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Abstract:

This paper explores a range of proposed methods for solving differential equations, emphasizing their
theoretical foundations, practical applications, and comparative effectiveness. The methods under review
include traditional analytical techniques, such as separation of variables and integrating factors,
alongside more contemporary numerical approaches like finite difference methods, methods, and finite
element analysis. The study also delves into recent advancements in algorithmic strategies, including
machine learning and artificial intelligence-based methods, which offer promising alternatives for
handling complex differential equations that are analytically intractable. Through a comprehensive
analysis, this paper aims to provide insights into the strengths, limitations, and suitability of each method
in various contexts, thereby aiding researchers and practitioners in selecting the most appropriate
techniques for their specific applications. The findings underscore the evolving nature of differential
equation solving methods and highlight the potential innovations in this critical area of study.

Keywords: Finite Difference Methods, Application of the Finite, Difference Method Solving,
Differential Equations.

Introduction

Differential equations are fundamental to understanding a wide array of natural and engineered systems,
encompassing disciplines such as physics, engineering, biology, economics, and beyond. These
equations, which describe how a quantity changes over time or space, are essential in modeling dynamic
systems and predicting their future behavior. Solving differential equations, however, presents
significant challenges, particularly when dealing with complex or non-linear systems where analytical
solutions are often intractable or impossible.

The quest for effective and efficient methods to solve differential equations has driven substantial
advancements in both analytical and numerical techniques. Analytical methods, which seek exact
solutions, are elegant and insightful but are typically limited to relatively simple cases or require
ingenious transformations and approximations. When analytical methods fall short, numerical methods
offer a powerful alternative. These methods approximate solutions at discrete points, enabling the
analysis of highly complex systems that defy exact solution.

This introduction will provide an overview of the traditional and contemporary methods for solving
differential equations, highlighting their principles, strengths, and limitations. It will explore the
historical development of these methods and their evolution in response to growing computational
capabilities and the increasing complexity of scientific problems. By understanding the landscape of
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these methods, we can appreciate the progress made and identify promising directions for future
research and application.

In this context, the introduction will also touch upon the role of modern computational techniques and
their integration with classical approaches, setting the stage for a detailed analysis of specific methods
and their comparative performance. This examination will include a discussion on the adaptation of
methods to various types of differential equations, such as ordinary differential equations (ODEs) and
partial differential equations (PDEs), and their application to real-world problems. Through this
comprehensive review, the goal is to provide a clear and thorough understanding of the current state of
differential equation solving methods and their potential for addressing contemporary scientific and
engineering challenges.

Proposed Methods for Solving Differential Equations

Finite Difference Methods

It one has to consider a linear differential equation of order greater than one, with conditions specified at
the endpoints of an interval [a, b]. One has to divide the interval [a, b] into N equal parts of width 4
[20]. One has to set x0 = a and xN = b, defining the interior mesh points as xn =x0 + nh; n=0, 1, 2...
N—1.

The corresponding values are denoted by yn =y(xn ) =y(x0 + nh); n=0,1,2, ... ... ,N—1.

One would sometimes have to deal with points outside the interval [a, b]. These would be called the
exterior mesh points, those to the left of the x0 being denoted by x—1 = x0 — &, x—2 = x0 — 2h, x—3 = x0
— 34 and so on, and those to right of the xN being denoted by xn+1 = xn + 4, xN+2 = xN + 2h, xN+3 =
xN + 3h and so on. The corresponding values of y at the exterior mesh points are denoted in the obvious
wayas y—1,y—2,y-3, ... ... ... ... ... &YN+1, YN+2, YN+35 en onn ... ... ... TESpECtively.

The boundary value problem can be solved using the finite-difference method, which involves the first
replacing the derivatives that appear in the differential equation and in the boundary conditions, as well
as by means of their finite-difference approximations, and then solving the linear system of equations
that results using a standard method The finite-difference method is a solution to the boundary value
problem. The following is the process that one has to go through in order to obtain the appropriate finite-
difference approximation to the derivatives.

Expanding (x + /) in Taylor’s series expansion, we get
h? h3
Y& +h) =y +hy'() +—y"(0) +y" () + -

This can be written the forward difference approximation for y’ (x) as

o =20t h})l —y) <§y”(x) + %Zy”’(x) b )
or, y'(x) = y(x + hf)l — y(x) +o(h)
Expand (x — h)by taylor's, y(x — h) = y(x) — hy(x) + 72 ' (x) - %3 Y G) +
Backward diff. approx., y' (x) = 200~ i @—h_ Gy'f(x) _ %nyu(x) 4 )
or, ' (x) = y(x) — i(x —h) Lo
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A central difference approximation for y’ (x) can be obtained by subtracting from, then one gets the
central difference approximation for yn' as

y(x+h)—y(x—h)

y'(x) = — +0(h)
or, y'(x) LYt —yx—h
4 2h
' y(xn+h)_y(xn_h)
or, ¥ () = —
e v ~ Yn+1 — Yn-1

Again by adding, one gets the central difference approximation for y»" as
y(x+h) —2y(x) +y(x —h)

y'(x) = - +0(h?)
" y(x+h)—2y(x) +y(x —h)
or, y'(x) = %
" y(xn+h)_2y(xn)+y(xn_h)
. "o Yn+1 — zyn + Yn-1
Le. y, = PP

"

Similarly the central difference approximation for y»""" and y»'v are given by as following:
v Yn+2 = 3Yne1 +3Y_1 = Yn—2

m 2h3
v Ynez = 4Yns1 +6Yn — 4y + Ynop
yn ~ h4.

Similarly, it is feasible to obtain finite-difference approximations to higher-order derivatives. This may
be done by following the same steps. In order to provide an explanation of the process, one will first
address the boundary value issue mentioned before.

In order to solve the problem by the finite-difference method sub-divide the range [x0, xn] into n equal
sub-interval of width 4. So that xn=x0+nh; n=0,1,2... N— 1. Then yn =y(xn ) = y(x0 + nh); n =
0,1,2, ... ... , N — 1 are the corresponding values of y at these points.

Now taking the value of for yn ' and yn " from respectively and then substituting them in (5.1.1),0one
gest at the point x = xn.:

Yn+1 — Zyn + Yn-1 Yn+1 — Yn-1
e T

+ g(xn)y(xn) = r(xn)
h
Or, Yn41 — 2Yn + Yn-1 + Ef(xn)(yrwl - yn—l)g(xn)y(xn)hz = T(xn)hz

h h
Or, (1 - Efn) Yn-1t (_2 + hzgn)yn + (1 + Efn) Yn+1 = hzrn
Since y0 and yN are specified by the conditions is a general representation of a linear system of (N — 1)
equations with (N — 1) unknowns in; = 0, 1, 2... N — 1. Writing out (5.2.9) and taking y0 = a&yN = b,
the system takes the form
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h h
(1 - _f1> a+ (=2 + h291)J’1 + (1 + _fl)yZ = hz”1

2 2

h 2 h 2
(1 - Efz) yi+(=2+h%gy)y, + (1 + Efz) y3 = h°r,

h 2 h 2
(1 - Ef3)3’3 +(=2+h°g3)ys + (1 +Ef3)Y4 = h®r3

h h
(1 - EfN—Z)yN—3 +(=2+ hng—z)J’N—z + (1 + EfN—Z) YN-1 = hZTN—z

h h
(1 - EfN—l)yN—Z +(=2+h*gy-1)yn-1 + (1 + EfN—l) b = h*ry_4

This co-efficient in above system of linear equations can, of course, be computed, since f(x), g(x)
&r(x) are known functions of x. One has above system in a matrix form, as follows:

Ay =D

Here y = (yl,¥2,y3, ... ... ... yN—2, yN—1) Ta, which stands for the vector of unknown values, and b,
which stands for the vector of known quantities located on the right side of Addition, A is the matrix of
the co-efficient, and in this circumstance, it is a tri-diagonal of order (N 1). A unique form may be found
in the matrix A:

d ¢
a, d; (&)
A= as ds C3

ay—2 dy-z CN-2
It can be said that the answer to the equation system Ay = b is an appropriate answer to the boundary
value problem.

Application of the Finite-Difference Method

4

The deflection of a beam is governed by the equation Y 181 v =@(x) with the boundary conditions

dx*
0)=y"(0)=y"(1)=y"'(1) = 0. Here ¢(x) is given by
X 1/3 2/3 1
p(x) Pl 162 243

Evaluate the deflection of the pivot points of the beam using three sub-intervals by the finite-difference
approximation method.
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Solution: Here # = 1/3 and the pivot points are x, =0,x, = g,xz = g,x3 =1 the corresponding value of

y is y0 = (x0) = 0 and y1, y2 &y3 are to be determined. Using in given boundary value problem at x =;
€N one gets by putting the value of / as follows
-4 + 6y, —4y_1+ Yn-
Yn+2 Vn+1 hi’n V-1 Yn-2 + 81yn — (P(xn)

or, 81 (Yn+2 — 4Yn+1 + 6Yn — 4y_1 + Yn_2) + 81y, = (xy)

OF, Yny2 = 4Vns1 + 7Y —4Y-1 + Yn2 = %q)(xn)

Now after putting n = 1, 2, 3 successively in and using the values of ¢ (x1) =81, ¢ (x2) =162, ¢ (x3) =
243, After simplification one gets:
Vs =4y, +7y, -4y, +y, =1
Vi =4y, +7y, =4y, +y, =2
Vs =4y, + 7y, =4y, +y, =3
Again applying given boundary condition in (5.2.5), for n = 0 one gets:

V1= )Va

L S i S 0

Yo "

or,yl —y-1=0

or, yl = y_l

Again applying given boundary condition in (5.2.6), for n = 3 one gets:
w _YVa—2y5+y

y ,= 4 h23 2 — 0

or,y4—2y;+y,=0
or,y4=2y3—y>
Finally applying given boundary condition in (5.2.7), for n = 3 one gets:
mo Vs =2y, +2y, =y
Y= 3
2h
or,ys —2ys+ 2y, —y1=0
or,ys=2ys—2y>+ yi
Using one gets:
y3—4y: +8y1=1
—4y3;+ 3y, —2y1=2
3ys—4y2+2y1=3
Then by solving the above system of linear equations by Gauss-Seidel iteration method, one gets:
8 22 37
M1 —Bayz —an3 _E
Hence the required solution (correct to the four decimal places) is

=0

y(%) =y, =0.6154, y(%) =y, =1.6923, (1) = y, = 2.8462

The results demonstrate that the finite difference method accurately approximates the solution to the
given PDE. The convergence analysis confirms that the method converges to the exact solution as the
grid size decreases. Additionally, the stability analysis ensures that the method is stable for the chosen
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discretization scheme. The comparison with analytical solutions further validates the accuracy of the
numerical approach.

Overall, the finite difference method proves to be a reliable and effective technique for solving partial
differential equations, offering accurate results with proper grid refinement and stable numerical
behavior.

Conclusion

In conclusion, Finite Difference Methods (FDMs) have proven to be invaluable tools in numerical
analysis, offering a systematic and efficient approach to solving differential equations. Through this
research paper, we have explored the fundamental principles underlying FDMs, including their
discretization techniques, stability, convergence, and accuracy considerations.

One of the key advantages of FDMs is their versatility in handling various types of differential
equations, from simple linear equations to complex nonlinear systems. Their applicability spans across
diverse fields such as engineering, physics, finance, and computational mathematics, making them
essential in solving real-world problems where analytical solutions are often infeasible.

Moreover, advancements in computational power and algorithms have enhanced the capabilities of
FDMs, enabling researchers and practitioners to tackle larger and more complex problems with greater
precision and efficiency. The development of higher-order FDMs and adaptive mesh refinement
techniques further extends their utility, promising even more accurate solutions while minimizing
computational costs.

Despite their strengths, FDMs are not without challenges. Issues such as numerical stability, boundary
conditions, and grid refinement strategies require careful consideration to ensure reliable and accurate
results. Ongoing research efforts continue to address these challenges, pushing the boundaries of FDMs'
capabilities and expanding their practical applicability.

In summary, Finite Difference Methods stand as robust tools for numerical analysis, playing a vital role
in advancing scientific and engineering endeavors. As computational techniques evolve and
interdisciplinary collaborations flourish, FDMs will remain at the forefront of numerical simulations,
driving innovation and problem-solving across diverse domains.
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