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Abstract  

Partial orders are often beneficial for ranking methods, such as the Hasse diagram methodology, which 

leads to partial orders when multiple incompatibilities arise between pairs of objects. Two partial 

orderings on S-algebra are introduced in this study. Some important features are proven using these 

partial orderings. Basic theory on ideals of an universal algebra is used to define S-algebra ideals and 

verify their qualities.  
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1 Introduction 

George Boole introduced a key concept in algebraic structures related to mathematical logic through his 

research, which later became known as Boolean Algebra—a specialized form of lattice theory[2]. In the 

1890s, Schr¨ oder examined the concept of lattice as it is understood today. Dedekind[5] also explored 

similar ideas in his work on groups and ideals, subsequently defining two important types of lattices: 

Modular Lattices and Distributive Lattices, both of which have significant applications in  athematics[6]. 

The 1930s marked rapid progress in lattice theory. Boolean lattices, or Boolean algebras, are regarded as 

a fundamental and significant type of lattice with extensive applications in computer science, physics, 

and mathematics. In 2021, a new type of algebra called S-algebra was introduced,[1] along with two 

partial orderings on S-algebras. Conditions were provided for S-algebra as a distributive lattice, and 

concepts such as congruences and central elements in S-algebras were discussed. By using the central 

elements of S, an S-algebra can be simplified into two S-algebras[7-11], highlighting several important 

properties. 

This paper also introduces two additional partial orderings on S-algebras, proving significant properties 

derived from these orderings. The definition and properties of ideals in S-algebras are examined using 

fundamental theories from the study of ideals in geometrical algebra. 

 

2 Preliminaries 

2.1 Universal algebras 

Definition 1 (1).A map b7→Ψ(b)is called a natural map of Bonto B/Ψ, whenever Bis an algebra and Ψis 

Congruence of B. 
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Theorem 1 (12).Given an algebra B,Ψis Congruence of B. Then, an onto homomorphism of B onto B/Ψ 

is the 

natural map b7→Ψ(b). 

“If B is any algebra, then the congruences B×Band{(b, b)|b∈B}are denoted by △Band△Arespectively. 

Sometimes we refer to △Bas zero congruence on B.” 

2.2 S-ALGEBRA 

S-algebra is a brand-new kind of algebra[2]. If an algebra ( S,⋎,´∧) of type (2 ,2) meets criteria as given 

below, 

it is referred to as an S-algebra: 

(i)r´∧r=r,r⋎r=r 

(ii)r´∧(s´∧t) = (c´∧s)´∧t,r⋎(s⋎t) = (r⋎s)⋎t 

(iii) (r´∧s)⋎(s´∧r) = (s´∧r)⋎(r´∧s), (r⋎s)´∧(s⋎r) = (s⋎r)´∧(r⋎s) 

(iv) r´∧(r⋎s) =r, r⋎(r´∧s) =r 

(v)r´∧(s⋎t) = (r´∧s)⋎(r´∧t), r⋎(s´∧t) = (r⋎s)´∧(r⋎t) 

(vi) r´∧s´∧r=r´∧s,r⋎s⋎r=r⋎s 

for all r, s, t∈S.Here observe that C-algebra[9] is an S-algebra, but the converse need not be true. We 

established 

a partial ordering on S-algebra in the following, which can be used to produce certain S-algebras. We 

define ≤on S 

byρ≤σ, given specific components ρ, σin an S-algebra ( S,⋎,ˇ∧),ifσˇ∧ρ=ρ.Unless otherwise noted, we 

will refer 

to this paper Sas an S-algebra, meaning that it is an S-algebra ( S,⋎,ˇ∧). 

 

3 Main Results 

3.1 Partial Order I on S-algebra 

We proposed a partial order I on S-algebra in the following. 

Definition 2. Assume Sbe an S-algebra. Given c, p∈S, define c≤lpbyc´∧p=candc⋎p=p. 

Theorem 2. In an S-algebra S,≤lis a partial ordering on S. 

Proof. Letw∈S. 

≤lis reflexive, since w=c´∧w=w⋎w. 

Suppose w≤lpandp≤lwthen 

w´∧p=wandw⋎p=p,p´∧w=pandp⋎w=w 

Now, w=w´∧p=w´∧(w⋎p) = (w´∧w)⋎(w´∧p) =w⋎p=pTherefore w=pand≤lis antisymmetric. Now 

assume 

thatw≤lpandp≤lz. 

Then we have w´∧p=wandw⋎p=p,p´∧z=pandp⋎z=z. 

Now w´∧z=w´∧(p⋎z) = ( w´∧p)⋎(w´∧z) =w⋎(w´∧z) =wandw⋎z=w⋎(p⋎z) = ( w⋎p)⋎z=p⋎z=z 

Therefore w≤lz. Hence ≤lis partial ordering on S. 

Lemma 1. LetSis an S-algebra, for any w, p∈S. Ifw≤lpthen p⋎w=w⋎p=p. 

Proof. Letw, p∈Ssuch that w≤lpthen we have w´∧p=w, w⋎p=p. 

Now, p⋎w= (w⋎p)⋎(w´∧p) = (w⋎p⋎w)´∧(w⋎p⋎p) = (w⋎p)´∧(w⋎p) =w⋎p=pTherefore p⋎w=w⋎p=p. 

Theorem 3. LetSbe an S-algebra and a∈S,then the set ℓa={w∈S|a≤lw}is aS-algebra with the induced 

operations ´∧,⋎. 

https://www.ijfmr.com/
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Proof. Letw, p∈ℓathen a≤lw, a≤lpthat is 

a´∧w=a´∧p=a 

a⋎w=w⋎a=wanda⋎p=p⋎a=pNow, a´∧(w⋎p) = (a´∧w)⋎(a´∧p) =a⋎a=aanda⋎(w⋎p) = (a⋎w)⋎p 

= (a⋎w⋎a)⋎p= (a⋎w)⋎(a⋎p) =w⋎pTherefore a≤lw⋎pand hence w⋎p∈ℓa. Similarly, a´∧(w´∧p) = 

(a´∧w)´∧p= (a´∧w´∧a)´∧p= (a´∧w)´∧(a´∧p) =a´∧a=aanda⋎(w´∧p) = ( a⋎w)´∧(a⋎p) =w´∧pTherefore 

a≤lw´∧p 

and hence w´∧p∈ℓa. 

Hence ℓais closed under ´∧,⋎,and ( ℓa,´∧,⋎) is a S-algebra since the other identities hold in ℓasince they 

hold in 

ℓa. 

3.2 Partial order II on S-algebra 

We present yet another partial order on S-algebra in this section. 

Definition 3. Assume Sbe an S-algebra. Given c, y∈S, define c≤rybyc´∧y=candy⋎c=y. 

Theorem 4. In S-algebra S, partial ordering ≤ris on S. 

Proof. Letw∈S. 

≤ris reflexive, since w=w´∧w=w⋎w. 

Suppose w≤ryandy≤rwthen 

w´∧y=wandy⋎w=y,y´∧w=yandw⋎y=w 

Now, w=w⋎y= (w´∧y)⋎(y´∧w) = ( y´∧w)⋎(w´∧y) =y⋎w=yTherefore w=yand≤ris antisymmetric. Now 

assume that w≤ryandy≤rt. 

Then we have w´∧y=wandy⋎w=y,y´∧t=yandt⋎y=t. 

Now, w´∧t= (w´∧y)´∧t=w´∧(y´∧t) =w´∧y=wandt⋎w=(t⋎y)⋎w=t⋎(y⋎w) =t⋎y=tTherefore w≤rt, 

and hence ≤ris a partial ordering on S. 

3.3 Some properties on ≤rand≤l 

Theorem 5. The set Θa={(w, p)∈S×S|⋉a(w) =⋉a(p)}is a congruence relation on Sifa∈S. This is because 

the mapping ⋉a:S→ℓais defined by ⋉a(w) =a⋎wfor all w∈S. 

Proof. The fact that Θ ais an equivalence relation on Sis obvious. 

Let ( w, p)∈Θaand ( s, t)∈Θa, then a⋎w=a⋎panda⋎s=a⋎t. Now, a⋎(w´∧s) = ( a⋎w)´∧(a⋎s) = 

(a⋎p)´∧(a⋎t) =a⋎(p´∧t) Therefore ( w´∧s, p´∧t)∈Θa. Similarly, a⋎(w⋎s) = (a⋎w)⋎(a⋎s) = (a⋎p)⋎(a⋎t) 

=a⋎(p⋎t) Therefore ( w⋎s, p⋎t)∈Θa. Hence Θ ais a congruence relation on S.. 

Theorem 6. LetSbe an S-algebra and h∈S, then⋉ais a homomorphism from Sonto ℓhwithker⋉hand 

hence 

S 

Ker(⋉h)∼=ℓh. 

Proof. Assume Sbe S-algebra and x, y∈S. It is easy to observe that ⋉his well defined. 

Now,⋉h(x´∧y) =h⋎(x´∧y) = ( h⋎x)´∧(h⋎y) =⋉h(x)´∧⋉h(y) and⋉h(x⋎y) =h⋎(x⋎y) = ( h⋎x)⋎(h⋎y) = 

⋉h(x)⋎⋉h(y) Therefore ⋉his homomorphism from Sonto⋉hand hence by fundamental theorem of 

homomorphism 

S 

Ker(⋉h)∼=ℓh. 

Theorem 7. LetSbe an S-algebra with Tandh∈B(A), then the mapping βh:S→ ℜ hdefined bm βh(n) 

=h´∧n 

for all n∈Sthen the set φh={(n, m)∈S×S|βh(n) =βh(m)}is a congruence relation on S. 

https://www.ijfmr.com/
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Proof. we can observe that φhis an equivalence relation on S. 

Let (n, m)∈φhand ( s, t)∈φh,then h´∧n=h´∧mandh´∧s=h´∧t. Now, h´∧(n´∧s) = ( h´∧n)´∧(h´∧s) = ( 

h´∧m)´∧(h´∧t) 

=h´∧(m´∧t) Therefore ( n´∧s, m´∧t)∈φh 

Similarly, h´∧(n⋎s) = ( h´∧n)⋎(h´∧s) = ( h´∧m)⋎(h´∧t) =h´∧(m⋎t) Therefore ( n⋎s, m⋎t)∈φh. Hence 

φhis a 

congruence relation on S. 

Theorem 8. LetHbe S-algebra and h∈H,then βhis a homomorphism from Hontoℜhwith kerβ hand hence 

H 

Ker(βh)∼=ℜh. 

Proof. LetHbe an S-algebra and h, k∈T. Here observe that that ℜhis well defined. 

Now, βh(t´∧s) =h´∧(t´∧s) = ( h´∧t)´∧(h´∧s) =βh(s)´∧βh(t) and βh(s⋎t) =h´∧(s⋎t) = ( h´∧h)⋎(h´∧t) 

=βh(s)⋎βh(t) 

Therefore βhis homomorphism from Hontoβhand hence by fundamental theorem of homomorphismH 

Ker(βh)∼=ℜh. 

 

4 Ideals of S-algebra 

Definition 4. IfIis a non-empty subset of SandSis S-algebra, then Iis a left ideal of Sif the following is 

true. 

(i)q, z∈I=⇒q⋎z∈I 

(ii)a∈I=⇒q´∧a∈Ifor each q∈S 

Definition 5. IfIis a non-empty subset of SandSis S-algebra, then Iis a right ideal of Sif the following is 

true. 

(i)q, z∈I=⇒q⋎z∈I 

(ii)a∈I=⇒a´∧q∈Ifor each q∈S 

Definition 6. If a non-empty subset Iof an S-algebra Sis both left and right ideal, it is considered an ideal 

of S. 

Theorem 9. Every left ideal of an S-algebra Sis a right ideal. 

Proof. LetIbe a left ideal of S,a∈IThen a´∧x=a´∧x´∧a= (a´∧x)´∧a∈IThere fore a´∧x∈I. Also x⋎y∈Ifor 

each pair x, y∈I 

Therefore Iis a right ideal. 

Remark 1. The mentioned theorem’s converse is untrue 

Example 1. LetG={p, q, r, s, t }Consequently, Gis an S-algebra in relation to the point-wise operations 

listed 

below; 

´∧pqrst 

ppqttt 

qqqqqq 

rttrst 

ssssss 

tttttt⋎pqrst 

pppppp 

qpqttt 

https://www.ijfmr.com/
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rrrrrr 

sttrst 

tttttt 

I1={q, s, t},I2={q, r, s, t },I3={p, q, s, t }andI4=Gare ideals in the S-algebra G. 

Example 2. Kis an S-algebra in relation to the point-wise operations listed below; 

´∧p1p2p3p4p5p6p7 

p1p1p2p5p5p5p1p2 

p2p2p2p2p2p2p2p2 

p3p5p5p3p4p5p3p4 

p4p4p4p4p4p4p4p4 

p5p5p5p5p5p5p5p5 

p6p1p2p3p4p5p6p7 

p7p7p7p7p7p7p7p7⋎p1p2p3p4p5p6p7 

p1p1p1p1p1p1p1p1 

p2p1p2p5p5p5p1p2 

p3p3p3p3p3p3p3p3 

p4p5p5p3p4p5p3p4 

p5p5p5p5p5p5p5p5 

p6p6p6p6p6p6p6p6 

p7p1p2p3p4p5p6p7 

Example 3. LetF ={b1, b2, b3, b4, b5, b6, b7, b8, b9}.Then Fis an S-algebra under point wise operations 

given in the 

following tables. 

´∧q1q2q3q4q5q6q7q8q9 

q1q1q2q5q5q5q1q2q1q2 

q2q2q2q2q2q2q2q2q2q2 

q3q5q5q3q4q5q3bqq4q3 

q4q4q4q4q4q4q4q4q4q4 

q5q5q5q5q5q5q5q5q5q5 

q6q1q2q3q4q5q6q7q8q9 

q8q8q7q4q4q4q8q7q8q7 

q9q2q2q9q7q2q9q7q7q9 

⋎q1q2q3q4q5q6q7q8q9 

q1q1q1q1q1q1q1q1q1q1 

q2q1q2q5q5q5q1q2q1q2 

q3q3q3q3q3q3q3q3q3q3 

q4q5q5q3q4q5q3q4q4q3 

q5q5q5q5q5q5q5q5q5q5 

q6q6q6q6q6q6q6q6q6q6 

q7q1q2q3q4q5q6q7q8q9 

q8q1q1q6q8q1q6q8q8q6 

q9q6q9q3q3q3q6q9q6q9 
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All the ideals of FareI1={q2, q4, q5, q7},I2={q1, q2, q4, q5, q7, q8},I3={q2, q3, q4, q5, q7, q9}, and 

I4= F. 

Theorem 10. LetSbe an S-algebra and a∈S.Then Ia={a´∧x|x∈S}is the smallest ideal containing a. 

Proof. Leta´∧x, a´∧y∈Iaforx, y∈S. 

Now ( a´∧x)⋎(a´∧y) =a´∧(x⋎y)∈Ia 

Letx∈Swe have a´∧x´∧x=a´∧x∈Ia. 

Therefore Iais an ideal of S, also Iais an ideal containing a. (since a=a´∧a∈Ia) Suppose Jis an ideal 

containinga. 

Lett∈Ia, then we have t=a´∧xfor some x∈S, since a∈J and x ∈S,a´∧x∈J. 

Therefore t∈J, 

Thus Ia⊆JHence Iais the smallest ideal containing a. 

Definition 7. LetSbe S-algebra and a∈S.Then {a´∧x|x∈S}is called principal ideal generated by a, and is 

denoted by < a > . 

Example 4. Principal ideals of the S-algebra G ={p, q, r, s, t }are< p > ={p, q, s, t },< q > =< s > =< t > = 

{q, s, t}and< q > ={q, r, s, t }.(see example 1) 

Example 5. Principal ideals of the S-algebra H ={p1, p2, p3, p4, p5, p6, p7}are< p 1>={p1, p2, p4, p5, 

p7}, 

< p 2>=< p 4>=< p 5>=< p 7>={p2, p4, p5, p7} 

< p 3>={p2, p3, p4, p5, p7} 

and< p 6>= G.(see example 2) 

Example 6. Principal ideals of the S-algebra F ={q1, q2, q3, q4, q5, q6, q7, q8, q9}are< q 1>=< q 

8>={q1, q2, q4, q5, q7, q8}, 

< q 2>=< q 4>=< q 5>=< q 7>={q2, q4, q5, q7} 

< q 3>=< q 9>{q2, q3, q4, q5, q7, q9} 

and< q 6>= F.(see example 3) 

Theorem 11. LetIbe an Ideal of S-algebra , then θI={(x, y)|a⋎x=a⋎y}for some a∈I, is a congruence 

relation . 

Proof. Observe that θIis an equivalence relation. Let ( x, y),(z, t)∈θI 

then a⋎x=a⋎yandb⋎z=b⋎tfora, b∈Iso by Def of ideal a⋎b∈I. Now ( a⋎b)⋎(x⋎z) = (a⋎b⋎a)⋎(x⋎z) 

=a⋎(b⋎a⋎x⋎z) =a⋎(b⋎a⋎y⋎z) =a⋎(b⋎(a⋎y))⋎z) =a⋎(b⋎(a⋎y)⋎b)⋎z) = (a⋎b)⋎(a⋎y)⋎(b⋎z) = 

(a⋎b)⋎(a⋎y)⋎(b⋎t) = (a⋎b⋎a)⋎y)⋎(b⋎t) = (a⋎b)⋎y⋎(b⋎t) =a⋎(b⋎y⋎b)⋎t=a⋎(b⋎y)⋎tt = (a⋎b)⋎(y⋎t) 

Therefore ( x⋎z, y⋎t)∈θI.Now, ( a⋎b)⋎(x´∧z) = (( a⋎b)⋎x)´∧((a⋎b)⋎z) = (( a⋎b⋎a)⋎x)´∧((a⋎b)⋎z) = 

((a⋎b)⋎(a⋎x))´∧(a⋎(b⋎z)) = ( a⋎b)⋎(a⋎y)´∧(a⋎(b⋎t)) = (( a⋎b⋎a)⋎y)´∧((a⋎b)⋎t) = (( 

a⋎b)⋎y)´∧((a⋎b)⋎t) 

= (a⋎b)⋎(y´∧t) 

Lemma 2. LetIbe an ideal of S-algebra S. For any a, b∈I, we have the following 

(i)y∈< a >⇔y=a´∧y. 

(ii)< a > ∩< b >⊆< a´∧b > . 

(iii) If< a > =< b > , then a⋎b=b⋎a. 

Proof. LetIbe an ideal of S-algebra S. 

(i) Let a∈Iand choose y∈< a > . Then y=a´∧x, for some x∈S. a´∧y=a´∧(a´∧x) = 

(a´∧a)´∧x=a´∧x=yTherefore 

y=a´∧y.The converse is trivial (because y=a´∧y∈< a > ). 
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(ii) Let x∈< a > ∩< b > . Then x=a´∧x=b´∧x(by (i)). ( a´∧b)´∧x=a´∧(b´∧x) =a´∧x=xTherefore x∈< a´∧b 

>. 

Hence < a > ∩< b >⊆< a´∧b > . 

(iii) Suppose that < a > =< b > . Let a∈< a > =< b > . Then b´∧a=a(by (i)). And, for b∈< b > =< a >, We 

have 

a´∧b=b(by (i)). Now, a⋎b= (b´∧a)⋎(a´∧b) = ( a´∧b)⋎(b´∧a) =b⋎aTherefore a⋎b=b⋎a. 

 

5 Conclusions and Future Work 

We introduced two partial orders of S-algebra in this paper and attempted to decompose it; however, this 

was not 

completed in this work. Moving forward, we can complete this task by providing central elements on the 

relations. 

We also applied fundamental ideals to S-algebra and provided some examples. 
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