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Abstract

We provide counter examples of finite near ring, which is not a ring. It extends the result to finite
division rings. We provide counter example of a finite division ring, which is not a field. It contradicts
the Wedderburn's Little Theorem, asserts that all finite division rings are commutative and
therefore finite field.
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1. Introduction

A near-ring is an algebraic structure similar to a ring but relaxes some of the ring axioms. Every finite
near ring is not necessarily a ring. However certain conditions can make a finite ring resemble specific
types of rings or if a finite near ring satisfies all the axioms of a ring (i-e) Distributivity in directions it
becomes a finite ring. In a finite near ring there are only a finite number of subsets. So the number of
possible ideals is finite. Lagrange’s theorem is also applied to finite near rings.

A non-commutative ring in which the non-zero elements from a group is called a division ring. A
commutative division ring is a field. Wedderburn's Little Theorem, asserts that all finite division rings
are commutative and therefore finite field. We found the counter example of finite division ring, which
is not a field. It contradicts the Wedderburn's Little Theorem

2. Preliminaries

A Ring is the second algebraic system of the subject of modern algebra. The abstract concept of rings
has its origin in the set of integers unlike. The groups have one binary operation the ring has two binary
operations, which are usually called addition and multiplication.

Definition2.1: Let “+” and “.” be two binary operations on a nonempty R. Then (R, +, .) is said to be a
ring, for all a,b,c € R

Ri:a+b=b+a

Ry:(a+b)+c=a+(b+c)

R there exit 0 € R such that +(—a) = 0 for a € R

R,: There exits —a € such thata + (—a) = 0 fora € R

Re:a.(b+c)=a.b+acand (b+c).a=b.a+c.a

The operation “+” is called the addition and the operation “.” is called the multiplication in the ring (R,
+, )

Definition2.2: A near ring is a set N together with two binary operations “+” and *“.” Such that

(a) (N, +) is a group not necessarily Abelian

(b) (N, .) is a semi-group
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(c) For all,ny, ny,n3 € N,n,(n, + n3) = ny.n, + ny.ng then we call N a left near ring.

Note (ny + n,).n3 = ny.n3+n,.n3 then we call N a right near-ring.

Definition2.3: A ring is called a division ring if non zero elements from a group under multiplication.
Definition2.4: A field is a commutative division ring.

3. Finite near Ring
We provide counter examples of finite near ring, which are not a ring.
Example3.1: Let “+>” and “X>” be two binary operations on a nonempty set of matrices
S = {A, B, C, D}, where

0 0 0 O 10 1 1
A:[o 0 Bz[o o ©° [0 o] b :[0 1]
The addition and multiplication tables are as follows:

+, A B C D
A A B C D
B B A D C
C C D A B
D D C B A

Clearly ( S, +2) is group.

Xy A B C D
A A A A A
B A C B D
C A B C D
D A B D C

Clearly ( S, X2) is a semi group.
Also A X, (B+,C) =(A X3, B)+, (B X, C) forallA,B,CeS
So (S, +2, X2) is a finite left near ring.
But it is not a finite right near ring because
Clearly (B+,C) X, D =D x,D =C
and (B X, D)+, (C X, D)=C+,B=D
(B+,C) X, D # (B X, D)+, (C %X, D)
So right distributive law not satisfies.
So ('S, 42, X2) is not a ring.
Hence ('S, +2, X2) is a finite near ring but not a finite ring.
Example3.2: Let F = { f, g, h, t} is a set of functions from Z>to Z>, where
f(x) =0, g(x) =x,h(x) =1-x,t(x) = 1.
We define addition and multiplication are as follows:
(f+g)(x) = f(x) +g(x) and (fg)(x) = f(g(x)) for all f,g €F, x € Z>.
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The addition and multiplication tables are as follows:

+ f g h t
f f g h t
g g f t h
h h t f g
t t h g f
Clearly (F, +) is group.
f g h t
f f f f f
g f g h t
h f h g t
t f t t t

Clearly (F, .) is a semi group.
(F, +,.) is a finite right near ring but it is not a finite left near ring because
h.(g+t) # h.g+ h.t
Hence (F, +,.) is a finite near ring but not a finite ring.
Example3.3: Let Q = {(y+X; | +X, j +X3 k /Xy, ¢, Xy, X3E Z,}
Where i, j, k are quarter units.
Let X,Y € Qsuch that X =g+, i +X, j +X3 k= (X500, X,0C3)
Y = Bo + Bii + Boj + Bzk = (BoB1B28B3)
We define addition (+) and multiplication (X) are as follows:
X +Y = (ot Bo) + (ocy+ )T + (o34 B2)] + (o3 + B)k
X XY = (Xg. o —%X1. f1 —Xz. iz —=X3. f3) + (Xo. By +X1. fo +X3. 3 —=X3. )T + (Xg. B2 +X3. Bo
+oc3. By —¢q. B3)] + (K. B3 —X3. By —1. Bp —Xp. By
Let a=(0000), b=(0001), ¢c=(0010), d=(0011), e=(0100), £=(0101), g=(0110), h=(0111)
i=(1000), j=(1001), k=(1010), 1=(1011), m=(1100), n=(1101), o=(1110), p=(1111)
The addition and multiplication tables are as follows

—
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1 1 |k |j |1t |[p|lo|n |m |d|c b |a |h |g |f e
m m|n (o [p |1 [j |k |l e |[f |[g |h ja |b |c |d
n (n mj|p |0 [] |1 |] k |[f |e |[h |g |[b |a |d |c
o |o |p m|n |k [l |i ] g |h e |f |c |[d |a |b
P |p |o (n m |l |k |] 1 h |g |f e d |c b |a

X |a |b |c |d|e |f |g h |i |j |k |1 m (n |0 p
a |a |a |a |a |a |a|a |a |a |a |a |a |a |a |a |a
b |a |i |b|j |c [k |d |I b [1 |] d [k |c 1 d
c a |[b |1 |1 |k |c |I d |c [j] |1 b |g |o |e m
d |a |j |j |a |l [d]c |k |d|b|b |c |h |p |f |n
e a |¢c |k |1 |1 |7 |b d |e |g |f h |m |[n |o |p
f a |k |c |d |j |1 |d |Db f |h |g e n |m |p 0
g |(a |d |l |c |[b |d |i ] g [f |h Je o |p |m |n
h |a |1 (d |1 |d |b |] 1 h |[g |e f |p o |n |m
i a |b |c |d |e |f |g |h |1 |1 |k |I m |(n |0 |p
j a [1 |]J |b g |h |e f |3 (1 |d |k |n |m |[p |o
k |a |j |1 |[b |[f |g |h e k |d |1 b o |p |m |n
1 a [d |[b|j |h |f |e g |1 |k |d |i p |o |n |m
m (a |c g |h m|n |o |p |m|n |o f 1 1 k |1
n (a |k |g|i |[n  m|p |o |n | m|p |0 [] ] 1 k
o |a |l |e |[f |o|p|m |n |o|p |m |n |k |k |[i ]
p |a |d |f |e |[p|lo|n |m |[p |o |n |[m |i 1 ] i

Clearly (Q,+) is group and (Q,X) is a semi group.

Also m X (k+1) =(m x k) + (mx 1) forallm, k, 1 € Q

So (Q, +2, X2) is a finite left near ring but it is not a finite right near ring because
(f +¢) xj = p #m= (fX]) + (cX])

Hence (Q, +,.) is a finite near ring but not a finite ring.

Remark3.4: Language’s theorem can be applicable to finite near rings also.
Lemma3.5: If a subset of a finite near ring is closed under addition, and multiplication then it is a finite
near ring itself.

Lemma3.6: Addition of sub near rings is also a near-ring.

For example S; = {0,2} and S> = {0,4} are two sub near rings of N=(Z¢, +2 , X2).
Si+ S, ={S$:+S5,/ S €5,5 €51} .

Clearly S; + S, is closed under addition module 6 and multiplication module 6.
SoS;+ S, ={S;+S5,/ S €85,,51 €S} is also a near-ring.

Lemma3.7: Intersection of sub near rings is also a near-ring.

Remark3.8: The union of sub near rings need not be a near ring.

For example S; = {0,3},S; = {0,2,4} are two sub near rings of N=(Zs, +2 , X2).
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S1US, ={0,2,3,4} is not a near ring because 2+ 3 =5 € S; U S,
So union of sub near rings need not be a near the ring.

4. Finite division Ring:
We provide counter examples of finite division ring, which are not a field. It contradicts the

Wedderburn's Little Theorem, asserts that all finite division rings are commutative and therefore finite
field

Example4.1: Consider the set of upper triangular Heisenberg matrices over Z».
Since Z,={0,1}, there are 2*> = 8 matrices, making it a finite set. The matrices are as follows:

1 0 0 1 0 O 1 0 1 1 0 1
A=10 1 O B=10 1 1 C=[O 1 0f D=0 1 1]
0 0 1 0 0 1 0 0 1 0 0 1
1 1 0 1 10 1 11 1 1 1
E=10 1 0] F= (0 1 0‘ G= |0 1 0of H=1]0 1 1]
0 0 1 0 0 1 0 0 1 0 0 1

SoH2(Z2)={A,B,C,D,E, F, G, H}
Addition defined as follows, Let A, B € H2(Z2) then A+ B = A+ B+,13,

1 0 0
where 3= |0 1 0
0 0 1

The addition table is as follows:

EC)”HFHUOUUD>+
T Q| ™o g O w >
Qo™ g ww
sl liiialiv i Rl i)
miH Q> walg g
Q@ x>z Q™ mm
QIO|» | T Q T o
Wi gQmomIma e
>l Qoo TolD T

From the above table H »(Z>) is a commutative group with respect to addition.

Clearly H 2(Z>) is a non-commutative group under matrix multiplication. Further it is distributive with
respect to addition.

Hence H »2(Z>) is a finite division ring.

Remark: As per Wedderburn's Little Theorem, that all finite division rings are commutative and
therefore finite field. But in the example 4.1, H 2(Z>) is a finite division ring and it is not commutative.
So it contradicts the Wedderburn's Little Theorem.

Example4.1: Consider the set of upper triangular Heisenberg matrices over Z3.

1 a b
H3(Z3)=|0 1 c|ab,c € z;
0 0 1
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{0,1,2}, there are 3° = 27 matrices, making it a finite set. The matrices are as follows:

Since Z3
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Addition defined as follows, Let A, B € H3(Z3) then A+ B = A + B—313,

The addition table is as follows:

S8 |NDlnH(X|> B ~0Du|<mxlAam
NN = DwnBX [>T —0mn 0| <m A
= IN|S || [D[> B X oD~ < mnoAm| =
XX (> (B s~ NP |w|- = Am|—~|oZ|o|<
ZIE(X[(>INIs D lunmeAaz|~0onlo|<
> > B IX = IN|Is|ln|l DA mm|lom—~|<4mno
DDAl X > Els~INL< AL~ 0T
Hl= DB X > INs >~ ao|<4lmx Az ~o
nlnle D [FEXEIN s <nonm =0T~
Kl |0~ IO |Zs [ NDwn|= (XS
OO |laMdal=Z|oSIN|Is > D|wn B X =
pla O = MR |S|Z |0~ IN|8|n|= D> B |
OlO|IZ|Z ||| A= [M %> B8~ |N|D|n|=
Z|Z OIS ||| |a =B %[> N8> |=|D|n
SISZI0|a|O |~ IMal> B X IINS|n|=D
AR = (MO |IS |z |OD|~|=X> B> |N
MIMIA|(=|Z 0S| O la|lE= D= |BX>|N| s>~
— = M| S |z 0| |n|= D> B X~z
—~ =0T U< AL ~|ldAl-[MO=Z
T — | Omo<dnm Ao M al-|Zz|0=
V0T |~ |<mlovAm|x|~ O ~MaZ|Z|0
Ll Am—|OTm|o|< |02 |Z|&d|a|Oa|~ |
OmAQT—|O;mo|<|Zz|0=2 |0~ MIQl~
AR O[T~ (<m0 |2|Z|0|~ |0~ x
V<AL~ |O|E|Q|~|¥|0=2|Z |~ |
MAO[< @ AE—~0OM[R[~|Z|0|=|0 | ~
<l<moAmL | OE|~|[=[MA|=|Z|0|~ |0
+i<plo AR EIO|IT|~|[~|¥|2|E|l=s|0|~ |
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SIS|ITIUIVIWX| Y Z|a|lA|B|C|D|E|F|G|H|TI |J|KILIMNO|P|Q|R
TITIUS WX|V|Z|a|Y B|C/IAIE|F/D/H|I |G|K|L|J |N|OMQ|R|P
U u|/S| T X|VIWa|Y|Z|C|A/B|/FI/DE|I |GIH|L|J|K|OM|N|R|P|Q
VIVIWX|Y|Z|a|S|T|IUD|E|F|G/HIT |AIB|CIM|N|O|P|Q|R|J |K|L
WWX| V| Z|a|Y  TIUS|E|F/D/HIT|G|B/CIAIN|IO/MQ|R|P|K|L|IJ
X X|VIWa|T|Z|U/S|T|F/DE|TI |GIHIC]A|B|{OM|{N/R|P|Q|L|J K
Y| Y| Z|a|S|T|U VI WX|GHII|AB|[CID E|F|P|Q|R|J|K|L|M|N|O
Z|Z|a|Y|T|U S| WX/ V|H|I | G|IB|[CIA|E|F|D/Q|R|P K|L|J|N|OM
a|la|Y|Z|US|T X|V|WI |G HCAB|F/D/ERIP|IQIL|J|K| O MN

From the above table H 3(Z3) is a commutative group with respect to addition. Clearly H3(Z3) is a non-

commutative group under matrix multiplication. Further it is distributive with respect to addition. Hence
H 3(Z3) is a finite division ring. But it is not a field
Remark: As per Wedderburn's Little Theorem, that all finite division rings are commutative and
therefore finite field. But in the example 4.2, H 3(Z3) is a finite division ring and it is not commutative.
So, it contradicts the Wedderburn's Little Theorem.

5. Conclusion

In this paper I found examples of finite near rings and finite division rings (skew fields) which are not
fields. This is a contradiction to Wedderburn's Little Theorem. He told “every finite division ring is a
field” It is hoped that in future mathematicians found a lot of examples of finite division rings which are
not fields. Similarly, mathematicians found a lot of examples of finite near rings.
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