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Abstract:

This paper examines how statistical mechanics employs probability and statistics to explain the collective
behavior of microscopic particles, particularly in gases. By moving beyond the limitations of deterministic
models, it explores how macroscopic properties such as pressure, temperature, and entropy emerge from
the random motion of atoms and molecules. Foundational concepts including Brownian motion, the
Maxwell-Boltzmann distribution, mean free path, and Boltzmann’s H-theorem are discussed to illustrate
the statistical nature of thermodynamic behavior. The study also introduces phase space formalism and
major statistical models; Maxwell-Boltzmann, Fermi-Dirac, and Bose-Einstein, to demonstrate how order
arises from molecular chaos at both classical and quantum levels.

Chapter 1: Introduction

The behavior of gases at the microscopic level might seem chaotic and unpredictable. Tiny particles move
in all directions, constantly colliding with one another in a way that feels entirely random. Yet, this
apparent disorder is not without structure. Instead of relying on exact measurements of each molecule’s
motion, physicists use probability and statistics to understand how gases behave as a whole. This approach
forms the basis of statistical mechanics, which connects the unpredictable motion of individual particles
to the predictable behavior of matter we observe on a larger scale.

One of the earliest clues about this hidden structure came in 1827, when Robert Brown observed pollen
grains suspended in water through a microscope. He noticed that the grains moved in a jittery, irregular
way, even when the water appeared still. After ruling out external influences like currents or evaporation,
he concluded that the motion came from the grains themselves [Brown, 1827]. Although he didn’t fully
understand the cause at the time, his observations were later recognized as the first clear evidence of what
we now call Brownian motion.

Decades later, in 1905, Albert Einstein gave a theoretical explanation for this movement. He suggested
that particles like pollen grains were being bombarded by molecules of the fluid, which were themselves
in constant motion. These collisions, though invisible, happened in all directions, causing the grains to
move in a seemingly random way [Einstein, 1905]. Einstein’s work gave strong support to the idea that
matter is made of atoms and molecules, and it showed that their behavior could be described using
mathematical tools from probability.

The same principle applies to gases. Gas molecules are always moving, bouncing off each other and the
walls of their container. Because of how small and fast they are, it’s impossible to track individual
molecules in real time. Some experiments show that molecular movements happen so quickly that
capturing them would require cameras operating at tens of thousands of frames per second [Kusumi et al.,
2005]. Even with today’s advanced technology, following each particle’s path is simply not practical.
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Instead, scientists focus on the bigger picture. By looking at the average behavior of large groups of
particles, they can describe important properties like pressure, temperature, and energy. This is where
statistical mechanics becomes essential. It helps explain how the random motion of countless molecules
leads to the physical laws that govern gases, showing that even in the most chaotic systems, patterns can
still emerge [Hollingworth & Dror, 2019].

1.1: The Need for a Statistical Approach

Understanding the behavior of microscopic systems, such as gases or molecular assemblies, initially began
with the application of Newtonian mechanics. The idea was simple: if one could calculate the exact
position and force acting on every particle, then the entire system’s behavior could be predicted. This idea
formed the basis of molecular dynamics, a method that simulates the motion of individual atoms and
molecules by solving Newton’s equations over time. In theory, it provides a highly detailed and accurate
picture of particle movement.

In practice, however, molecular dynamics comes with serious limitations. Even a small system containing
around 25,000 atoms may require months of computation time on dozens of processors just to simulate
one microsecond of motion [Durrant & McCammon, 2011]. The reason lies in the extremely small time
steps required to accurately calculate particle trajectories, which quickly multiplies the computational cost.
For large systems or long-duration simulations, this approach becomes nearly impossible without the aid
of supercomputers or drastic simplifications.

This is where statistical mechanics emerges as a practical and powerful alternative. Rather than calculating
each particle’s path, statistical mechanics focuses on the collective behavior of particles using the tools of
probability and statistics. It explains macroscopic phenomena ; like pressure, temperature, and entropy —
not by solving detailed equations for every atom, but by considering the most probable states and
distributions of a system as a whole. This makes it far more scalable and efficient for analyzing real-world
materials and systems composed of trillions of particles [Frigg, 2008].

1.2 What is Statistical Mechanics?

At its core, statistical mechanics bridges the gap between microscopic physics and macroscopic
observations. It not only supports the laws of thermodynamics but also explains the underlying reasons
behind them. Thermodynamics deals with energy, heat, and equilibrium, providing rules about how
systems behave on a large scale. Statistical mechanics complements this by showing how these rules
emerge from the random motion of countless individual particles. It goes beyond classical and quantum
mechanics by offering a framework to understand phenomena like heat flow, phase transitions, and
entropy using probability theory [Sadiq & Khan, 2021].

The foundations of statistical mechanics can be traced back to the kinetic theory of gases proposed by
Daniel Bernoulli in the 18th century. His work set the stage for later physicists like Rudolf Clausius, James
Clerk Maxwell, and Ludwig Boltzmann. Maxwell and Boltzmann introduced key ideas about the
distribution of particle speeds in a gas, fundamentally changing how scientists understood
thermodynamics. The term “statistical mechanics” itself was introduced by American physicist J. Willard
Gibbs in 1884, marking the beginning of its formal development as a discipline [Flamm, 1997].

1.3: Significance of Probability in Particle Physics

Probability plays a fundamental role in understanding how particles behave at the microscopic level.
Unlike classical systems where every motion can be calculated with precision, particle physics involves
such a large number of individual molecules that it becomes impossible to track them all. In such systems,
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randomness is not a limitation, it's a feature. Statistical mechanics embraces this randomness, using

probability to make accurate predictions about how systems behave on average.

Through probability distributions, physicists can predict how energy is shared among particles, how fast

they are likely to move, and how likely it is for certain configurations or outcomes to occur. This

probabilistic approach becomes especially important in gases, where molecules are in constant motion and

no two are ever exactly the same in speed or energy.

1.4 Maxwell-Boltzmann Distribution

One of the most important statistical tools in particle physics is the Maxwell-Boltzmann Distribution,

which describes how the speeds of particles in a gas are distributed at different temperatures. It helps

explain why, even though all particles are in motion, they don’t all move at the same speed. Instead, their

speeds vary based on temperature, and the distribution follows a specific mathematical curve [Hill, 2021].

From the Maxwell-Boltzmann Distribution, several important conclusions can be drawn:

e At any fixed temperature, most particles are likely to have lower energy levels.

e The likelihood of a particle reaching higher energy states decreases exponentially.

e The total number of particles in the system remains constant; the distribution only affects how their
energies are spread.

e As temperature increases, the distribution curve shifts to the right, meaning particles on average move
faster, but the area under the curve, which represents the total number of molecules, stays the same.

This distribution provides a clear example of how probability governs particle behavior. It allows scientists

to understand why certain phenomena, like pressure and diffusion, occur even when individual particles

are behaving randomly. The strength of this model lies in its ability to predict collective behavior without

knowing the details of each individual particle.

In conclusion, the use of probability in statistical mechanics is not merely a mathematical convenience, it

is essential for making sense of systems too complex for traditional methods. Through models like the

Maxwell-Boltzmann Distribution, we gain powerful insights into the microscopic world, linking the

motion of unseen particles to the observable laws of physics. As we move forward, these statistical tools

continue to form the foundation for explaining thermodynamic principles and the behavior of matter under

various physical conditions.

Maxwell-Boltzmann Molecular Speed Distribution for Noble Gases
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1.4 Statistical Models

Some famous statistical models apart from the Maxwell’Boltzman Distribution are Fermi—Dirac Statistics,
Bose—Einstein Statistics and Gibbs Distribution (General Ensemble Theory).

Fermi Dirac Statistics consists of considering isolated systems and shifting electrons from their zero-
temperature location. The distribution is then expressed in terms of the number of partitions of integers.
Bose Einstein Statistics is used for particles called bonsons (eg: helium). It is used in laser lights, superfluid
helium etc.

The Distribution function is given by:

1
RE) = — E/KT
e e -1

1.5 Objective and Scope of the Study

The primary aim of this paper is to explore how mathematical concepts, particularly those involving
statistics and probability, help explain the motion and behavior of microscopic particles such as atoms,
molecules, and subatomic constituents. At scales where classical mechanics begins to lose its accuracy,
statistical mechanics offers a more suitable framework. This study focuses on how statistical tools can be
used to predict the molecular behavior of gases and understand the distribution of energies, velocities, and
states among particles in a system.

Rather than relying on experimental data, this is a purely theoretical investigation grounded in conceptual
understanding. It is based on a literature review of foundational texts and academic models that describe
how randomness, probability, and large-scale averages emerge from the microscopic laws of physics. The
approach is not mathematical derivation but conceptual interpretation, aimed at bridging theoretical
principles with physical intuition.

The scope of the paper is centered on identifying the differences between classical and statistical
mechanics, emphasizing the limitations of deterministic models in explaining the erratic behavior of
particles at small scales. It explains the necessity of probabilistic approaches when dealing with large
ensembles of particles and introduces important statistical models such as the Maxwell-Boltzmann
distribution, Fermi-Dirac statistics, and Bose-Einstein statistics. These models illustrate how the chaotic
motion of individual particles gives rise to stable, measurable properties in gases and quantum systems.
By concentrating on theory, the paper remains accessible to readers with a foundational understanding of
physics and mathematics. It highlights the beauty of abstract reasoning in predicting real-world physical
phenomena, underscoring how probability and statistics are essential in the microscopic analysis of nature.

Chapter 2: Foundations of Statistical Mechanics

Deterministic vs Probabilistic Descriptions; In molecular systems, it's practically impossible to track
every particle with complete precision. Their behavior is influenced by constant interactions and
collisions, leading to unpredictable trajectories. That’s where statistical models come in—they help
account for uncertainty. Unlike fixed algorithms, these models update as new data comes in, making them
adaptive and more realistic for large-scale systems (M. Kwiatkowska et al., 2021).

Gauss’s Principle of Least Constraint; Gauss’s Principle of Least Constraint provides a way to describe
motion in systems where constraints are present. It states that when external constraints limit a system’s
natural motion, the system evolves in a way that minimally deviates from what Newton’s laws would
otherwise dictate. Take a pendulum as an example: left alone, the bob would fall straight down due to
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gravity. But the string constrains its path to a circular arc. So, the pendulum moves in a direction that's as
close as possible to straight down, while still satisfying the constraint of the string’s length (P. Nakkiran,
2017).

In essence, when constraints are imposed, particles follow a path that compromises the least with classical
mechanics..

. _RY
Z = Z:m,» ('r.,- ~ mi)

In conclusion, Gauss’s Principle states that the molecules will only follow the path which deviates the

least from Newton’s Laws.

Chapter 3: Kinetic Theory of Gases — Introduction

This chapter explores how gases behave at the molecular level using the kinetic theory. It explains how
particle motion, collisions, and energy distribution determine observable properties like pressure and
temperature. A key focus is the Maxwell-Boltzmann Distribution, which describes the spread of molecular
speeds in an ideal gas and how this distribution shifts with temperature.

Derivation for the function:

Each microstate has a probability E

- kT
E= kinetic energy= 1/2mv* €

So, the probability that a particle has a particular velocity v is proportional to:

P(v) = P(v,)P(v,)P(v.)
m \ME
P) = (37) ©°

The same equation exists for the x and y component

N m \3/2 .J
PO) = (5ug) ¢ ™

We now convert from velocity components (vx,vy,vz) to v = |v|. In spherical coordinates, the number of
states with speed between v and v+dv is proportional to the volume of a spherical shell:

Volume of the element = 4wv?dv

2
muv

f(v)dv = C - vie #7 dv
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Mean Free Path
The mean free path (A) is the average distance a particle travels before colliding with another. In denser
gases or with larger particles, collisions happen more often, making A shorter. In an ideal scenario with no
other particles around, a particle would travel indefinitely without interruption; meaning its mean free path
would be infinite.

A = mean free path

k = Boltzmann constant

T = temperature (in Kelvin)
d = diameter of a molecule
P = pressure

Chapter 4: Statistical Entropy and Irreversibility

Boltzmann’s H-Theorem; Boltzmann’s H-Theorem explains how, over time, a gas naturally evolves
toward disorder. By defining a mathematical quantity called ‘H’, related to the distribution of particle
velocities he showed that H consistently decreases. This decline indicates that the system’s particles are
spreading into more probable, disordered states, reinforcing the idea that entropy increases as a system
moves toward equilibrium.

H()=- [ dp f (p,1)In £ (p,1)

Assumptions for Boltzmann’s H-Theorem; The H-Theorem is based on a few key assumptions. First,
it treats gases as ideal meaning particles undergo only elastic collisions and don’t interact beyond those
moments. Second, it relies on the concept of molecular chaos (Stosszahlansatz), which assumes that the
velocities of colliding particles are uncorrelated before the collision. Finally, the theorem considers a
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closed system with no external forces acting on the particles, treating them as completely isolated (L.
Boltzmann, 1892).

Irreversibility; While the fundamental laws governing microscopic particles—Ilike Newton’s equations
or quantum mechanics are reversible and deterministic, macroscopic systems behave differently. They
show a clear direction in time. As Boltzmann's quantity H decreases, the system becomes more disordered,
reflecting a rise in entropy. Though it’s technically possible for a system to revert to a more ordered state,
the probability is so low that such reversals are virtually never observed (Robert O. Doyle, 2014).
Irreversibility, then, is a statistical reality.

Chapter 5: Phase Space Formalism
Concept of Phase Space; Phase space is a mathematical framework used to describe the complete state
of a physical system. For a system with » particles in three-dimensional space, you need 3n coordinates to
specify all positions. To fully describe motion, you also track momenta, adding another 3n dimensions.
This gives a 6n-dimensional phase space, where each point represents a unique configuration of position
and momentum for the entire system.
Liouville’s Theorem; Liouville’s Theorem, introduced by Joseph Liouville in 1847, is a fundamental
result in statistical mechanics. It states that the volume of phase space occupied by an ensemble of systems
remains constant over time as the systems evolve. If Q(t) is the volume of a region in phase space at time
t, then: €(t) = constant
This implies that even as systems evolve, they do so in a way that preserves the density of points in phase
space, meaning the overall structure and "spread" of microstates remains unchanged. It's a key principle
ensuring the conservation of information in classical mechanics.

dn/dt = 0
Proof of the theorem:
Consider '’ to be an entire function in a plane C.
Suppose a and b are arbitrary points.
Let f'= 0. Then fis a constant function.
To prove that f is a constant function, we need to show that f(a) = f(b) for all a, b € C. Since C is a plane,
which is path connected. Then we can choose a curve F: [ 7C so that F(0) = a and F(1) = b.
Now,
(o) dx = f1b)- fia)
Since ' =0, f(b) = f(a)
Now,
Suppose |f(x)| <P for all x € C.
To prove f is a constant, we only need to prove f'(z) = 0. Let a € C.
The rest of the arithmetic operations can be used to prove the Liouville Theorem.
Chapter 6: Thermodynamic Quantities from Statistical Mechanics
6.1 Heat exchange in statistical mechanics
For a system at temperature 7, with discrete energy levels E, the canonical partition function is:

1
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The average energy of the system, is given by:
U=(E)=Y E:-P,
}

In Statistical Mechanics, Z is a function that connects the microscopic work to the macroscopic world with
thermodynamic properties. This function shows how energy is distributed among different molecules at
equilibrium. Also, it helps in predicting why systems absorb or release heat. (P.T.Landsberg;2014)

6.2 Statistical Mechanical expression for heat

Integrating Over Momenta; In statistical mechanics, describing a system involves accounting for both
the positions and momenta of its particles. Since each particle can have a wide range of possible momenta,
the approach is to integrate over all these possibilities. This process doesn’t track each particle individually
but instead captures the collective behavior of the system. By summing over all momentum states, we can
derive macroscopic properties like pressure or temperature from microscopic dynamics (David T., 2018).
Statistical Representation of Energy Exchange; Rather than tracking energy transfer between
individual particles, statistical mechanics models the energy of an entire system using probability
distributions. These models describe how energy is spread among different states in a system. Key
statistical distributions include:

Boltzmann Distribution- used for classical particles to show how energy states are populated at thermal
equilibrium.

Marnile of Mcle Ute s it aned 3
~
-

Planck Distribution — applies to blackbody radiation and photon behavior.

2hc? /\°
ehc/AKT _ 1

B\(T)

1. Bose-Einstein Distribution — used for bosons (particles like photons or helium-4 atoms).
2. Fermi-Dirac Distribution — describes the energy distribution of fermions, such as electrons.
These models help predict how systems absorb, store, and transfer energy at the microscopic level.

Chapter 7: Mathematical tools in statistical mechanics
Central Limit Theorem is a fundamental concept in probability and statistics. It states that if you take a
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random sample of size n from any population with mean u and variance ¢2, the distribution of the sample
mean will approach a normal distribution as n becomes large, regardless of the population’s original
distribution. The resulting normal distribution will have mean u and variance o%n.

Formally, let X1,X2,...XnX 1, X 2, ..., X nX1,X2,....Xn be independent and identically distributed
(i.i.d.) random variables with:

e Mean: p\mup

e Standard deviation: c\sigmac

Then the sample mean X n\bar{X} nX'n is approximately normally distributed for large »:

X, i>/\/(Jr.L,c72/?’z,) as n — oo

Chapter 8: Conclusion and discussion:

Statistical mechanics applies probability to understand how large groups of particles behave collectively.
Instead of tracking individual particle paths, which is practically impossible, it uses statistical tools like
distributions and averages to predict macroscopic properties such as temperature, pressure, and energy.
Core models like the Boltzmann distribution and partition functions help connect the microstates of
individual particles with thermodynamic behavior at the system level.

However, statistical mechanics comes with its limitations. It works best when applied to systems with a
very large number of particles; in very small systems, random fluctuations can dominate, making
predictions unreliable. The framework also generally assumes that the system is in or near thermal
equilibrium, which limits its use in rapidly changing or out-of-equilibrium conditions. Additionally, many
models depend on idealized assumptions, such as treating gases as ideal or collisions as perfectly elastic;
which don’t always reflect reality.

Despite these limitations, the reach of statistical mechanics is expanding. Concepts like entropy and Monte
Carlo methods are now core to machine learning and artificial intelligence. Entropy also plays a central
role in information theory, where it helps quantify and transmit data. In finance and economics, researchers
are using statistical mechanics to model complex systems like markets and decision-making behavior.
This paper examined how probability and statistical methods help explain microscopic particle behavior,
particularly in gases. Beginning with Brownian motion and the difficulty of tracking individual molecules,
we showed why a statistical approach becomes essential. Unlike molecular dynamics,which becomes
computationally expensive at large scales, statistical mechanics offers scalable solutions to understanding
system-wide properties. The discussion included foundational contributions by Maxwell, Boltzmann, and
Gibbs, and explored concepts like the Maxwell-Boltzmann distribution, mean free path, Boltzmann’s H-
theorem, phase space, Liouville’s theorem, and the Central Limit Theorem. While statistical mechanics
has boundaries, its ability to transform microscopic chaos into macroscopic order makes it a powerful and
evolving tool, not just in physics, but across disciplines.
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