~ Y International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

Study on Infinite Series and Convergence of Series
in Real Analysis

Dr. Bhusireddy Swaroopa

Lecturer in Mathematics, SKR & SKR GOVT. College for women Autonomous, Kadapa, Andhra
Pradesh

Abstract:

In this paper, we studied about the Infinite Series and Convergence of Series. Discussed the convergence
of series through examples and explained some basic properties of Infinite series. Also studied about
Geometric Series, Auxiliary Series (or) p — Series Test, Comparison Test & Root Test to examine the
character of the given series through examples.
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Introduction:

A sequence is a list of items/objects which have been arranged in a sequential way and a series can be
highly generalized as the sum of all the terms in a sequence. However, there has to be a definite
relationship between all the terms of the sequence.

A sequence is an arrangement of any objects or a set of numbers in a particular order followed by some

rule. If a1, a2, a3, a4,......... etc. denote the terms of a sequence, then 1,2,3,4,.....denotes the position of
the term.
Ifai, a, a3, a4, ....... is a sequence, then the corresponding series is given by

Sh=artaxtas +.. +ta,

Definition of Infinite Series:

If {u, } is a sequence of real numbers and s, =u; +u, +.... + u, ,ne z , then the sequence { s, } is
called an infinite series.

The number u,, is called the n'™ term of the series and the number s, is called the n™ partial sum of the
series.

Convergence of Series:

Definition:

Let Yo, U, be a series of real numbers with partial sums s, =u; + u, +.... + u, , n € z" .If the sequence
{ s, } converges to s, we say that the series ),,—; U, converges to s. The number s is called the sum of
the series and we write Yo Uy, = .

If the limit of the sequence { s, } does not exist we say that the series ) u,, diverges.

e If) u, converges to s, then s, <s for all n.

e If Y u, diverges then for any real number G > 0 there exists m € z* such that s, > G forn > m.

Illustrations :
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. o 1 1,1
1. The series )., —, s 1+ 5 Tzt Converges.
1 1,1 1 D . . . 1
Here, u,, = v ands, =1+ St T Toms which is in Geometric Progression witha=1 and r = 5
_a(1-r™
Sn = 1-r
1
s _ 1( 1- ZTLT)
n 1_%
1
= 2(1_ 2n+1)
1
= 2. —
) . 1
= lims, = 11m(2-2—n)
=2
The sequence { s, } converges to 2 and hence by definition ), u,, converges to 2.
w 1 _
ano Z_n - 2.
2. Th . o 1_q441,1 .1 C 1
. The series ), o1t T atat onverges to -
1 1,1, 1 1 D . . .
Here,u, = —ands, = -+=+—=+ ... + —, which is in Geometric Progression with
4n 4 42 43 4n
1
a=andr=-
4
_ a(1- ™)
n 1-r
g
.o n —_ —1
-2
- 1.1 1
3 3 "an
. .11 1
= lims, = 11m(§-3— an

1
3

1 o 1
The sequence { s,, } converges to 3 and hence by definition ), u,, converges to 3

w 1 _ 1
Yneigm = 3
3. The series Y,y n=1+2 + 3 +..... Diverges.
Here,s, =1+2+3+.....+n
n(n+1)
=
n(n+1)

]

lims, = lim]|
lims,, = o
The sequence { s, } diverges to o and hence by definition ), n divergesto oo .
4. The series Yo, n? = 12+ 22 + 32 +..... Diverges.
Here, s, = 124+ 22+ 32 +..... + n?
_ n(n+1)(2n+1)
6
lim s, = lim [n( n+1€))(2n+1)]
lims,, = o

The sequence { s, } diverges to o and hence by definition Yo, n? divergesto o .
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5. The series Yo k,k ERY =k +k+ k + ........ Diverges.
Here,u, =kand s, =k+k+k+.... (nterms )=nk

= s, —>0asn—> ©
=~ The series Y.n—, k diverges.
The constant series diverges.
6. The series Y, (1" =(-D)+1+(-1)+1+....... diverges.
Here, s,, = —1,when nis odd and s,, = 0, when z is even.
Therefore the sequence of partial sums = { s,, } = (-1, 0,-1, 0 ...) is not convergent.

Basic properties of Infinite series
Property 1:
If )’ u,, converges to A and ), v,, converges to B, then };(u,, + v, ) converges to A + B.
Proof :
Let A,=u; +uy, +us+....+u, and B,=v;+v, +tvs+...+v, ,n€Z*
Here, )’ u, convergesto A = lim A,, = A and ), v, converges to B = lim B,, =B
Let S, be the n " partial sum Y.(u, + vy,).
Then S, =(uw;tvy) + (Ut vy)+..... +(u,tv,) =A,+B,
.~ lim S,, =lim (A, + B,)
=lim A, + lim B,
=A+B
Y.(u, + v,) converges to (A + B).
Hence,
If ) u, converges to A and ) v, converges to B, then ),(u,, + v, ) converges to A + B.

Property 2 :

If )’ u,, converges to A and ¢ € R, then }; cu,, converges to c A.
Proof :

Let A,=u; +u; tug+....+u, ,n€Z*

Here, ) u, convergesto A = lim A, =A

Let B, = n th partial sum of ), cu,, = cu; + cu, + cuz + ..... +cu,=cA,
~ lim B, =lim (c A,,)

= ¢ (lim A,)

=cA

= Y cu, converges to ¢ A.

Hence,

If ) u, converges to A and ¢ € R, then )’ cu,, converges to ¢ A.

Property 3:

If )} u, converges to A and }; v,, converges to B and p,q € R then };( pu,, + qv,) converges to p A
+ ¢ B.

Proof :

Y. u, converges to A = ) pu, converges to p A. ( since, by the theorem 2) and

Y. v, converges to B = ) qu, converges to g B.
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Hence, ).(pu, + qv,)convergestop A +¢q B.

Property 4 :

If ) u,, diverges and ¢ € R, ¢ # 0 then ) cu,, diverges.
Proof :

Given that ), u,, diverges

To prove that )} cu,, diverges

Suppose that Y’ cu,, converges.

: 1
SmceciO,;ER
We know that, If )} u,, converges , then Y, cu,, converges .

1 .. .
Now, Y, cu, converges = Z; (cun) = X u, converges . This is a contradiction.

Our assumption is wrong.

~ ) cu, diverges

Hence,

If ) u,, divergesand c € R, ¢ # 0 then }; cu, diverges.

Property 5:

If )’ u, diverges and ) v, diverges, then },(u, + v,) diverges.

Proof :

Let Ap,=u; +uy, +us+....+u, ,and B,=v; +v, +vg+...+v,,n€l’
Here, ) u, diverges = lim A, — oo

And ) v, diverges = lim B, » o

Let S,, be the n th partial sum ) (u, + v,).

Then S, =(u+vy)+(u,+tvy)+...... +(u,tv,) =A, +B,

~ lim S, =1lim (A, + By)

= limA,+ limB,, >0+ o

~limS, » o
Hence, ) (u, + v,) diverges
If ) u, diverges and ) v, diverges, then ),(u, + v, ) diverges .

Property 6:

Necessary condition for convergence (or) n'" term test

If ) u, converges, then lim u,, = 0

Proof :

Here, Y u,, convergesto A and s, =u; +u, +ug +..... + u, ,n € Z* bethen E[ partial sum .
Then, lim s,, = A and lim s,,_1 = A.

Hence, limu,, =lim (s, - sp_1)

=lims, —lims,_;

=A-A=0
If Y u, converges, then lim u,, =0
Note :
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1. The converse of this theorem may not be true.
That is if lim u,, = 0, then ), u,, may not converge.

Ex: Consider the series ), % )

HereunZ%%Oasnew

FtstetE > Eht =

Since, Vn — 0 asn — 0, s, — 00 as n —

Therefore, { s,,} diverges and hence }; u,, diverges.

Hence, lim u,, = 0 is only a necessary but not sufficient condition for the series }; u,, to be convergent.
2. Iflim u,, # 0 then }; u, diverges.

Buts, =

Ex: The series ), % is divergent.

n
Here, u, = —
> n+1

1

14+
n

= limu, =lim
n 14

=1# 0
Hence, if lim u,, # 0 then ) u,, diverges.

Discussion of some important tests:
(i) Geometric Series:

If |r| < 1 then the series Y n—o 7™ ( 7 € R) converges to ﬁ and if |r| > 1, the series Y,y 7™ diverges.
Examples:

e The series ) 4in converges to %’ where r = i <l

e The series ), 5" diverges , where r =5 > 1

(i)  Auxiliary Series (or) p- Series test:

The series Y, nip converges if p>1, diverges if 0 <p < 1 and Diverges if p < 0.
Examples:

e The series ), % diverges since p = 1

e The series ), n—14 converges since p =4> 1

e The series ), % converges since p = 2 > 1

nz

e The series ), n diverges since p = -1

Comparison test:
Y u, and ¥ v, be the two series of +ve terms such that lim== =/ € R.

Un
(a) The series Y, u,, and Y, v, converge or diverge together when / # 0

(b) X u,, is convergent if ), v, is convergent when [ = 0.
Examples:

IJFMR250453637 Volume 7, Issue 4, July-August 2025



https://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com
The series Z 1)2 diverges.
_ n
Explanatlon. Let u, = EYeLY
1
Takeial==;
n
Now hrn— = hm ((n+1)2)( )

= lim [

n—oo (1+%)2
=1
lim= =1 # 0

Un
Hence by Comparison test both ), u,, and Y, v,, will converge or diverge together.

1

Here, ), v, = Z% , which is divergent by p- Test (p=1).

So, Y, u, is divergent.
Hence given series is divergent.

The series )., % tan% is convergent.
Explanation: Let u, = rll tanrll
Take v, = %
2
Now 1im:7‘—: = lim (=tan-) (%)
= lim (tan3) @

tan—

lim< =1 %0

Un
Hence by Comparison test both Y; u,, and ); v, will converge or diverge together.
Here, Y v, =), n_12 , which is convergent by p- Test ( p = 2).
So, Y. u, is convergent.
Hence given series is convergent.

The series Yoo ;(Vn3 + 1 -vVn3 — 1) is convergent.
Explanation:
Let u,=vVn3 +1-vn3 -
_ (Ve3+1-Vn3-1)(/m3+1 + Jn3-1)
Yn = Jmi 1+ i1
2

 Vn3+1+/nd-1
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1
Take Un =3

n2

3
M~ lim (e 2y (2
Now llmz rlp,l—{lr;lo(«/m+\/m) (1)

2
= lim ((————)
n-o f1+ni3+ /1—%3
=1
lim=2 =10
V.

n

Hence by Comparison test both ), u,, and Y, v,, will converge or diverge together.

Here, } v, =), % , which is convergent by p- Test (p = % ).

n2
So, Y} u, is convergent.
Hence given series is convergent.
(iii)  Root Test:

1
If ) u, is a series of +ve terms such that lim u,,» = /, then

(a) Y u, converges for /<1
(b) X u,, diverges for /> 1
(c) For /=1 test fails. i.e series may converge or diverge.

Examples:
The series ), n(%)" diverges.
Explanation:
Let u, =n()"
1 3.1
Now, limu,» = lim [n(E)"]n
n—-oo
. 1.3
=lim (nn)( =)
n—-oo 2
3 . . 1
==, since lim (nn)=1
2 n—-oo
} 1 3
limu,» = i 1

Hence, by Root test given series is divergent.

. X" .
The series ), — converges for x < 1 and diverges for x> 1.

Explanation:
xn
Let Uy = 1?

. 1 . xnt L
Now, limu,» = lim (=)=
n-oo N
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= lim (%)

n—oo Tli

1
=X, since lim (nn) =1
n—-oo
1
limu,n =x.

Hence, by Root test given series is convergent for x < 1 and divergent for x > 1
1 D
Now forx=1, Y u, =, — which is convergent.

So, given series converges for x < 1 and diverges for x > 1.

2
. n
The series ), Zn converges.

Explanation:
Let Unp = 2—n

1 n2 1
Now, limu,,» = lim ( 2_")n
n—-oo

1 . . 1
==, since lim (nn) =1
2 n—oco
|
limu,n==<1
2

Hence, by Root test given series is convergent.

Conclusion:

In this paper we studied about the Infinite Series and Convergence of Series. Discussed the convergence
of series through examples and explained some basic properties of Infinite series. Also studied about
Geometric Series, Auxiliary Series (or) p — Series Test, Comparison Test & Root Test and we concluded
that,

For Geometric series, If [r| < 1 then the series X,;—o 7" ( ¥ € R) converges to ﬁ and if |r| = 1, the

series Yp—o 7" diverges. For Auxiliary Series (or) p — Series Test, ), n—lp converges if p>1, diverges if 0
< p <1 and Diverges if p < 0. For Comparison Test, if ), u,, and }; v, be the two series of +ve terms
such that limz—” = [ € Rthen the series ), u, and )} v, converge or diverge together when / # 0 and

Y. u, is convergent if ), v, is convergent when /= 0. For Root Test, if ), u,, is a series of +ve terms such

1
that lim u,» = /, then ), u,, converges for / < 1, ), u,, diverges for / > land for / = 1 test fails. i.e series
may converge or diverge.
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