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Abstract

Partial orders are often beneficial for ranking methods, such as the Hasse diagram methodology, which
leads to partial orders when multiple incompatibilities arise between pairs of objects. Two partial
orderings on S-algebra are introduced in this study. Some important features are proven using these
partial orderings. Basic theory on ideals of an universal algebra is used to define S-algebra ideals and
verify their qualities.
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1 Introduction

George Boole introduced a key concept in algebraic structures related to mathematical logic through his
research, which later became known as Boolean Algebra—a specialized form of lattice theory[2]. In the
1890s, Schr” oder examined the concept of lattice as it is understood today. Dedekind[5] also explored
similar ideas in his work on groups and ideals, subsequently defining two important types of lattices:
Modular Lattices and Distributive Lattices, both of which have significant applications in athematics[6].
The 1930s marked rapid progress in lattice theory. Boolean lattices, or Boolean algebras, are regarded as
a fundamental and significant type of lattice with extensive applications in computer science, physics,
and mathematics. In 2021, a new type of algebra called S-algebra was introduced,[1] along with two
partial orderings on S-algebras. Conditions were provided for S-algebra as a distributive lattice, and
concepts such as congruences and central elements in S-algebras were discussed. By using the central
elements of S, an S-algebra can be simplified into two S-algebras[7-11], highlighting several important
properties.

This paper also introduces two additional partial orderings on S-algebras, proving significant properties
derived from these orderings. The definition and properties of ideals in S-algebras are examined using
fundamental theories from the study of ideals in geometrical algebra.

2 Preliminaries

2.1 Universal algebras

Definition 1 (1).A map b7—'¥(b)is called a natural map of Bonto B/¥, whenever Bis an algebra and WYis
Congruence of B.
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Theorem 1 (12).Given an algebra B,%Wis Congruence of B. Then, an onto homomorphism of B onto B/¥
is the

natural map b7—'¥(b).

“If B is any algebra, then the congruences BxBand{(b, b)|bEB}are denoted by ABandA Arespectively.
Sometimes we refer to ABas zero congruence on B.”

2.2 S-ALGEBRA

S-algebra is a brand-new kind of algebra[2]. If an algebra ( S,Vv, A) of type (2 ,2) meets criteria as given
below,

it is referred to as an S-algebra:

()r"Ar=r,ryr=r

(A)r" A(s'At) = (¢'As) At,rY(sYt) = (rvs)vt

(ii1) (r'AS)Y(s'Ar) = (S"Ar)Y(r'As), (rYs) A(sYr) = (sYT1) 'A(rYs)

(iv) r'A(rYs) =1, rY(r'As) =r

(VIU'A(sYt) = (1" As)Y(1'At), TV (s At) = (rVs) A(rYt)

(Vi) I'AS"Ar=t1"AS,TYSYT=TYS

for all r, s, t€S.Here observe that C-algebra[9] is an S-algebra, but the converse need not be true. We
established

a partial ordering on S-algebra in the following, which can be used to produce certain S-algebras. We
define <on S

byp=<c, given specific components p, cin an S-algebra ( S,v,"A),ifc"Ap=p.Unless otherwise noted, we
will refer

to this paper Sas an S-algebra, meaning that it is an S-algebra ( S,V,"A).

3 Main Results

3.1 Partial Order I on S-algebra

We proposed a partial order I on S-algebra in the following.

Definition 2. Assume Sbe an S-algebra. Given c, p€S, define c<Ipbyc’Ap=candcYp=p.

Theorem 2. In an S-algebra S,<lis a partial ordering on S.

Proof. LetweS.

<lis reflexive, since w=c AW=wYW.

Suppose w<Ilpandp<lwthen

w’ Ap=wandwYp=p,p  Aw=pandpYw=w

Now, w=w'Ap=w A(WYp) = (W AwW)Y(W Ap) =wYp=pTherefore w=pand<lis antisymmetric. Now
assume

thatw<lpandp<lz.

Then we have w’Ap=wandwYp=p,p Az=pandpYz=z.

Now W Az=w A(pYZ) = ( W Ap)Y(W AZ) =wY(W Az) =wandwYz=wY(pYz) = ( WYDP)YZ=pYZ=2
Therefore w<lz. Hence <lis partial ordering on S.

Lemma 1. LetSis an S-algebra, for any w, p€S. Ifw<lpthen pyw=wYp=p.

Proof. Letw, pESsuch that w<lpthen we have w’Ap=w, wYp=p.

Now, pYyw= (WYp)Y(W'Ap) = (WYpYW) A(WYpYDp) = (WYp) A(WYp) =wYp=pTherefore pyw=wYp=p.
Theorem 3. LetSbe an S-algebra and a€S,then the set La={w€S|a<lw}is aS-algebra with the induced
operations ‘A,Y.
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Proof. Letw, p€lathen a<lw, a<lIpthat is

a’Aw=a’Ap=a

ayw=wYa=wandaYp=pYa=pNow, a’A(WYp) = (a’Aw)Y(a’Ap) =aYa=aandaY(wYp) = (aYW)Yp

= (aywYa)Yp= (ayw)Y(aYp) =wYpTherefore a<IlwYpand hence wyp€la. Similarly, a’A(W'Ap) =
(a’Aw) Ap= (a’AW’Aa) ' Ap= (a’Aw) A(a’Ap) =a’Aa=aandaY(w’ Ap) = (aYw) A(aYp) =w ApTherefore
a<lw’Ap

and hence w'Ap€la.

Hence (ais closed under "A,v,and ( £a, A,Y) is a S-algebra since the other identities hold in Lasince they
hold in

{a.

3.2 Partial order II on S-algebra

We present yet another partial order on S-algebra in this section.

Definition 3. Assume Sbe an S-algebra. Given c, y€S, define c<rybyc’Ay=candyYc=y.

Theorem 4. In S-algebra S, partial ordering <ris on S.

Proof. Letw€S.

<ris reflexive, since W=w AW=wYW.

Suppose w<ryandy<rwthen

w’ Ay=wandyYw=y,y ' Aw=yandwYy=w

Now, w=wYy= (W Ay)Y(y ' AwW) = ( Yy AW)Y(W Ay) =yYw=yTherefore w=yand<ris antisymmetric. Now
assume that w<ryandy<rt.

Then we have w’Ay=wandyYw=y,y At=yandtYy=t.

Now, W At= (W' Ay) At=w'A(y At) =w’ Ay=wandtYw=(tVy)Yw=tY(yYw) =tYy=tTherefore w=rt,

and hence <ris a partial ordering on S.

3.3 Some properties on <rand<l

Theorem 5. The set ®a={(w, p)ESxS|xa(w) =xa(p)}is a congruence relation on Sifa€S. This is because
the mapping xa:S—{ais defined by xa(w) =aywfor all weS.

Proof. The fact that ® ais an equivalence relation on Sis obvious.

Let ( w, p)€E®aand ( s, t)EOa, then avyw=aYpandaYs=aVYt. Now, aY(w’'As) = (aYw) A(aYs) =
(avyp)'A(avt) =aY(p’'At) Therefore ( w’As, p’At)E@a. Similarly, av(wYs) = (ayw)Y(aYs) = (aYp)Y(aYt)
=aY(pVt) Therefore ( wYs, pYt)E®a. Hence O ais a congruence relation on S..

Theorem 6. LetSbe an S-algebra and heS, thenixais a homomorphism from Sonto Chwithkertxhand
hence

S

Ker(xh)~=Ch.

Proof. Assume Sbe S-algebra and x, y€S. It is easy to observe that xhis well defined.
Now,xh(x'Ay) =hY(x'Ay) = ( hyx) A(hYy) =xh(x) Axh(y) andxh(xYy) =hY(xYy) = ( hyx)Y(hVvy) =
xh(x)Yxh(y) Therefore xhis homomorphism from Sontoxhand hence by fundamental theorem of
homomorphism

S

Ker(xh)~=Ch.

Theorem 7. LetSbe an S-algebra with Tandh€B(A), then the mapping fh:S— R hdefined bm Bh(n)
=h’"An

for all n€Sthen the set gh={(n, m)ESxS|Bh(n) =ph(m)}is a congruence relation on S.
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Proof. we can observe that ghis an equivalence relation on S.

Let (n, m)Ephand ( s, t)Eph,then h’An=h"Amandh’As=h"At. Now, h"A(n"As) = ( h"An) A(h"As) = (
h’Am) A(h"At)

=h"A(m’At) Therefore ( n"As, m’At)Eph

Similarly, h'A(nYs) = (h’An)Y(h'As) = ( h’Am)Y(h’"At) =h’A(mYt) Therefore ( nYs, mYt)Eeph. Hence
ohis a

congruence relation on S.

Theorem 8. LetHbe S-algebra and h€H,then Bhis a homomorphism from HontoRhwith kerf3 hand hence
H

Ker(Bh)~=Rh.

Proof. LetHbe an S-algebra and h, kET. Here observe that that Rhis well defined.

Now, Bh(t'As) =h"A(t'As) = ( h"At)"A(h’As) =Bh(s) ABh(t) and Bh(sYt) =h"A(sYt) = ( h"Ah)Y(h’At)
=Ph(s)vBh(t)

Therefore Bhis homomorphism from Hontofhand hence by fundamental theorem of homomorphismH
Ker(Bh)~=Rh.

4 Ideals of S-algebra

Definition 4. Iflis a non-empty subset of SandSis S-algebra, then lis a left ideal of Sif the following is
true.

(1)q, zel==qvzel

(i1)a€l==q Aa€lfor each q€S

Definition 5. Iflis a non-empty subset of SandSis S-algebra, then lis a right ideal of Sif the following is
true.

(1)q, z€EI==>qVvz€El

(i1)a€l==a’"Aq€lfor each q€S

Definition 6. If a non-empty subset lof an S-algebra Sis both left and right ideal, it is considered an ideal
of S.

Theorem 9. Every left ideal of an S-algebra Sis a right ideal.

Proof. Letlbe a left ideal of S,a€lThen a’Ax=a’Ax Aa= (a’Ax) Aa€E€lThere fore a’Ax€I. Also xvy€lfor
each pair x, y€l

Therefore Iis a right ideal.

Remark 1. The mentioned theorem’s converse is untrue

Example 1. LetG={p, q, 1, s, t } Consequently, Gis an S-algebra in relation to the point-wise operations
listed

below;

"Apqrst

ppqttt

qq99qq
rttrst

SSSSSS
ttttttYpqrst
PPPPPP
qpqttt
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ITIrer

sttrst

tttttt

I1={q, s, t},12={q, 1, s, t },13={p, q, s, t }andl4=Gare ideals in the S-algebra G.
Example 2. Kis an S-algebra in relation to the point-wise operations listed below;
"Nplp2p3p4pSpbp7
plplp2p5p5pSplp2
p2p2p2p2p2p2p2p2
p3p5p5p3p4pSp3p4
p4p4p4p4p4papap4
pSpSpSpSpSpSpSps
pbplp2p3pdpSpbp7
p7p7pTpTpTpTpTp7Yplp2p3pdpSp6p7
plplplplplplplpl
p2plp2pSpSpSplp2
p3p3p3p3p3p3p3p3
p4pSpSp3pdpSp3p4
pPSpSpSpSpSpSpSps
poPOPOPO6POPOPO6PO
p7plp2p3pdpSp6p7
Example 3. LetF ={bl, b2, b3, b4, b5, b6, b7, b8, b9}.Then Fis an S-algebra under point wise operations
given in the

following tables.
"Aq1929394959697q899
q19q192959595q1q2qlq2
9292929292929q29292q2
9395959394q5q3bqgq4q3
q4949494q4q4q4q4qdq4d
45959595959595959595
q691929394959697q8q9
q898q7q4q494q8q7q8q7
9992929997929997q7q9
Yq1929394959697q8q9
qlqlqlqlqlqlqlqlqlql
q2q192959595q1q2qlq2
9393939393939393q3q3
q4959593949593q4q4q3
45959595959595959595
q6969696q6q6q6q6q6q6
q7919293949596979899
q8q1q1q6q8q1q698q8q6
q99699939393q6999699
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All the ideals of Farel1={q2, q4, q5, q7},12={ql, 92, 94, 95, q7, q8},13={q2, 93, g4, 95, q7, 99}, and
14=F.

Theorem 10. LetSbe an S-algebra and a€S.Then [a={a’Ax|xES}is the smallest ideal containing a.
Proof. Leta’Ax, a’Ay€laforx, y€S.

Now (a’Ax)Y(a’Ay) =a’A(xYy)€Ela

Letxe€Swe have a’Ax Ax=a’Ax€Ela.

Therefore lais an ideal of S, also lais an ideal containing a. (since a=a’Aa€la) Suppose Jis an ideal
containinga.

Lett€la, then we have t=a’Axfor some X€ES, since a€J and x €S,a’AX€EJ.

Therefore t€J,

Thus IacJHence lais the smallest ideal containing a.

Definition 7. LetSbe S-algebra and a€S.Then {a’Ax[x€S}is called principal ideal generated by a, and is
denoted by <a >.

Example 4. Principal ideals of the S-algebra G ={p, q, 1, s, t jare<p>={p, q,s,t },<q>=<s>=<t>=
{q, s, ttand< q>={q, 1, s, t }.(see example 1)

Example 5. Principal ideals of the S-algebra H ={p1, p2, p3, p4, p5, p6, p7}are<p 1>={pl, p2, p4, p5,
p7},

<Pp2>=<p4>=<p 5>=<p 7>={p2, p4, p3, p7}

<p 3>={p2, p3, p4, p5, p7}

and< p 6>= G.(see example 2)

Example 6. Principal ideals of the S-algebra F ={ql, q2, q3, q4, 95, g6, q7, 98, q9}are< q 1>=<q
8>={ql, 42, g4, 45, 97, 48],

<q2>=<q4>=<q5>=<q7>={q2, 94, 95, q7}

<q3>=<q9>{q2, 93,94, 95,97, 99}

and< q 6>= F.(see example 3)

Theorem 11. Letlbe an Ideal of S-algebra , then 0I={(x, y)|ayx=aYy}for some a€l, is a congruence
relation .

Proof. Observe that 0lis an equivalence relation. Let ( x, y),(z, t)€OI

then avx=aYyandbvz=bYtfora, b€lso by Def of ideal avyb€l. Now ( avyb)Y(xYvz) = (aybya)Y(xYz)
=aY(bvavxYz) =aY(bYvaYyYz) =aY(bY(avy))vz) =aY(bY(aYy)Yb)yz) = (a¥b)Y(avy)Y(bvyz) =
(avyb)Y(avy)Y(bvt) = (avybya)vy)v(bYt) = (a¥b)YyY(bYt) =av(bYyYb)vt=av(bYy)Ytt = (avyb)Y(yYt)
Therefore ( xvz, yYt)€EOL.Now, (aYb)Y(x'Az) = (( a¥b)Yx) A((aYb)Yz) = (( a¥bYa)Yx) 'A((aYb)vz) =
((ayb)v(avx))'A(av(byz)) = (avb)Yv(avy) A(av(bYt)) = ((avbva)vy) A((ayb)vt) = ((
aYb)Yy)'A((avyb)Yt)

= (aYb)Y(y'At)

Lemma 2. Letlbe an ideal of S-algebra S. For any a, b€l, we have the following
(I)yeE<a>oy=a'Ay.

(i)<a>N<b>C<a'Ab>.

(111) If<a>=<b >, then avb=bva.

Proof. Letlbe an ideal of S-algebra S.

(1) Let a€land choose yE< a > . Then y=a’Ax, for some x€S. a’Ay=a’A(a’Ax) =
(a’Aa)’Ax=a’Ax=yTherefore

y=a’Ay.The converse is trivial (because y=a'Aye<a>).
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(i1) Let x€<a > N<b >. Then x=a'Ax=b Ax(by (i)). (a’Ab) 'Ax=a’A(b 'Ax) =a’Ax=xTherefore x€< a’Ab
>.

Hence <a>N<b>C<a'Ab>.

(ii1) Suppose that <a>=<b >. Let a€<a>=<b >. Then b’Aa=a(by (i)). And, for bE<b >=<a > We
have

a’Ab=b(by (1)). Now, ayb= (b’Aa)Y(a’Ab) = ( a’Ab)Y(b’Aa) =bYvaTherefore avyb=bvYa.

5 Conclusions and Future Work

We introduced two partial orders of S-algebra in this paper and attempted to decompose it; however, this
was not

completed in this work. Moving forward, we can complete this task by providing central elements on the
relations.

We also applied fundamental ideals to S-algebra and provided some examples.

Acknowledgement 1. The authors would like to extend their heartfelt gratitutude to chaitanya Bharathi
institute of

technology(CBIT) For their generous funding and un weavering support under the minor project as per
the sanction

order no.CBIT/PROJ-IH/1055/Maths/D004/2024,dated 26March 2024.

References

1. Sundarayya, P.,Sree Ramani, V., The concept of S-algebra and its properties ,J.Math.Comput.sci vol.
5,pp.5993-6006 (2021)

2. Birkhoff, G., Lattice theory ,Amer. Math. Soc. Vol.25 (1967) .

3. Sundarayya, P.,and Sree Ramani, V., Decomposition of a C-algebra through Partial ordering , Bull.
of.International .Mathematical virtual. Institute. , Vol.7, pp.45-52(2017) .

4. Rao, Sundarayya, P., Two partial orders on a C-algebra , Int. J. Computational Congnition., Vol.7,
pp-40-43(2009) .

5. Burris, S. and Sankappanavar, H.P., A Course in Universal Algebra ,Springer Verlag, GTM, Vol.78,
(1981) .

6. Gratzer, G., Universal Algebras ,Van Nostrand, Princeton, N. J. (1968) .

7. Swamy, U.M., Rao, G. and Ravikumar, R.V.G., Centre of a C-algebra , Southeast Asian Bull. Math.,
Vol.27,pp.357-368(2003)

8. Chajda, 1., A note on congruence kernels in ortholattice , Math. Bohemica, Vol.125, pp169-
172(2000) .

9. Guzman, F. and Squier, C. C., The algebra of Conditional Logic , Algebra Universalis, Vol.27,
pp88-110(1990) .

10. Jonsson, B., Congruence verities , algebra Universalis, Vol.10, pp.355-394(1980) .

11. Rao, G. C. and Sundarayya, P., Decompositions of a C-algebra , Int. J. Math. Math. Sci., Vol.3,
pp.88- 110(2006)

12. Gratzer, G., General lattice Theory ,Academic Press, New York (1978) .

IJFMR250556553 Volume 7, Issue 5, September-October 2025 7



https://www.ijfmr.com/

