the limit as At —0, and the differential equation is

tim Pl 8B 0) o )48 () 2,84 ()4 4R (1)

(28)

14 =

! (29)

15 =

dpl(;at(t) = 4,P (t)+ 4P, (t)+ 4,P, (t)+ A4,P; (1)

Integrating above equation
[dRg (t) =4, [ Ry (t)dt+ 4 [ Py (t)+ 4, [ P, (1) + 4 [ Py (1)
0 0 0 0 0

= 1= /14T10 + /11T11 + ;Llez + Z’ST13

Substituting T, T3, T;,, T;5 values in the above equation then we get

. (A p) (AP p) (227 - At 24 0

' 204 (447 — A+ 4u?)
The MTBF is the sum of the expected time in state 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15, if all the 4-
components have the same failure rate and repair rate, we get
MTBF =T, + T, +T,+ T, + T, + Tg + T, +To + T, + T, + T, + T, + T, + T, + T
_ 220° + QA%+ 27 2% 1% +152°% 1% + 90 + 24°

22" (447 = Ap+ 4’ )

(€29
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9. Mean time to repair (MTTR):
The MTTR is the basic measure of the maintainability of repairable items. It represents the average time
required to repair a failed component or device.

MTTR = T[l— M (t)]dt

—| w(t)dt
Where M (T) =1l-e?®
If the repair rate 4 (t) is constant and is equal to 4 then MTTR = e
7
In this case the repair rates (4, iy, M, M, are constants and f4 = K, = ly = 14, = [, then

1
MTTR = — (32)

Au
The steady state availability is
MTBF
MTBF + MTTR
On simplification, we get

204(222° + 94" i+ 212°1* +152% 11> + 92" + 244"
A28+ 432% 0+ 2200 1 + 5423 1% + 3027 1t +1820° + A48 (33)

A(t —>oo):

10. Numerical Results:4-component repairable system with same failure rate and repair rates
S.No. 2 “ | A(t—>) | MTBF

0.02 | 0.1 { 0.999317 | 3659.6
0.04 | 0.1 | 0.994699 | 469.104
0.06 | 0.1 | 0.985628 | 171.452
0.08 | 0.1 | 0.973609 | 92.2295
0.1 [0.1]0.96 60.0
0.12 | 0.1 | 0.945664 | 43.5102
0.14 1 0.1 | 0.931098 | 33.7832
0.16 | 0.1 | 0916575 | 27.4671
0.18 | 0.1 | 0.902248 | 23.075
Table-1

R B B A Il el Bl e
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A Vs Availability A Vs MTBF
1.02 4000
1
2 0.98 3000
S 0.96 o
= 0.94 = 2000
Z 092 1000
0.9
0.88 0
0.05 0.1 0.15 0.2 0.05 0.1 0.15 0.2
A Axis Title
Fig.2 Fig.3
S.No. | 2 u A(t—> ) | MTBF
1. 0.051]0.1 |0.990635 | 264.444
2. 0.051]0.12 | 0.994096 | 350.784
3. 0.051]0.14 | 0.996101 | 456.252
4. 0.051]0.16 | 0.997326 | 582.76
5. 0.051]0.18 | 0.998107 | 732.224
6. 0.05]0.2 |0.998623 | 906.563
7. 0.051]0.2210.998975 | 1107.7
8. 0.051]0.24 |1 0.999222 | 1337.55
0. 0.051]0.26 | 0.999399 | 1598.03
Table-2
U Vs Availability U Vs MTBF
1 2000
> 0.998 1500
2 0996 é 1000
= 0.994 S
2 0992 500
0.99 0
0.1 0.2 0.3 0 005 01 015 02 025 03
M M
Fig.4 Fig.5

11. Conclusion:

The numerical results for the 4-component repairable system with identical failure rate and repair rate
show the expected influence of the failure and repair rates on the system performance.
When the repair rate 4 is fixed at 0.1 and the failure rate 2 is increased from 0.02 t00.18, the steady-state

availability A(t— o) decreases from 0.999317 to 0.902248. At the same time, the MTBF decreases
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significantly from 3659.6 t023.075. The indicates that an increase in the component failure rate adversely
affects both system availability and mean time between failures.
On the other hand, when the failure rate 1 is fixed at 0.05 and the repair rate ;. 0.10 to 0.26, the availability

increases from 0.990635 to 0.999399. Th MTBEF also increases from 264.444 to 1598.03. Thus, an increase
in the repair rate considerably improves the system performance by reducing the time for which failed
components remain unavailable.

Therefore, the numerical results obtained from the newly derived expressions for A(t —«) and MTBF

demonstrate that higher repair rates improve system reliability and availability, where as higher failure
rates reduce them. The results also show that the effect of the repair rate becomes particularly significant
as the repair capability of the system is increased.
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