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ABSTRACT

This research article delves into the geometric and mathematical significance of the Ellipse; a fundamental
conic section defined as the locus of a point such that the ratio of its distance from a fixed point (focus) to
a fixed line (directrix) is a constant less than or equal to one. Beyond its classical geometric definition, the
ellipse holds substantial importance in astronomy, particularly through Kepler’s laws of planetary motion,
where celestial bodies orbit stars in elliptical paths.

The study presents a collection of Twenty-nine newly established theorems focusing on the ellipse’s
tangent & normal of pair conjugate diameters. Each theorem is rigorously formulated, accompanied by
detailed mathematical proofs and illustrative diagrams. Furthermore, the author introduces an additional
set of 29 original theorems describing precise mathematical relationships between tangent, normal of pair
conjugate diameters of an ellipse, and other key elements of the ellipse. Basic fundamental formulae
required for derivations have been given in Preamble & Table-1. These contributions offer valuable
insights and serve as significant references for scholars pursuing advanced research in geometry and
related disciplines.
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INTRODUTION

The ellipse, a key conic section, is defined as the set of points where the sum of distances to two fixed
points (foci) remains constant. It has wide-ranging applications in mathematics, physics, astronomy,
optics, and engineering due to its rich geometric and physical properties.

A notable feature in ellipse geometry is the concept of conjugate diameters is a pair of diameters where
each bisects all chords parallel to the other. These diameters provide insight into the shape and orientation
of the ellipse, with one aligned to a set of parallel chords and the other formed by the midpoints of those
chords.

The ellipse’s reflective property, where rays from one focus reflect to the other, underpins its role in
acoustics and optics. Additionally, the behavior of tangents and normals relative to conjugate diameters
offers deeper geometric understanding about an ellipse.

While classical properties are well studied, this article introduces and proves several new theorems using
parametric equations, focusing on the interplay between tangents, normals, and conjugate diameters.
These findings enrich the theoretical framework of ellipse geometry and support further research across
scientific disciplines.

PREAMBLE- A

Common description of the ellipse with respect to point P; for the entire article is
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1. Point O is centre of ellipse,

2. a & b are semi-major axis [1] & semi-minor axis [2] of the ellipse respectively.

3. T, S, is a tangent [3] & P;N; is normal [4] are drawn on ellipse at point ‘P’ respectively.

4. Points T; & S; are the intersection of tangent with transverse axis [5] & conjugate axis [6]

respectively.

Points N; & M; are intersection of normal with transverse axis & conjugate axis respectively.
OT; & OS; are x-intercepts [7] & y-intercepts [8] of tangent respectively.

OT; is called as sub-tangent [9] with respect to transverse axis.

ON; is called as sub-normal [10] with respect to transverse axis.

L e

Points Q; & R; are the projection of point P; on transverse axis & conjugate axis respectively.
10. 0Q; & OR; are abscissa [11] & ordinate [12] of the point P; respectively.
11. Points F; & F, are the foci [13] of the ellipse.
Referring fig.1,
Point U; is intersection of auxiliary circle [14] and semi-diameter [15] drawn at angle 6°, which is called
as eccentric angle [16] for point P;.
Let, 2U,0Q, = 6°hence £ Q;T;U; = (90° —6°),2S,0V; = (90° —6°),2 0S,V; = 6,°0U;
= a,
OV, = b, parametric equation of ellipse [17] is P (x,y) = acos(6°), b sin(6°).
~ 0Q;
= acos(6°) (A.1)
~ORy =P1Qy
= bsin(6°) (A.2)
In right A 0Q,U4, 2 Q;T,U; = (90° — 6°)
U:Qq
[N
~ U;Qq = OU; X sin(6°)
~UpQq
= a x sin(6°) (A.3)
In right A T,Q,U4, 2 Q; T;U; = (90° — 6°)
U:Qq

sin(0°) =

tan(90° — 0°) =

. U
. cot(0°) = o.T
111

QTy
U;Qq
~» QiT; = U;Q, X tan(8°)
Substituting eqn. (A.3) in above,
~ Q,T; = asin(0°) X tan(0°)
=~ QTy
asin?(0°)
~ cos(6°)

~ tan(0°) =

(A.4)
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Comugate di. ==
- '
to OP, !

Referring fig.1, OT; = 0Q; + Q; T
Substituting eqn. (A.1) in above,
asin?(6°)

cos(6°) >

Simplifying the above eqn.,

-~ 0T,

_a

~ cos(6°)

~ 0T, = acos(6°) + <

Inright A OR,Vy, 2 R,0V, = (90° — 6°)

ViR,
tan(90° — 6°) =
an( ) OR,

ViR,
OR,
OR,

=~ cot(0°) =

ViRi = ———=
M tan(6°)
Substituting eqn. (A.2) in above,
b-sinf8) x cos(6°)

~ViR; = 69

~ ViR,

= b cos(6°)

Inright A S;R,V;, 2 RSV, = (6°)
ViR,
RS,
ViR,

Rady = tan(0°)
Substituting eqn. (A.6) in above,

tan(0°) =

X Puir Normuls

™\
vy~ Scmi-din. OP,
\'\~L ! = Par Tangents

(A.5)

(A.6)
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RS = b cos(6°) X cos(6°)
R sinn(6°)

~ RS
_ bcos?*(6°)
~ sin(6°)
In fig.1, 0S; = OR{ + RS,
Substituting eqns. (A.2) and (A.7) in above,
b cos?(6°)
sin(6°)
Simplifying the above eqn.,
~ 08,
b
~ sin(6°)
Multiplying eqns. (A.1) and (A.5),

a
0Q, X OT; = a-cos8> X -
% 00y X 0T,

Multiplying eqns. (A.2) and (A.5),
b
OR, X 0S; = b-sin{8> X — 5
~ OR; X 0S8,
— p2
According to Pythagoras theorem on right A T; Q4 P,
P1T12 = Q1T12 + P1Q12
Substituting eqns. (A.4) and (A.2) in above,
5 asin?(6°)\ PP
& PT " = (W) + [bsin(6°)]
Simplifying the above eqn.,
,  sin?(6°)[a*sin®(6°) + b? cos*(6°)]

= cos?(6°)

~ P Ty
sin(8°) /a2sin?(6°) + b2 cos2(#°)

- cos(6°)
According to Pythagoras theorem on right A S; R, P;,
P;S;* = R;S;* + P,R,*
~ P;S;% = RS2 + 00,2
Substituting eqns. (A.7) and (A.1) in above,

2o\ 2
~ PS% = (b;;s_(g(f))) + [a cos(8°)]?

Simplifying the above eqn.,

~ 0S; = bsin(6°) +

(A.7)

(A.8)

(A.9)

(4.10)

(4.12)
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2 o 2 2 o 2cinl (Ao
APS, = cos*(8°)[b=cos=(6°) + a*sin“(6°)]
sin2(6°)

= P1S;

_ cos(6°) \/azsin2 (6°) + b? cos?(6°)

B sin(6°)

According to Pythagoras theorem on right A T, 0S5,
T,5,% = 0T,* + 0S,*

Adding eqns. (A.5) & (A.8)

2 a \? b
T. =
151 (cos(@")) + (sin(6°)>
Simplifying the above eqn.,
, a?sin*(6°) + b* cos*(6°)
115, = ;
sin?(6°) cos?(6°)

~ T1S;
B \/azsin2(9°) + b? cos?(6°)
a sin(6°) x cos(6°)

P10,
01Ty

Inright triangle P;Q,N;, tan(a®) =
PQ;  ORy
T T
Substituting eqn. (A.2) & (A.4) in above,
asin?(6°)
cos(6°) >
cos(6°) )

asin?(6°)

tan(a®) =

tan(a®) = bsin(6°) + (

tan(a®) = bsin(6°) x <

. tan(a®)
b cos(6°)
~ asin(6°)
Inright triangle P,Q{Ny, £Q,.P;N; = a°
N1Qy
P10y
~ N;Q; = OR; X tan(a®)
&~ N;Q; = bsin(6°) X tan(a®)
Substituting eqn. (A.15) in above,
b cos(6°)
asin(6°)

~ tan(a®) =

& N;Q; = bsin(6°) x

- Ny Qq

_ b%cos(6°)

B a

ON; = 0Q; — N104

Substituting eqns. (A.1) & (A.16) in above,

(A.13)

(A.14)

(A.15)

(A.16)
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b%cos(6°)
. ON; = acos(6°) — (T

Simplifying the above eqn.,

= ON,

_ (a® = b*)cos(6°)

B a

R,S; = 0S; — OR,

Substituting eqn. (A.8)and (A.2)in above eqn.,

RS, = (—sinl()9°)) — bsin(6°)
Simplifying the above eqn.,
~ R15;
_ bcos?*(6°)
~ sin(6°)
Inright triangle NyOM,, £ N;OM; = a°.
ON,
oM,

In this right triangle, tan(a®) =

_ ONg
~ tan(a®)
Substituting eqn. (A.17) in above eqn.,

2 _ bZ Q°
~OM; = ((a a)cos( )> + tan(a®)
Substituting eqn. (A.15) in above,
. OM, = ((a2 - bz)cos(9°)> . <b cos(9°)>

a asin(6°)
Simplifying the above eqn.,
~ 0OM;
_ (a® = b?)sin(6°)
- b
Referring fig. A.2, RyM; = OR, + OM;
Substituting eqn. (A.19) and OR = bsin(6°) in above,
(a? — bz)sin(9°)>

“ OM,

% R{M; = bsin(6°) + < 5
Simplifying the above eqn.,

~ RyM;

_ a*sin(6°)

S—

According to Pythagoras theorem on right A N; Q4 P;,
P1N12 = 1V1Q2 + P1Q12

Substituting eqn. (A.16) and (A.2) in above eqn.,

2 oY\ 2
PN,? = (b%s(“) + (bsin(9°))2

(A.17)

(A.18)

(4.19)

(4.20)
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Simplifying the above eqn.,
b?[a?sin?(6°) + b%cos?(6°
PN 5 (G (6]

~ P1Ny
_ byJa?sin?(6°) + b?cos?(6°)
B a
M1N12 = 0M12 + 0N12
Substituting eqn. (A.19) and eqn. (A.17) in above, we get
a? — b?)sin(6°)\° a? — b?)cos(6°)\°
M1N12=<( )sin( )> +<( )cos( ))
b a
Simplifying the above eqn.,
, (a® — b*)?[a®sin®(6°) + b*cos?(6°)]
oo ]\41N1 = >
a?b?
M1N1
_(a® - b?)\/a%sin2(6°) + bZcos2(6°)
B ab
Referring ﬁg 1, PlMl = PlNl + M1N1
Adding eqns. (4.21) and (A.22),

(a? — b?) /a?sin%(6°) + b2c052(9°)> N (b\/azsin2 (8°) + b2c052(0°))

a?

(4.21)

(4.22)

o PlMl - P1N1 + MlNl - < ab

- PyM;y
3 a?\/azsin?(6°) + b%cos2(6°)

- Py My

B a\/azsin2(9°) + b%cos?(6°)

a b

Referring the fig. 1, N;T; = OT; — ON;
Substituting the eqn.(A.5) and (A.17)in above

' B a (a? — b?)cos(6°)
“ Nl = (cos(9°)) B < a )

Simplifying the above eqn.,

- N Ty

_a?sin®(8°) + b*cos?(6°)

B acos(6°)

In fig. 1, M;S; = 0S; + OM,

Substituting the eqn. (A.8) and (A.19) in above
b (a? — b?)sin(6°)

“ M5y = (sin(9°)> + < b )

Simplifying the above eqn.,

(4.23)

(A.24)
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~ MyS;
_a*sin®(6°) + b*cos?(8°)
B bsin(6°)

(A.25)

Eqn. (A 8) = 0§; = m

In right-triangle T; 0S;, as per Pythagoras theorem
S,F,* = OF,* 4+ 0S,*
2 2
- (T + ()
Simplifying the above eqn.,
a?sin?(0°) + b? cos? 6°
sin?(6°)

oo SlFlz =
o SlFl = Sle

B \/azsin2(9°) + b? cos? 6°
a sin(6°)
Eqn.(A.5) = 0T, =

(A.26)

cos(6°)
We already know that OF, = OF, = va? — b? which are linear eccentricity of an ellipse
Referring fig. 1, Ty F; = OT; — OF;

a
———— & OF, = v a? — b? in above eqn,
cos(6°)

)- %

Substituting OT; =

Lk = (cos(@")
~ThFy

a— [m X cos(9°)]
- cos(6°)
Referring fig. 1, Ty F, = OT + OF,

a
“TyF. =<—) Jaz — p?
172 cos(6°) Tva
~ Ty Fy

_a+ [Va? — b2 x cos(6°)]
B cos(6°)

(A4.27)

(A.28)

2 _ b2 0°
Eqn.(A.5) = ON; = (a ;COS( )

In fig. 1, we know that N;F; = OF; — ON;
Substituting eqn. OF; = Va? — b? and eqn. (A.5) in above,

A NFy = aZ — b2 — ((a2 —~ bz)cos(9°)>

a

- Ny Fy
_ava? —b? — (a® — b*)cos(6°)

a
In fig 1, we knOW that N1F2 = F1F2 - N1F1

(4.29)
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Substituting eqns. F; F, = 2va? — b? and eqn. (A.29) in above, we get
ava? — b2 — (a? — b?*)cos(6°
N1F2 = 2\/ az - bZ - < ( ) ( )>

a
= N1 Fp
ava? — b% + (a? — b?)cos(6°)
= m (A.30)
In fig. 1, we know that, M;Q,% = 0Q,% + OM,*
Substituting eqns. (A.1) & (A.29) in above, we get
a? — b?)sin(6°)\”
M;Q,* = [acos(6°)]* + <( b) ( )>
Simplifying the above eqn.,
M; Q
a’b? cos? 6° + (a? — b?)?sin?(6°)
= 2 (A.31)
In fig. 1, we know that, N;R;* = ON;* + OR;*
Substituting eqns. (A.17) & (A.2) in above, we get
a? — b?)cos(0°)\°
N,R,% = <( ; ( )> + [b sin(6°)]?
Simplifying the above eqn.,
NiR,?
a’b?sin?(0°) + (a? — b?)?cos?(6°
_ (6°) + (a® — b*)2cos*(6°) 132)

2
We already knownathat the parametric equation of ellipse is P; (x,y) = (a cos 6°,bsin6°). 6° is
eccentric angle of the ellipse at point P;.

Referring fig. 1. In right-triangle OU;Q4, £ OU;Q; = 90° and £ U,0Q, = 6°

P, F, & P;F, are pair focal distances at a point P

P1F12: F1Q12 + P1Q12

s PF; %= (0Q, — OF)* + P1Q,”

~ PF* = (a cos 6° — m)z + (b sin 8°)2 [ where OF; = Va? — b2 is called linear eccentricity
« P,F,2 = a? cos? 6° + a? — b% — 2a+/a? — b? cos 6° + b? sin? §°

~ PiF,* = a? cos? 60° + a? — 2ay/a? — b? cos 6° + b? sin? 6° — b?

~ PyF;* = a? cos? 0° + a? — Za\/m cos 6° + b?[sin? 6° — 1]

« PiF,2 = a? cos? 0° + a? — 2ay/a? — b2 cos 0° — b? cos? 6°

# PiFy% = a? + a? cos? 6° — b? cos? 6° — 2av a2 — bZ cos 6°

~ PiF;? = a? + (a® — b?) cos? 6° — 2a+/a? — b2 cos 6°

~ PF% = (a - mcos 6°)2

+PFy =a— (Va2 —b?

x cos 6°) (A.33)

IJFMR250453363 Volume 7, Issue 4, July-August 2025 9



https://www.ijfmr.com/

m International Journal for Multidisciplinary Research (IJFMR)

ILJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

We already known that the parametric equation of ellipse is P; (x,y) = (a cos 6°,bsin6°). 6° is
eccentric angle of the ellipse.
Referring fig. 1, in right-triangle OU,Q,, £ OU;Q; = 90° and 2 U;0Q, = 6°
P, F; & P, F, are pair focal distances at a point P;
P1F22= F2Q12 + P1Q12
s PF?*=(0Q1 + 0F,)* + P1Q,*
~ PyF,* = (acos 6° + m)z + (b sin 6°)2 [ where, OF, = Va? — b? is called linear eccentricity
~ PyF,? = a? cos? 6° 4+ a? — b% + 2a+/a? — b? cos 6° + b? sin? 6°
. PF,? = a? + a? cos? 6° + 2a+/a? — b2 cos 6° + b?(sin? 6° — 1)
~ PF,* = a? + a? cos? 6° + 2a+/a? — b? cos 6° — b? cos? 6°
o P,F,* = a? + a? cos? 8° — b? cos? 6° + 2a+/a? — b? cos 6°
. P,F,* = a? + (a? — b?) cos? 6° + 2a+/a? — b2 cos 6°
“ P F,% = (a ++/a? — b? cos 0°)2
~PF,=a+ (\/ a? — b?
X cos 9°) (A.34)

The above calculated equation for elements of ellipse with respect to both semi-diameter with respect to

P; are given in L.H.S column in the following table-1.

PREAMBLE- B

If OP, & OP, are pair conjugate diameters [18] and if 2T,0U; = 6°, £T,0U, = (90° — 6°), OU, =
a, OV, = b, parametric co-ordinates of P, = asin(6°),b cos(6°). Point P, is tangent point of semi-
conjugate diameter.

Referring fig. 1, the elements of ellipse with respect to semi-conjugate diameter (OP,) is calculated by
substituting (90° — 6°) in place of 6°. The calculated equation for elements of ellipse with respect to both
semi-diameter and semi-conjugate diameter (OP,) are given in R.H.S column in the following table-1.

Table-1
Eqn. | Eqns. for Semi-diameter O P; Eqn. | Egns. for Semi-conjugate diameter OP,
No No
A.l | 0Q, = acos(6°) B.1 | 0Q, = asin(6°)
A2 | OR; = bsin(6°) B.2 | OR, = bcos(6°)
asin?(6°) acos?(6°)
A4 T, = —— B.4 T, = —
0iTh cos(6°) QaT2 sin(6°)
Ty = ——— 0T, = ———
A5 L7 cos(6°) B> 27 sin(6°)
A8 |08 =—— B8 | 0S, =———
L7 sin(6°) 27 cos(6°)
P, T, P,T,
Ald2 | sin(6°) Ja?sin2(6°) + b2 cos2(6°) | B.12 _cos(0°) Ja%cos?(6°) + b2 sin%(6°)
B cos(6°) B sin(6°)
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A3 cos(6°) \/a%sin2(8°) + b2 cos?(6°) | B.13 sin(6°) /a%cos?(6°) + b2 sin?(6°)
- sin(6°) - cos(6°)
Ald|Ts = \/azsin2(9°) + b? cos?(6°) B4 | 1.g — \/azcosz(ﬁ") + b2 sin?(6°)
=1 sin(6°) x cos(6°) 22 sin(08°) x cos(6°)
A16 | N,Q, = bZcos(6) B.16 | N,Q, = b%sin(6%)
AT | ON, = (a? — b?)cos(6°) BA7 | oN, = (a? — b?) sin(68°)
bcosz(;’) bsinZ(HC‘l’)
ALS | RySy = = B8 | RyS, = — o
A9 | o, = (a? — b?)sin(6°) B9 | om, = (a? — b?)cos(6°)
2<q bo 2 bo
A20 | R, = %(9) B.20 | p,M, = %5(9)
A21 | p . = b\/azsin2 (6°) + b?cos?(6°) B21| pN, = b\/a2c052(6°) + b?sin?(6°)
a a
MiN; M;N,
A22|  (a? - b?)\/a?sin2(8°) + b2cos?(6°) | B22 |  (a? — b?)\/a?cos2(6°) + b? sin2(8°)
- ab - ab
A3 P.M, = a\/azsin2 (6°) + b?cos?(6°) B.23 PM, = a\/a2c052(0°) + b?sin?(6°)
a?sin?(0°) + chosz(e°) a’cos?(6°) +ll))2 sin?(6°)
A4 Ny = acos(6°) B4 NoT, = a sin(6°)
a?sin?(6°) + b%cos?(6°) a?cos?(6°) + b?sin?(6°)
A25 | MySy = bsin(6°) B.25 | MS, = bcos(6°)
S.F, = S,F, S,F, = S,F,
A26| ./a%sin2(6°) + b2 cos? 6° B.26 | /a2cos2(6°) + b2 sin? 6°
- sin(6°) - cos(6°)
A27 | T,F, = a— [m X cos(6°)] B27 | T,F, = a— [m X sin(9°)]
cos(6°) sin(6°)
A28 | 1p, = + [VaZ — b2 x cos(6°)] B8 | p — &7 [VaZ — b? x sin(6°)]
cos(6°) 22 sin(6°)
A29 | N, F, = ava? — b? — (a? — b?)cos(6°) B29 | n,F, = ava? — b? — (a? — b?)sin(6°)
a a
A30 | N, F, = ava? — b2 + (a? — b?)cos(6°) B30 | n,F, = ava? — b2 + (a? — b?)sin(6°)
a a
M;Q;* M,Q,"*
A3l a?b%cos?6° + (a® — b?)?sin?(6°) | B31| a?b?sin®6° + (a® — b*)?cos?(6°)
B b2 B b2
IJFMR250453363 Volume 7, Issue 4, July-August 2025 11
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N1R12 Nsz2

A32 |  a?b?sin®(0°) + (a® — b*)?cos?(6°) | B.32|  a?b?cos?(8°) + (a* — b?)*sin*(6°)

a?

a?

A33 | PF, =a— (\/ a® — b? X cos 6°) B.33 | P,F, =a— (\/a2 — b? X sin 0°)

A34 | PF,= a+ (\/ a? — b? X cos 9°) B34 | P,F, = a+ (\/ a’? — b? X sin 9°)

A35 0P = \/a2c052(9°) + bZsin?(6°) B.35| 0P, = \/azsin2 (6°) + b?cos?(6°)

ANALYSIS & DERIVATIONS OF THE THEOREMS

THEOREM- 1:
0Q:" + 0Q,* = a?

Derivation of equations for proof of the theorem
Eqn.(A.1) = 0Q, = acos(6°)

» 0Q,?

= a®cos?(6°)

Eqn.(B.23) = 0Q, = asin(6°)

=+ 0Qy?

= a®sin?(6°)

Adding eqns. (1.1) & (1.2),

00,2+ 00,% = a?cos?(6°) + a?sin?(6°)

=~ 00,% + 00,% = a?[cos?(6°) + sin?(6°)]

0Q12 + OQZZ

Eqn. (1.3) is mathematical expression of the theorem.

(1.1)

(1.2)

(1.3)

THEOREM- 2:
OR;” + OR;* = b?

Derivation of equations for proof of the theorem
Eqn.(A.1) = 0Q, = bsin(6°)

~ OR,*

= b%sin?(6°)

Eqn.(B.23) = OR, = bcos(68°)

. OR,*

= b%cos?(6°)

Adding eqns. (2.1) & (2.2),

OR,?* + OR,* = b%sin?(6°) + b2cos?(6°)

~ OR{? 4+ OR,% = b?[sin?%(0°) + cos2(6°)]

~ OR;* 4+ OR,?

= p2

Eqn. (2.3) is mathematical expression of the theorem.

2.1)

(2.2)

(2.3)
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THEOREM- 3:
(OQI X ORz) + (ORI X OQZ) =ab

Derivation of equations for proof of the theorem
Eqn.(A.1) = 00,

= acos(6°) 3.1)
Eqn.(A.2) = OR,
= bsin(6°) (3.2)
Egn.(B.1) = 0Q,
= asin(6°) (3.3)
Eqn.(B.2) = OR,
= bcos(6°) (3.4)

Multiplying eqns. (3.1) & (3.4),
0Q, X OR, = acos(6°) X bcos(6°)
~ 0Qq X OR,
= abcos?(6°) (3.5)
Multiplying eqns. (3.2) & (3.3),
0Q, X OR, = asin(6°) X bsin(6°)
~0Q, X ORq
= absin?(6°) (3.6)
Adding eqns. (3.5) & (3.6),
(0Q; X OR,) + (0Q, X OR,) = abcos?(68°) + absin?(6°)
=~ (0Q; X OR,) + (0Q, X OR,) = ab[cos?(6°) + sin?(6°)]
~ (0Q1 X OR,) + (0Q, X OR;)
= ab (3.7)
Eqn. (3.7) is mathematical expression of the theorem.

THEOREM- 4:

(6750s;) + (67705, = a
0T, x 0S, 0T, x 0S,/ ab

Derivation of equations for proof of the theorem
Eqn.(A.5) = 0T,
a
~ cos(6°)
Eqn.(A.8) = 0S;
b
 sin(8°)
Eqn.(B.5) = 0T,
. a
~ sin(6°)
Eqn.(B.8) = 0S,
b
~ cos(6°)
Multiplying eqns. (4.1) & (4.4),

(4.1)

(4.2)

(4.3)

(4.4)
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0Ty X 05z = (coscze")) % (COSZEHO))

%~ 0T, X 0S,
ab
= 052 (@) (4.5)
Multiplying eqns. (4.2) & (4.3),
a b
0T, X 051 = (sin(9°)) % (sin(9°))
~ 0T, x 08,
ab
= sin? (6°) (4-6)
Adding reciprocal of eqns. (4.5) & (4.6),
1 1 cos?(68°) sin?(6°)
<0T1 X 052) + (0T2 X 051) =T ab " ab
_ 1 1 _ 5in?(8°) + cos*(6°)
- (OT1 X 052) * <0T2 X 051> B ab
' 1 1
- (OT1 X 052) + (0T2 X 051)
1
= (4.7)
Eqn. (4.7) is mathematical expression of the theorem.

THEOREM- 5:
T151 X PzMz - Tzsz X P1M1

Derivation of equations for proof of the theorem
Eqn.(A.14) = T, S,
B \/azsin2(9°) + b? cos?(6°)

sin(6°) X cos(6°) (5.1)
Eqn.(B.23) = P,M,
B a/a%cos?(6°) + bZsin2(8°) (5.2)
; :
Eqn.(B.14) = T,S,
_ ya?cos?(6°) + b? sin?(6°) (5.3)
sin(6°) x cos(6°) '
Eqn.(A.23) = P, M,
_ a/a?sin?(6°) + b2cos2(6°) (5.4)

b
Multiplying eqns. (5.1) & (5.2),

\/azsinz (6°) + b? 0032(9°)> y (a\/azcosz(0°) + bzsin2(9°))

T,5, X P,M, =
11tz ( sin(6°) X cos(6°) b

IJFMR250453363 Volume 7, Issue 4, July-August 2025 14
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& Ty Sy X PyM,
a X \/azsin2(9°) + b? cos?(6°) x \/a2c052(9°) + b?sin?(6°)
- b x sin(6°)cos(6°)
Multiplying eqns. (5.3) & (5.4),
\/a2c052(9°) + b? sin2(9°)> o (a\/azsinz(ﬁ") + b2c052(9°))
sin(8°) x cos(6°) b

(5.5)

TZSZ XP1M1 = (

& TySy X Py M,

_ax \/a2c052(9°) + b?sin?(6°) x \/azsinz (6°) + b? cos?(6°)
B b x sin(6°)cos(6°)

Equating eqns. (5.5) & (5.6),

TS, X P,M,

=T,S, X PM; (5.7)
Eqn. (5.7) is mathematical expression of the theorem.

(5.6)

THEOREM- 6:
0P1XP1M1 :0P2XP2M2

Derivation of equations for proof of the theorem

Eqn.(A.35) = 0P

= \Ja%cos2(6°) + bZsin2(6°) (6.1)

Eqn.(A.23) = P, M,

B a\/azsin2 (6°) + b?cos?(6°)
b

Eqn.(B.35) = 0P,

= \/a%sin2(8°) + b2cos2(6°) (6.3)

Eqn.(B.23) = P,M,

B a\/azcosz(9°) + b?sin?(6°)

Multiplying eqnsl.j (6.1) & (6.2),

(6.2)

(6.4)

a+/a?sin?(6°) + b%cos2(6°
OP; X P;M; = \/a?cos2(6°) + b2sin2(6°) x ( v (6°) ( ))

b
© OP, X P,M,

B a/a?sin2(8°) + b2cos2(8°) x /a2cos2(6°) + b2sin%(6°)
B b

Multiplying eqns. (6.3) & (6.4),

(6.5)

a+/a?cos?(0°) + b?sin?(6°
0P, X P,M, = \/a?sin2(6°) + b2cos2(8°) x < J (6°) ( )>

b

» OP, X P,M,

_ax \/azsinz (6°) + b?cos?(6°) x \/azcosz(9°) + b?sin?(6°)
B b

(6.6)
Equating eqns. (3.5) & (3.6),
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OP; X P{M,

Eqn. (6.7) is mathematical expression of the theorem.

THEOREM- 7:

PINIXP2M2:P2N2XP1M1

Derivation of equations for proof of the theorem
Eqn.(A.21) = P;N,

b\/azsin2 (6°) + b?cos?(6°)
- a
Eqn.(B.23) = P,M,

a/a%cos?(6°) + bZsin2(8°)
N b
Eqn.(B.21) = P,N,

b\/a%cos?(6°) + bZsin2(8°)
- a
Eqn.(A.23) = P, M,
B a/a%sin2(8°) + b2cos2(8°)

b

Multiplying eqns. (7.1) & (7.2),
by/a?sin%(6°) + b2c052(9°)) N aJa2cos2(0°) + b2sin%(6°)

(7.1)

(7.2)

(7.3)

(7.4)

a b

PlNl X P2M2 = (
oo P]_Nl X P2M2

= \/a%sin2(8°) + b2cos2(6°)

X \/azcosz(é?") + b?sin?(6°) (7.5)
Multiplying eqns. (7.3) & (7.4),

lsm/a2 cos?(68°) + b?sin? (9°)> y <a\/a25in2 (6°) + b20052(9°)>

P,N, X PiM, =
20V X My < 2 A
S P2N2 X P1M1

= \/a%sin2(8°) + b2cos2(6°)

X \/azcosz(é?") + b?sin?(6°) (7.6)
Equating eqns. (7.5) & (7.6),
P;N; X P,M,
= P2N2 X PlMl (77)
Eqn. (7.7) is mathematical expression of the theorem.

THEOREM- §:
OT, X 0S; = OT, X 0S,

Derivation of equations for proof of the theorem
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Eqn.(A.5) = 0T,

_a

~ cos(6°)

Eqn.(A.8) = 0S;
b

~ sin(6°)

Egn.(B.5) = 0T,
a

~ sin(6°)

Eqn.(B.8) = 08,
b

~ cos(6°)

Multiplying eqns. (8.1) & (8.2),

a

0T, X 0S, = (

- OT, X 0S,
_ ab
~ sin(6°) cos(6°)

Multiplying eqns. (8.3) & (8.4),

a

cos(6°)

0T, X 0S, = (

« 0T, X 08,
_ ab
~ sin(6°) cos(6°)

Equating eqns. (8.5) & (8.6),

0T, X 0S,
= 0T, X 0S,

Eqn. (8.7) is mathematical expression of the theorem.

sin(6°)

(8.1)

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)

(8.7)

THEOREM- 9:

0N1 X 0M1 = 0N2 X OMZ

Derivation of equations for proof of the theorem
Eqn.(A.17) = ON;

_ (a® = b*)cos(6°)
B a

Eqn. (A.19) = OM,

_ (a® = b*)sin(6°)
B b

Eqn.(B.17) = ON,

_ (a® —b?)sin(6°)

a

Eqn.(B.19) = 0OM,

_ (a® = b*)cos(6°)
B b

9.1)

9.2)

9.3)

(9.4)
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Multiplying eqns. (9.1) & (9.2),
(a? — bz)cos(9°)> y <(a2 - bz)sin(9°)>

N M, =
ON; X OM; ( » 5
- ONy X OM,

(a? — b?)?%sin(6°)cos(6°)
_ in (9.5)

Multiplying eqns. (9.3) & (9.4),
(a? — b?) sin(9°)> « <(a2 - bz)cos(9°)>
a b

0N2 XOMZ =<

~ ON, X OM,

_ (a® = b?)?sin(6°) cos(6°)

B ab

Equating eqns. (9.5) & (9.6),

ON; X OM; = ON, X OM,

Eqn. (0.0) is mathematical expression of the theorem.

(9.6)

THEOREM- 10:
0Q1 X ORy = 0Q2 X OR; = Q1T1 X R1S1 = Q2T2 X R3S,

Derivation of equations for proof of the theorem

Eqn.(A.1) = 00Q,

= acos(6°) (10.1)
Eqn.(A.2) = OR,

= b sin(6°) (10.2)
Eqn.(B.1) = 00,

= a sin(6°) (10.3)
Eqn.(B.2) = OR,

= b cos(6°) (10.4)
Eqn.(A.4) = Q,T,

_asin*(6°)

~ cos(6°)

Eqn.(A.18) = R,S;

_ bcos?*(6°)

~ sin(6°)

Eqn.(B.4) = Q,T,

_acos?(6°)

— sin(6°)

Eqn.(B.18) = R,S,

_ bsin®(6°)

~ cos(6°)

Multiplying eqns. (10.1) & (10.2),
0Q, X OR, = acos(6°) X bsin(6°)
~ 0Q, X OR,

= ab sin(6°) cos(6°) (10.9)

(10.5)

(10.6)

(10.7)

(10.8)
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Multiplying eqns. (10.3) & (10.4),

0Q, X OR, = assin(68°) X b cos(6°)

=~ 0Q, X OR,

= ab sin(6°) cos(6°)

Multiplying eqns. (10.5) & (10.6),
asin®(0°) bcos?(6°)

Q:Ty X RyS; = S X Sint8S
141 191 EQ}

5~ QiTy X RS,

= ab sin(6°) cos(6°)

Multiplying eqns. (10.7) & (10.8),
acos?(6°) bsin?(6°)

Ty X RyS; = ———— X o
Q22 222 EQ} EQ}

= Q2T X R, S,
= ab sin(6°) cos(6°)
Equating eqns. (10.9) & (10.10), (10.11) & (10.12),
0Qy X OR; = 0Q, X OR, = Q.T; X R;S;
= Q2T; X R,S,

Eqn. (10.13) is mathematical expression of the theorem.

(10.10)

(10.11)

(10.12)

(10.13)

THEOREM- 11:
P{F{*+ P{F,* + P,F{* + P,F,%? = 2(3a% — b?)

Derivation of equations for proof of the theorem
Eqn.(A.33) = P,F, = a — (m X cos 9°)
~ PF,* = a® + (a? — b?) cos? 6°

- Za\/m X cos 6°
Eqn.(A.34) = PiF, = a + (m X cos 9°)
~ PF,? = a? + (a® — b?) cos? 0°

+ Za\/m X cos 6°
Eqn. (B.33) = P,F, = a — (Va2 — b? x sin 6°)
~ PyFi? = a? + (a® — b?) sin? 0°

- Za\/m X sin 8°
Eqn.(B.34) = P,F, = a+ (Va2 — b2 x sin 6°)
o~ PyFy? = a? + (a? — b?) sin? 6°

+ 2ay a? — b? X sin 6°
Multiplying eqns. (11.1), (11.2), (11.3) & (11.4),
o~ PyF,* + P,F,% + P,F,* 4+ P,F,”

(11.1)

(11.2)

(11.3)

(11.4)

= [az + (a® — b?) cos? 0° —2alaZ —bZcos8° + a2 + (a? — b?) cos? §°+2a-[a2 —bZ eos 82 + a?
+ (a? — b?) sin? 0°—2a-laz—bZsin8°+ a? + (a® — b?) sin? 6°

24 [;2 62 Sin 90]
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. PyFy* + PiF,? + P,F,* + P,F,* = 4a? + 2(a? — b?) cos? 6° + 2(a? — b?) sin? 6°
o~ PyF,%* + Py, + P,F,? 4+ P,F,* = 4a? + 2(a? — b?)(cos? 6° + sin? 6°)
Simplifying the above eqn.,
o~ PyF,* + P,F,* + P,F,* 4+ P,F,”
= 2(3a? — b?) (11.5)
Eqn. (11.5) is mathematical expression of the theorem.

THEOREM- 12:
aZbZ + (aZ _ bZ)Z

M1Q,% + M;Q,” = b2

Derivation of equations for proof of the theorem
Eqn.(4.31) = M,0,>
a’b? cos? 6° + (a? — b?)?sin?(6°)
= % (12.1)

Egn.(B.31) = M,0,°
a’b? sin? 6° + (a? — b?)%cos?(6°)
= o (12.2)
Adding eqns. (12.1) & (12.2) in above,

a?b? cos? 6° + (a? — b?)?sin?(6°) a?b? sin? 0° + (a? — b?)%cos?(6°)
M;Q,% + M,Q,% = ( >+< )

b? b?
a’b? cos? 6° + a?b? sin? 6° + (a? — b?)?sin?(0°) + (a? — b?)?cos?(6°)
& MyQy % 4 MpQ, = b2
a’b?[cos? 0° + sin? 6°] + (a? — b?)?[sin?(6°) + cos?(6°)]
M1Q12 + MzQz2 = b2

& MyQq 7 + MyQ,°
B a2b2 + (a2 _ b2)2

% (12.3)
Eqn. (12.3) is mathematical expression of the theorem.
THEOREM- 13:
a2b2 + (aZ _ b2)2
N1R1 + N2R2 =

a2

Derivation of equations for proof of the theorem
Eqn.(A.31) = NyR,?
a?b?sin?(6°) + (a® — b?)?cos?(6°
_ (6) + (a? ~ b*)’cos” (07 131
a

Eqn.(B.31) = N,R,*
2120052(60°) + (a2 — b2)2sin2(6°
_ a°bcos (6°) (c; )“sin“(6°) (13.2)
a
Adding eqns. (13.1) & (13.2)
a?b?sin?(6°) + (a? — b?)%cos?(6°) a’b?cos?(6°) + (a? — b?)?sin?(6°)
a? * a?
a?b? sin?(6°) + a?b? cos?(0°) + (a? — b?)?cos?(0°) + (a? — b?)?sin?(6°)
a2

NiRy* + NoR,> = (

o N1R12 + N2R22 =
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o N1R12 + N2R22 ==

a?b?[sin?(6°) + cos?(6°)] + (a? — b?)?[cos?(6°) + sin?(6°)]

a2
. NyR;? 4+ N,R,*
a2b2 + aZ _ b2 2
_ ( : ) (13.3)
a
Eqn. (13.3) is mathematical expression of the theorem.
THEOREM- 14:
a? — b2\>
ON,* + ON,* = ( )
a
Derivation of equations for proof of the theorem
(a? — b?)cos(6°)
Eqn.(A.17) = ON; = "
Eqn.(A.17) = ON,*
(a? — b?)%cos?(6°)
= 7z (14.1)
a? — b?) sin(0°
Eqn.(B.17) = ON, = ( : )
Egn.(B.17) = ON,?
(a? — b?)? sin?(6°)
- a2 (14.2)
Adding eqns. (14.1) & (14.2)
a? — b%)?cos?(6° a? — b%)%sin?(6°
0N12+0N22=<( )2 ( )>+<( )2 ( ))
a a
a® — b?)?[cos?(0°) + sin?(0°
s om,? 4 ony? = (&7 VY Leos?(67) 4 5ini(6)
a
~ ON,;% + ON,?
a? — b2\?
= ( > (14.3)
a
Eqn. (14.3) is mathematical expression of the theorem.
THEOREM- 15:
a? — b2\?
OM,* + OM,* = < - >
Derivation of equations for proof of the theorem
(a? — b?)sin(6°)
Eqn.(A.19) = OM, = p
Eqn.(4.19) = OM,*
(a? — b?)%sin?(6°)
= 12 (15.1)
a’ — b?) cos(6°
Eqn.(B.19) = OM, = ( 2 )
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Eqn.(B.19) = OM,?
_ (a® = b*)* cos*(6°)
= -
Adding eqns. (15.1) & (15.2)
(a? — b?)?%sin?(0°) (a? — b?)? cos?(6°)
(=) ()

a? — b?)?[sin?(6°) + cos?(6°
w4 oyt - V@) + o' ()

(15.2)

OM,* + OM,* =

~ OM,% + OM,?

a? — b2 2
(727) .

Eqn. (15.3) is mathematical expression of the theorem.

THEOREM- 16:
M1Q,* — 0M,* = 0Q,*

Derivation of equations for proof of the theorem
Eqn.(A.31) = M,0,>
a’b? cos? 6° + (a? — b?)?sin?(6°)
= % (16.1)
(a? — b?)sin(6°)
b

Eqn.(A.19) = OM, =

» OM,?
(a? — b?)%sin?(6°)

Deducting eqn. (16.2) from (16.1)

a’b? cos? 0° + (a? — b?)%sin?(6° a? — b?)2sin?(6°
M&3_0M3=< (a? = b)) ())_C )2sin’( »

b2 b2
a2b? cos? 0° + {aE— b2 2sin2(6°) — LaZ— b2)2sin2(4°)
» M1Q,* — OM,* = ( )
b2
a’bZcos? 6°
b2

~ M;Q,* — OM,* = a? cos? 6°
Substituting eqn. (A.1) in above,
~ M;Q:* — OM,?
= 00Q,* (16.3)
Eqn. (16.3) is mathematical expression of the theorem.

(16.2)

» MQy — OM* =

THEOREM- 17:
N1R12 - 0N12 = 0R12

Derivation of equations for proof of the theorem
Eqn.(A.32) = N;R,*
a?b?sin?(6°) + (a® — b?)?cos?(6°
_ (6°) + (@ = b2 cos?(®") a7
a

IJFMR250453363 Volume 7, Issue 4, July-August 2025 22



https://www.ijfmr.com/

m International Journal for Multidisciplinary Research (IJFMR)

ILJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

(a? — b?) cos(6°)

Eqn.(B.17) = ON; =

a
~ ON,?
(a? — b?)? cos?(6°)
= 7 (17.2)
Deducting eqn. (17.2) from (17.1)
a?b?sin*(0°) + (a® — b*)?cos?(6° a? — b%)% cos?(0°
N1R12_0N12=< (6°) + (a2 = b2cos ))_(( ) cos’ ))
a a
a2b?sin?(0°) + {2 —b2)2cos2(6%) — La2—b2)2 cos2(8°)
. 2 2 _
o N]_Rl - ONl - az
a2b?sin?(6°)
. 2 2 _
s~ NiR;" — ON;” = e
. N;R;* — ON;* = b%sin?(8°)
Substituting eqn. (A.2)
~ N;R;* — ON,?
= OR,? (17.3)
Eqn. (17.3) is mathematical expression of the theorem.
THEOREM- 18:
1 1 1
2t 272
oT," 0T, a
Derivation of equations for proof of the theorem
Eqn.(A.5) = 0T} = ———=
qn.(4.5) 17 cos(6°)
. OT,?
a2
= — 18.1
cos?(6°) ( )
Eqn.(B.5) = 0T, = ———
an. (B.5) 2= 5in(6°)
. OT,?
.
=— 18.2
sin2(6°) ( )

Adding reciprocal of eqns. (18.1) & (18.2)

1 1 cos?(6°) sin?(6°)
7+ 2 = 2 + 2
0T,z 0T, a 2

1 N 1 cos?(0°) + sin®(6°)
“oT,? oT,? a?
1 1

+
0T, OT,?

1

== (18.3)

Eqn. (18.3) is mathematical expression of the theorem.

| THEOREM- 19:
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11 1
0s,> 0S,> b?

Derivation of equations for proof of the theorem

Eqn.(A.8) = 0S5, =

sin(6°)
. 0S;*
b2
= W (19.1)
Eqn.(B.8) = 0S, = ———
qn. (B.8) 27 cos(6°)
. 08,°
b2
= —c052(9°) (19.2)
Adding reciprocal of eqns. (19.1) & (19.2)
1 1 sin?(6°) cos?(6°)
z T z = 2 + 2
0S8, 0S, b b
1 1 sin?(6°) + cos?(6°)
2t -z = 2
0S,© 0S, b
1 N 1
08,2 0S,?
1
Eqn. (19.3) is mathematical expression of the theorem.
THEOREM- 20:
2\ 2
2 2 a
R1M1 + RZMZ = <?>
Derivation of equations for proof of the theorem
a?sin(6°)
Eqn.(A.20) = R M, = —
R1M12
a*sin?(6°)
_ = (20.1)
a’cos(6°)
Eqn.(B.20) = R,M, = B —
R2M22
a*cos?(6°)
Adding eqns. (20.1) & (18.2) in above,
a*sin?(0°) a*cos?(6°)
RyMy” + RyM,* = 12 7
a*[sin?(0°) + cos?(6°)]
o R1M12 + R2M22 = bz
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~ RiM;* + R,M,?

2\ 2
(L 20.3)
(5) @

Eqn. (20.3) is mathematical expression of the theorem.

THEOREM- 21:
2

2
N1Q4% 4+ N,Q,% = <b—>

a

Derivation of equations for proof of the theorem
b?cos(6°
Eqn. (A. 16) = NlQl = #
~ N1Qy
b*cos?(6°)

b?sin(6°)
Eqn.(B.16) = N,Q, = ——~

Nzsz

b*sin?(6°)
Adding eqns. (21.1) & (21.2) in above,
b*cos?(6°) b*sin?(6°)
2 2 _
N1Q1" + N,Q," = < 42 > + < 42 )
b*[sin?(6°) + cos?(6°)]
72

(21.2)

N1Q12 + NZQZZ =
2 Ny Q1% + N, Qy°

b2\’
- (F) (21.3)

Eqn. (21.3) is mathematical expression of the theorem.

THEOREM- 22:
b?(a® + b?)

P1N12+P2N22= az

Derivation of equations for proof of the theorem
b\/azsin2 (6°) + b?cos?(6°)
a

Eqn.(A.21) = P,N, =

P1N12
_ b*[a®sin?*(6°) + b*cos?(6°)]
— —~

(22.1)

by/a%cos2(6°) + b%sin?(6°)

Eqn (BZ].) ﬁpzNz = a

Pzsz
_ b*[a*cos?(6°) + b?sin®(6°)]
= e

(22.2)
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Adding eqns. (22.1) & (22.2),
b%[a?sin?(6°) + b2c052(9°)]> N (bz[azcosz(9°) + bzsin2(9°)]>

P1N12 +P2N22 =<

a? a?
b?[a?sin?(8°) + b?cos?(6°) + a®cos?(6°) + b?sin?(6°
PN 4 Py, = 2 ") ( ZLZ (6°) (6]
b?*{a?[sin?(6°) + a?cos?(8°)] + b?[sin?(8°) + +b?cos?(6°
2 PNZ 4+ PyN,E = {a*[sin*(6°) ( )]az [sin“(6°) (621}

= P;N;% + P,N,?
b2(a® + b?)
T @
Eqn. (22.3) is mathematical expression of the theorem.

(22.3)

THEOREM- 23:
a?(a? + b?)

P1M12+P2M22: b2

Derivation of equations for proof of the theorem
a/a?sin?(6°) + bZcos2(6°)

Eqn.(A.23) = P,M, =

b

P1M12

a’?[a?sin?(6°) + b%cos?(6°)]
= - (23.1)

a+/ a?cos?(0°) + b?sin?(0°

PzMz2

a?[a?cos?(6°) + b?sin?(6°
_ a?[a?cos*(6°) )] 52

b2
Adding eqns. (23.1) & (23.2),
a?[a?sin?(6°) + b26052(9°)]> N <a2 [a%cos?(6°) + b2sin? (9")])

P1M12 +P2M22 = <

b? b?
a?[a?sin?(6°) + b%cos?(6°) + a?cos?(6°) + b?sin?(6°)]
P1M12 + PzMz2 = h2
5 , a*{a?[sin?(6°) + cos?(6°)] + b?[cos*(0°) + sin*(6°)]}
o P]_Ml + PzMz == b2
o~ PyM;* 4+ P,M,*
a?(a® + b?)

Eqn. (23.3) is mathematical expression of the theorem.

THEOREM- 24:
(aZ _ bZ)Z(aZ + bZ)

oo M1N12+M2N22: azbz

Derivation of equations for proof of the theorem
(a? — b?)/a2sin2(6°) + b2cos2(6°)
ab

Eqn. (A. 22) = M]_Nl =
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o~ MyN,?
2 _ 12Y2[42cin2(Q° 2,.0c2(Q0
_ (a®* — b*)?[a Slrcllz(bez) + b*cos*(6°)] 24.1)
Eqn.(B.22) = M,N, = Gl bz)‘/azcoszl(fo) * b% sin*(8%)
= MyNy* ’
_ (a? — b?)?[a?cos?(0°) + b? sin?(6°)] (24.2)

a’b?
Adding eqns. (23.1) & (23.2),
. M{N{* + M,N,?
B <(a2 — b?)?[a%sin?(6°) + b2c052(9°)]>

a2p2
<(a2 — b?)?[a%cos?(6°) + b? sin? (0°)]>
+ 2
a?b?
(a? — b?)?[a%sin?(6°) + b%cos?(0°) + a’cos?(6°) + b? sin?(6°)]
o M1N12 + M2N22 = a2b2
(a? — b?)%{a?[sin?(6°) + cos?(6°)] + b?[sin?(6°) + cos?(6°)]}

o M1N12 + M2N22 = a2b2
~ M;N,% + M,N,?

(a? — b?)?(a? + b?)
= 752 (24.3)
Eqn. (24.3) is mathematical expression of the theorem.
THEOREM- 25:
N1F1 + N1F2 = N2F1 + N2F2
Derivation of equations for proof of the theorem
Eqn.(A.29) = N,F,

ava? — b? — (a? — b?)cos(6°)
= . (25.1)
Eqn.(A.30) = N, F,

ava? — b% + (a? — b?)cos(6°)
= " (25.2)
Eqn.(B.29) = N,F,

ava? — b? — (a? — b?)sin(6°)
= m (25.3)
Eqn.(B.30) = N,F,

ava? — b? + (a? — b?)sin(6°
_ ( )sin(6°) (25.4)

a
Adding eqns. (25.1) & (25.2),

ava? — b?2 — (a? — bz)cos(0°)> N <a\/a2 — b2+ (a% - bz)cos(e"))

a

N1F1 + N1F2 = <

ava? — b? + ava? — b? +{a2—bZeos(8)—(aZ—bZ)cos(6°)

a

a

N1F1+N1F2:
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=~ NiF; + N, F,
2ava? — b?
=— (25.5)

Adding eqns. (25.3) & (25.4),
ava? — b? — (a? — bz)sin(9°)> N <am + (a? — bz)sin(0°)>
a a
ava? — b? + aM—i——Gai——b%smGQ%———éai——b%sm@&))

a

N2F1 + N2F2 == (

o N2F1 + N2F2 = <

o NyF; + N,F,

2ava? — b?
= (25.6)

Equating eqns. (25.5) & (25.6),

Ny F, + N, F,

= N,F; + N,F, (25.7)
Eqn. (25.7) is mathematical expression of the theorem.

THEOREM- 26:
(P1T12 + stzz) X (PzTZZ + P1512) = (az + b2)2

Derivation of equations for proof of the theorem
sin(6°) \/azsinz (6°) + b? cos?(6°)
cos(6°)

Eqn. (A. 12) = PlTl -

P1T12
sin?(60°) [a%sin?(6°) + b? cos?(6°)]
- c0s?(6°)
sin(8°) /a%cos2(6°) + b2 sin2(6°)
cos(6°)

(26.1)

Eqn.(B.13) = P,S, =

stzz
sin?(6°) [a%cos?(6°) + b? sin?(6°)]
- cos?(6°)
cos(6°) Ja2c052(9°) + b? sin?(6°)
sin(6°)

(26.2)

Eqn.(B.12) = P,T, =

Psz2
cos?(8°)[a?cos?(68°) + b? sin?(6°)]
- sin?(6°)
cos(6°) \/a%sin2(8°) + b2 cos2(6°)
sin(6°)

(26.3)

Eqn. (A. 13) = P]_Sl ==

~ P,S,?

_ co0s%(6°) [a*sin?(6°) + b? cos?(6°)]
B sin2(0°)

Adding eqns. (26.1) & (26.2),

(26.4)
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P.T.% 4 P,S,? = (sin2 (6°) [a%sin?(6°) + b? cosz(9°)]> N (sin2(9°) [a?cos?(6°) + b? sin2(9°)]>

cos?(0°) cos?(6°)
S PT? 4 PS,7 = sin?(0°) [a?sin?(6°) + a%cos?(6°) + b? sin?(6°) + b? cos?(6°)]
cos?(6°)
CPT2 4 PS,? = sin?(0°) x {a?[sin?(6°) + cos?(6°)] + b?[sin?(6°) + cos?(6°)]}
cos?(6°)
CPT2 4 PS,? = sin?(0°) x {a?[sin?(6°) + cos?(6°)] + b?[sin?(6°) + cos?(6°)]}
cos?(6°)

~ PT,% + P,S,*

_ sin®(0°) x (a*® + b?)

B cos?(0°)

Adding eqns. (26.3) & (26.4),
cos?(6°)[a?cos?(6°) + b? sin? (0°)]> N <c052(9°) [a?sin?(6°) + b? cosz(9°)]>

(26.5)

P2T22 +P1512 = (

sin?(6°) sin?(6°)
o PyTy% + P,S,2 = cos?(0°)[a?cos?(6°) + a?sin?(6°) + b? sin?(6°) + b? cos?(6°)]
sin2(6°)
BT, 4 pys,? = (05 (0@ {cos?(6°) + sin?(67)} + b*{sin® (67) + cos” (6%))]
sin?(6°)

. P,T,* 4+ P,S,*

_ cos?(6°) x (a® + b?)

B sin?(6°)

Multiplying eqns. (26.5) & (26.6),

(26.6)

(PT,% + P,S,2) x (P,T5% + P1S,2) = (f""‘#@c’_}x (o + bz)) y <eesi€9—}x (a® + b2)>

;99.2-(@0) 5"”‘12_(90)
(PTy? + P,S,%) x (P,T, + P, S, %)

= (a® + b?)? (26.7)
Eqn. (26.7) 1s mathematical expression of the theorem.

THEOREM- 27:
P1T1 XPzTZ = P151 szsz

Derivation of equations for proof of the theorem
Eqn.(A.12) = P Ty
_ sin(6°) Jazsin2(6°) + b2 cos2(6°)

c05(0°) (27.1)
Eqn.(B.12) = P,T,
B cos(6°) Ja2c052(9°) + b? sin?(6°) 27.2)
sin(6°) '
Eqn.(B.12) = P,S;
_ cos(6°) Ja?sin2(6°) + b2 cos2(6°) 27.3)

sin(6°)
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Egn.(B.13) = P,S,
sin(6°) \/a2c052(9°) + b? sin?(6°)

- cos(6°)

Multiplying eqns. (27.1) & (27.2)

P.T, X P,T, = (sméé?i}\/azsinz(w) + b? c052(9°)> o <69§€9°—}\/a2c052(0°) + b? sin2(9°)>
€05(6°) sinfe)

. P,T; X P,T, = \/a%sin2(8°) + b2 cos2(6°)

X \/a2c052(9°) + b? sin?(6°) (27.5)

Multiplying eqns. (27.3) & (27.4)

P.S, X P,S, = (ee&é@i}\/azsinz(m) + b? cosz(9°)> o (smééi}\/azcosz(m) + b? sin? (0°))
S8 €o5(6°)

o PS; X P,S, = \/azsinz (6°) + b? cos?(6°) x

Jazcos2(6°) + b2 sin2(6°) (27.6)

Equating eqns. (27.5) & (27.6),

P,T; X P,T,

= P,S, X P,S, (27.7)

Eqn. (27.7) is mathematical expression of the theorem.

(27.4)

THEOREM- 28:
ON,+ON; b

OM,+O0M, a

Derivation of equations for proof of the theorem
Eqn.(A.17) = ON;

_ (a® = b?)cos(6°)

B a

Egn.(B.17) = ON,

_ (a® = b?)sin(6°)

B a

Eqn.(A.19) = 0M,

_ (a® = b?)sin(6°)

- b

Eqn.(B.19) = 0M,

_ (a® = b?)cos(6°)

- b

Adding eqns. (28.1) & (28.2),

(a? — bz)cos(9°)> N <(a2 — b?) sin(9°)>

(28.1)

(28.2)

(28.3)

(28.4)

ON; + ON, =
11t ON; ( 7 a2
5 ONy + ON,
_ (a® = b?) x [sin(8°) + cos(6°)]

a
Adding eqns. (28.3) & (28.4),

(28.5)
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a? — b?)sin(6° a? — b?)cos(6°
0M1+0M2=( )()+( )cos(6°)
b b
~OM; +0M,
_ (a? = b?) x [sin(6°) + cos(6°)]

(28.6)

b
Dividing eqn. (28.5) by (28.6),
ON, + ON, _ ((a* —b?) x [sin(6°) + cos(8°)]\ . ((a® — b?) x [sin(6°) + cos(6°)]
OM, + OM, ( > - < b )
ON; + ON {a2 — b2y % [sinf8)+cos(8°) b
o )+ (e=mxm =)

T OM; +0M,
_ ON; +ON,
T OM; +0M,

b

== (28.7)

Eqn. (28.7) is mathematical expression of the theorem.

THEOREM- 29:
0T1 + OTZ _ a

0S,+0S, b

Derivation of equations for proof of the theorem
Eqn.(A.5) = 0T,
_a
~ cos(6°)
Eqn.(B.5) = 0T,
a
~ sin(6°)
Eqn.(A.8) = 0S;
b
~ sin(6°)
Eqn.(B.8) = 0S,
b
~ cos(6°)
Adding eqns. (29.1) & (29.2),

0T, + 0T, = (COSCéQO)) + (sin(zm))
a sin(6°) + a cos(6°)

sin(6°) cos(6°)

(29.1)

(29.2)

(29.3)

(29.4)

o OT]_ + OTZ =

« OTy + 0T,
a[sin(6°) + cos(6°)]

— sin(6°) cos(6°)

Adding eqns. (29.3) & (29.4),

0S8, +0S, = (SinIZQO)) + (coleHC’))

(29.5)
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b cos(6°) + b sin(6°)

o 051 + OSZ =

sin(6°) cos(6°)

08, + 0S,

b[sin(6°) + cos(6°)]
- sin(6°) cos(8°) (29.6)
Dividing eqn. (29.5) by (29.6),
OT; + OT, a[sin(6°) + cos(6°)]\ (b[sin(8°) + cos(6°)]
0S,+0S, < sin(6°) cos(6°) > N ( sin(6°) cos(6°) )
0Ty + 0T, _ (a[sint8+eos(6%)] sin(62)-co5(68%)
0S8, +0S, ( sin{82) cos(8%) ) % (b[sm%%&éé%o
0T, + 0T,
" 0S8, + 08,

a
= (29.7)

Eqn. (29.7) is mathematical expression of the theorem.

CONCLUSION

This research presents a comprehensive mathematical investigation into the geometry of ellipses, with a
particular focus on the properties and relationships of pair conjugate diameters. Through the application
of parametric equations, the study introduces and rigorously proves 29 original theorems, each
supplemented with detailed diagrams to facilitate visualization and understanding. These theorems extend
classical knowledge by exploring the intricate interplay between tangent and normal associated with
conjugate diameters, offering novel insights into the structural elegance of ellipses.

The implications of these findings are substantial, enriching the theoretical foundation of conic sections
while also holding relevance for applied disciplines such as astronomy, optics, and physics fields in which
elliptical forms naturally emerge. By integrating established geometric principles with newly derived
results, this work contributes meaningfully to both pure and applied mathematics. It serves as a valuable
reference for researchers and scholars engaged in advanced studies of geometry, celestial mechanics, and
related mathematical frameworks. Future investigations may explore extensions into three-dimensional
analogues or other conic-related curves, thereby broadening the impact and utility of elliptical geometry.
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