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1.1 Introduction and preliminaries

The Mittag—Leffler functions appear in special functions as a solution of fractional order integral and
differential equations. Some interesting applications of the Mittag Leffler function are considered as
follows: studied of kinetic equation, the telegraph equations [5], random walks, Levy flights, supper
diffuse transport and complex system.

We begin with the Mittag-Leffler functions E,(z) and E, g (2) are defined by the following series:

E,(2) =%, F(z—"ﬂ) z € CGR(a) >0 (1.1.1)
and
Eqp(z) = X35 r(a o B € CGR(a) >0, (1.1.2)

respectively. For further study of Mittag—Leffler function such as generalizations and applications , the
readers may refer to the current work of researchers (for example) Dzrbasjan [7], Kilbas and Saigo [15],
Gorenflo and Mainardi [8] , Gorenflo et al. ([9,11]), Kilbas et al. ([16], Chapter 1] and Saigo and Kilbas
[22]. In recent years, the Mittag—Leffler function (1.1.1) and some of its variety of generalizations have
been numerically investigated in the complex plane (see [14,24]). A generalization of the Mittag—Leffler
function E, g (2) of (1.1.2) was introduced by Prabhakar [20] as follows:

W
5 (@) = I, W z,B € C;R(a) > 0, (1.1.3)
where (), denote the well-known Pochhammer Symbol which is defined by
(1, when (n = 0,y # 0) . .
¥ )n = {y G+ 1. (+n—1), when (n€Ny€CQ Obviously, the following

special cases are satisfied:
Eqp (2) = Eqp (2) = Eg1(2) = Eo(2). (1.1.4)
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Diaz and Pariguan [see nisar (k, s) fractional calculas] have introduced the Pochhammer p —symbols
and p —Gamma function defined as follows
_ 1, when (n = 0,y # 0)
Wy = {y(y +p)..(y +(n — 1)p),when(n € N,y € C,p>0)
And

o tP

I‘p(}/)zj t¥~le p dt
0

In recent times many researchers have investigated the importance and great consideration of Mittag—
Leftler function in the theory of special functions for exploring the generalization and some applications.
Many extensions for these functions are found in [1-4,10]. Srivastava and Tomovski [25] have defined
further generalization of the Mittag—Leffler function EZ‘ s (z) of (3), which is defined as follows:
Evg (2) = ?:0%%; (1.1.5)

where z, 8,y € C;R(a) > max{0,R(x) — 1}; R(x) > 0.

In the same paper, they have used the well-known right-sided Riemann—Liouville fractional integral,
derivative and generalized Riemann—Liouville derivative operators (see [12,13,16,23]).Very recently
Ozarslan and Yilmaz [19] have investigated an extended Mittag—Leffler function E );; (z; p), which is

defined as follows:

Bp(y+nc—v) (©On z"
ﬂ(z p) _Zn 0 Byc-y) Tan+p) n!’ (1.1.6)

wherep = 0,R(c) > R(y) > 0andB,(x,y) is extended beta function defined in [6] as follows:

14
By(x,y) = [, t* 11 — )t e de (1.1.7)
for R(p) > 0,R(x) > 0and R(y) > 0. In the same paper, they defined the following result for the

extended Mittag—Leffler function (1.1.6) as follows:
d n
(g) (z*7'EL 5 (wz% p) = 2" EL S (w2 p). (1.1.8)

In this continuation of the study on the significance of fractional calculus, we start with the following

preliminaries:
In this chapter we investigated an extended Mittag—Leffler function £’ V (z p,q), which is defined as

follows:

E]/ 5 ,C, d OO Bp(y +nc—-y ) Bq(a + n;d _8) (C)‘np(d)‘nq ﬁ

(Z b, q) n 0 Bp(y.c-v) By(8,d-8) T(an+p) n!’ (1'1'9)
where p,q = 0,R(c) > Ry ) > 0, R(d) > R() >0 and B,(x,y) and B,(x,y) are extended
beta function defined as follows,

1 __P
B,(x,y) = f t* 11— t)Y e D dt
0
And
1 __4a
B,(x,y) = f 11 — Y1 TED gt
0

For R(p) > 0, R(x) > 0 and R(y) > 0.
Remark 1.1.1: It should be noted that

Eyi“N(2,11) = Eyp (2) = Eg% (1) = E1(2) = Egy = Eq(2)
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(1.19) = (1.16) = (1.1.3) = (1.1.2) = (1.1.1.)
Or
(1.19) = (1.15) = (1.1.3) = (1.1.2) = (1.1.1)
L(a, b) is the space of Lebesgue measurable of real or complex valued function if it is defined as

£la,b) = (f:1 flly = f} Fx)dx < o) . (1.1.10)

The left- and right-sided Riemann—Liouville fractional integral operators IZ, and I {}_ are, respectively,
defined as (see, e. g [16]) follows:

(2 )0 =55 J; ooz dn (x> @), (1.1.11)

and

(- ) = 155 fy T do(x < b), (1.1.12)
where f (x) € L(a,b),A € CandR(A) > 0.
Similarly, for f (x) € L(a,b),A € C, R(A) > 0 and n = [R(A)] + 1, the left- and right-sided
Riemann-Liouville fractional differential are defined as follows:
d

(D24 £)) = () (1252 £ )0, (1.1.13)
(DA £)60) = (=LY (1227 ) ), (1.1.14)

respectively.
A generalized form of fractional differential operator D2, (1.1.13) has been made by investigating the

fractional differential operator Délf of order 0 < 4 < 1 and type 0 < v < 1 with respect to x as

follows:
d
(pa? ) —( e (it ”f)) (x) (1.1.15)
(see [23], [16], [21]). Obviously, when v = 0 then (1.1.15) reduces to the operator D2, defined in
(1.1.12).

We consider the following basic results for our study:
Theorem 1.1.2 (Mathai and Haubold [17]) If A, u € C, R(1) > 0, R(w) > 0, then

_ r _
1A (r — a)+1 =m(—i‘)ﬂ) (x — Q)A*u-1, (1.1.16)

Theorem 1.1.3 (Srivatava and Manocha [26]) If a function is f (z) is analytic and has a power series
expansion such that f (z) = X, z" in the disc |z| < R, then

MW g0 an()
DI Az f (@} = s B0 s 2 (1.1.17)

Lemma 1.1.4 (Srivastava and Tomovski [25]) The following result holds true for fractional derivative
operator DY f as follows:

DM[(x — a)f1)(x) = % (x — a)f~21, (1.1.18)

wherex > a,0 < 1 < 1,0 <v < 1L,R(B) > 0andR(A) > 0.
2.2 An integral and differential operators involving the extended Mittag—Leffler function
In this section we introduce fractional integrals and differentials of the extended Mittag—Leffler

functions Ey (Z p,q). In this continuation of the study of fractional calculus, we define the

following 1ntegra1 operator as follows:
Definition 2.1.1If y,w € C,R(a) > 0,R(B) > 0, then
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(o2t f) ) = [{x = DFELY (w(x = D% p,) f (¥)dr, (1.1.19)
where x > a. Substituting p = q = 0, then (1.1.19) reduces to the operator
(272 £ ) 00 = [{(x = DPEL (0 = D f (2) dr, (1.1.20)
see [25]. In fact, when w = 0 then the integral operator in (1.1.20) reduces to the well known

Riemann—Liouville fractional integral operator 12, defined in (1.1.11).
Theorem 2.2.2 Suppose x > a(a € R, = [0,)),y,5,4,8,w € C, R(B) > 0,R(L) > 0; then

124 [@ = P ELS (0 — % p, )| () = (x — @)L S (0 — &)%) 5p,q)

(1.1.21)
Dl (@ = P LS = % p,)] = (x = DF AL S0 — )% p,q)
(1.1.22)
and
Dl [(T — a)ﬁ‘lEys St — a)%p, q)] (x) = (x — a)f 2 1EZ§ Lok — a%p, Q).
(1.1.23)
Proof
(t-a)f~ 1Ey60d(w(‘f—a)aPCI)
12, [(‘L’ — a)f- 1E’”S wlt — a)%p, q)] = m x pasre dr
B 1 w Bp(y + nc —y)By(8 + n,d —8)(C)pp(d)pq™
" TWB,(y,c — y)By(8,d— &) ™™° I'(an + B)n!
X
X f (t — a)fran-1(x — A1 4¢
0
B 1 w By + nc —y)B(8 + n,d — 8 )(C)pp(d)pqw™
B B,(y,c — v )By(6,d— &) n=0 ['(an + B)n!

x (12, [z — a)fren-1]).
By the use of (1.1.16), we have
14 |@ = F L0 - % p,g)]
) 1 co Bor e = B8 + 1 d = 8)(np(ge”
B B,(y,c — y)By(8,d— 6) n=0 I['(an + B)n!
F'(an + B)
F(an + B + 1)
B,(y + n,c —y)By(§ + nd —=8) (Opp(dng [wlx — )]
B,(y,c — y)By(6,d— 6) Flan + B + 1) n!
= (x — a)B”‘lEZ:gfid(a)(x - a)%p,q).
This completes the proof of (1.1.21).
Now, we have

(x

_ a)B+/1+an—1

— (x _ a)ﬁ+/‘l—1 Z,?:()

. d\" :
A _ \B-1gY.dicd _ . — -1 _ \B-1pYic _ .
Pk | = F B 0 - %p.0)] = () U8 [ - OF B S - @%p.0)
and using (1.1.21) this takes the following form:
Dl [ — )P ELS  (w(r — @)% p,q)]
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n

= (%) {&r - @F g8 (ol — D%p,g))

Applying (1.1.9), we have

Dl [(‘L’ — a)h- 1EV6 Ao — a)% ¢, d)] x)= (x — a)f~* 1EZE;_C)'Ld(w(x - a)%p,q).
This completes the desired proof.

To prove (1.1.23), we have

(02 [ = P ELS (0 — % p,9)]) @)
N B,(y + n,c — y)Bq(s + 1,d = 8)(Op( g " nspt
= Dai ([ = B Gc — yIBGd- o + g m ¢ O D(")

Bp(y + n,c — y)Bq(6 + n,d —5)(C)np(d)nq(z_7 Dc){f [(T _ a)an+ﬁ—1]) (x).

o

- on=o B,(y,c — y)By(6,d — 6)T(an + B)

By applying (1.1.18), we get
(0 [ - P ELS (0t — )% p,)]) ()
_ Bp(y +nc — )/)Bq((S + nrd _6)(C)np(d)nqw_n F(an + ﬁ) (
- on=0 B,(y,c — y)By(8,d — 6 )I'(an + B) n! Tlan + B — 1) x
a)an+[)’—/'l—1
B,(y + n,c — y)By(6 + n,d — 8 )()pp(@ng [w(x — a)?]"
B,(y,c — y)By(6,d— §)l(an + f — 2) n!

= (x — ) E SN (w(x — )% p,q),

= (x — a)f A1z,

which completes the required proof.
2.3 Some properties of the operator (SZ’I;; [}C’d f ) (x)
Theorem 2.3.1 Ify,w € C,R(a) > 0,R(B) > 0,R(A) > 0and R(B) > 0, then

(2272590 — @ 1) (@) = (¢ — D FFITWELR S & — ¥ ;p,q) f ()dr.

(1.1.24)
Proof From (1.1.19)

X
(semeidr) o= f (x — DFELE Y wlx - D%PQ) f (x) dr.
a
Therefore, we have

( W;y,8; cd[(T _ a)“‘l]) (o) = fx(x _ T)ﬁ_l(r _ a)u—lEVS Cd(a)(x — 1)%p,q) dt

a+aﬁ

w Bo(y + nc —y)By(8 + n,d —8)()pp(dng w Bran—

" B, — 1)B,0,d— 8)an + B) ( [ - @i - e ‘”)
w By + n,c —y)B;(8 + nd — 6)(c)np(d)nq o™
n=0 B,(y,c — v)By(6,d— 6)I'(an + pB) nl

Ian+ﬁ [(T _ a)“"l]

= (x

_ )ﬁ+# 1 5% p(y + nc — V)Bq((S + n,d _5)(C)np(d)nq [wx — a)*]" T(WT(an + B)

@ B,(y,c — v)By(6,d— §)l'(an + p) n! F'lan + B + w)
= (x = Qf W ELp 5 (0(x — 9)%p,9).
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This completes the desired proof.

Theorem 232 If y,a,f,w,c € CR(@ > O,R(P) > 0,R(c) > 0, then | 272 <
o 1

Bllolly,

where

B = (b _ a)R(B)E Bp(y+nc V)Bq(6+nd 5)|(C)np||(d)nq| Iw(b—a)“ln

n=0 g, (y,c -y )B(8,d— 8 )T (an + B)(R(B)+ R(a)n) n!
Proof From (1.1.19) and (1.1.10) and by changing the order of integration by using the Dirichlet
formula [18], we have

(1.1.25)

;v.05c.d
”swy c

X
avap P ||1 = x = DB (wlx — D%, Qe(r) dr

by (b
< f U (x — T)R(ﬁ)"1|Eng;C’d(w(x - D%p, q)| dxl lp(7)|dx.
a T
Substituting (x — t) = u, we obtain

= fb U b‘T(U)R(ﬁ)—l |E3;:g;c,d(w(u)a; P, q)| dul lo(7)|dT.
a 0

After simplification, we have

w;Y,0 ;c,d
ezzai o],
B . A .l Xty O o <(u>Re“”+R(“)”>b_a o)l d
< — T T.
=0 B,(y,c — y)B,(6,d — 6)T(an + f) n \R@® +R@n), |'?
This can also be written as
3,0 5¢,d
|ecr2io],
B + n,c — B, (6 + n,d —6)|(c d b—a)*"
(b _ a)R(B)En . ()/ Y) q( )l( )np”( )nql |w( a) | f |(p(T)| dr
B,(y,c — v)By(6,d — §)I'(an+ B)(R(B) + R(a)n) n!
= Bllol|,,
where
B
_ (b _ a)R(ﬁ)Z B ()/ + n,c — Y)Bq(6 + n'd _6)|(C)np||(d)nq| |(l)(b - a)aln (26)

"= B,(y,c — y)B,(8,d - §)I(an + B)(R(B) + R(a)n) n!
This completes the desired proof.
Theorem 2.3.3If A,y,a,fw € C, R(a) > 0,R(B) > 0,R({y) > 0,RA) > 0andx > a, then

(1§+ [e‘;f;ﬁ Sf ]) (x) = (s‘;’gﬁ i ) (x) = ( wrSdlid, f ]) (x) (1.1.27)
holds for any function f € L(a, ).
Proof From (1.1.19) and (1.1.11), we have

w;y,0 ;c,d
(1/1 [Sw;V,S;C,d fD (o) = 1 (“&hap [I() "
ot |Tatiap rd J, -1t

ﬁj (X — ’1,'))L 1w {j (‘[ — u)ﬁ 1EV5 Cd(w(r _ u)a;p,q)f(u)du} dr

By interchanging the order of integration and applying the Dirichlet formula [19], we have
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(12 [emar ) @
= fx lr‘(ll).f (x — D@D (¢ — w)h- 1Ey6 “wlt — W%p, q) d‘L’I f (wdu.
Substituting (t — u) = p, we obtain
(12 [Rewm2ict 1) G = I [ o0 = w = PP ()P EL (@ (0)%p, @) dp] f (wdu
= [ [ 0T @B @)% p, ) — u = p)IH dp | f (wdu.  (1.128)
By the use of (1.1.11) and applying (1.1.21), we get

(i [ezitr ) @ = [ [0 e e p.0)] £ @

X
- f (x — wh- 1E2; 5+C/1d(a)(x —w%p,q) f (Wdu ;
a
thus, we get
3v,0 ;¢ 3v,65¢,
(1 [eer2ie £ ]) o = (e222i8 £ ) G, (1.1.29)
this is the required proof of (1.1.27).
To prove the second part, we begin from the right-hand side of (1.1.27) and using (1.1.19), we have

(eotai “Ud 1) @ = [[6c = DF B (0x = D%p.@lId £1(x) de

X 1 T f(u)
— Ey8 ;e,d _ a. .
L (wx — D%p,q@) <F(A) T—wir du | dt
By interchanging the order of integration and using the Dirichlet formula [18], we obtain
(021, £1) 0 = [ s [l = DM@ = WP B (w(x = D% p,q) de| x f (u)du
Substituting (x — 1) =

wyé‘ cd[I)L +)f (x)

€a+; ;B
0
m[f_ (P)B_l(x - p - WA~ 1EV5 cd(w(p)a p, ) (=dp) | x f@wdu
X1 x—-u .
:f (D) U; (PF 1 x = p = WTEL ()% P )dp | X f (Wdu,

Again by making use of (1.1.11) and applying (1.1.21), we get

(st 12y £1) o = (0ol ) £ @), (1.1.30)
Thus (1.1.29) and (1.1.30) complete the desired proof of (1.1.27).
2.4. Special Cases
Ifweputd§ =q =1 in Theorem 2. 2.2 then we get following result.
Theorem 2.4.1 Suppose x > a(a € R, = [0,0)),y,4,8,w € C, R(B) > 0, R(A) > 0; then

124 [ = F LG (0 — )% p)| () = (x — )MFELS(0(x — @) ;p

a,f+
D2, [(T — a)f- 'Epp(w(t — @)% p)] = (x — a)f 'Epp (0(x — )% p)
and
iy |G - P B (0 — %p)| () = (& — P AUELG (0 — )% p).
Ifweputy =p =6 =q =1 intheorem 2.2.2 then we get following result.
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Theorem 2.4.2 Suppose x > a(a € R, = [0,0)),y,4,8,w € C, R(B) > 0,R(A) > 0; then
1[0 — @fE 5w — @)D](x) = (x — )P E pa(wx — )%)
DMt — FfF E p(w(t — )] = (x — A E 5 1 (0x — @))
and
D}Y [t = )f Eyp(w(T — @)D]x) = (¢ — @)f P Ep i(wx — a)9).
If we take § = d = 1 in Definition 2.1.1then we get the following definition
Definition 2.43 Ify,w € C,R(ax) > 0,R(L) > 0, then

X
(0 7 ) @) = f (x — DFTEYE (w(x — D% p) f (z)dr,
a
where x > a. Substituting p = 0, then (19) reduces to the operator
( a+aﬁf)(x) —f (x — 1)B- 1Eyﬂ(a)(x — )% f (r) dr,

If we take y = ¢ = § = d = 1 in Definition 2.1.1then we get the following definition
Definition 2.44 Ify,w € C,R(a) > 0,R(F) > 0, then

(e f)0) = j (x — DF 1, p(w(x — D)%) f ()dr

If we take § = d = 1 in Definition 2.3.1 then we get the following results
Theorem 2.4.5 Ify,w € C,R(a) > 0,R(B) > 0,R(A) > 0and R(B) > O, then

( Z’+yacﬁ[(r — a)”‘l]) x) = (x — a)(”w‘l)F(M)EZ;w(w(x — a)*;p) f (r)dr.
Ifwetakey = c =& = d = 1 in Theorem 2.3.2 then we get the following results
Theorem 2.4.6 Ify,w € C,R(a) > 0,R(B) > 0,R(A) > 0and R(B) > 0, then
(€205l — D* () = (x — WP VITWE,pip(wx — a)*) f (x)dr.
If we take § = d = 1 in Theorem 2.3.2 then we get the following results
Theorem 2.4.7 If y,a, B, w,c € C,R(a) > 0,R(B) > 0,R(c) > 0, then” gvvie qo”l < Blloll,

at;a,f
where
By(y + n,c — ¥)|(npl lw — )|
"°B,(y,c — y)T(an + B)(R(B) + R(a)n) n! '
Ifwetakey = c =6 = d = 1 in Theorem 2.3.2 then we get the following results
Theorem 2.4.8 If 4,v,a,B,w € C, R(a) > 0,R(B) > 0,R({y) > 0,R(A) > 0andx > a, then

(If/}+[£(:+;a,ﬁf])(x) = (£;)+;a,,8+uf)(x) = (£3+;a,ﬁ[lé+f])(x)
holds for any function f € L(a, ).

= (b — a)R(ﬁ)z
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