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Abstract

The aim of this paper is to introduce a generalized class of analytic function defined by g-analogue by
using fractional calculus operator. We obtain coefficient estimate, distortion theorems, radii of close to
convexity, starlikeness and convexity for functions belonging to the class TBC{‘ (a, B) of analytic starlike
and convex functions defined by g-analogue of fractional calculus operator. We further show that closure
theorems,Ny 4 5(e, g) neighborhood and partial sums for functions in this class.
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Introduction
Let A be the class of analytic and univalent functions of the form
f(z)=z+Yv,arz8 ,z€U={z:2€C: |z <1} (1.1)  LetSbe

the subclass of A, consisting of function f(z) of the form (1.1), which are univalent in U.
Also let S™(a) and C(a) denote which are the subclasses of S which are, Starlike and Convex functions of
order a (0 < a < 1), studied earlier by Roberston and Silverman in 1997.

S"(a) = {f:f € Sand Re (%) > a} (1.2)
and C(a) = {f:f € S and Re (1 + %) > a} (1.3)

From (1.2) and (1.3)

fz) € C(a) & zf'(2) € $*(a)

for 0 < q < 1 the Jackson’s g-derivative of a function f(z) € S is given by [19] (see also [2,3,10,13,,21])
f(z)-f(qz)

D.f(2) = Tz forz+0
f'(0) forz=0

For f(z) of the form (1.1), we have —

(1.4)
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qu(z) =1+ Z,?zz[k]qakzk_l (1.5)
Where [n], = % 0<qg<LneN={12..}) (1.6)

The following definitions of fractional derivatives and fractional integrals are due to OWA [25,26] and
Srivastava [ 34,35]
Definition:1 The fractional integral of order A is defined for a function f(z) of the form (1.2) by

-u _1.d rz f(&)
DZ f(Z) - ;E 0 (Z—E)l_“d(g)

Where p > 0, f(z) is an analytic function in a simply connected region of the z plane containing the origin
and the multiplicity of (z — &)#~1 is removed by requiring log(z — &) to be real when (z — &) > 0.
Definition:2 The fractional derivative of order A is defined for a function f(z) of the form (1.2) by

Ay 1 d 2 £
Dzf(z) = T ez do e

Where 0 < A <1, f(2) is an analytic function in a simply connected region of the z plane containing the

origin and the multiplicity of (z — &) ~* is removed as in definition 1 above.

Definition: 3 Under the hypothesis of definition 2 the fractional derivative of order n + A is defined for a
function by

DF*(z) = oD} (2)

Where0 <A<landn€ N,=1{0,1,2, ... ... ... }

In 2011, Dixit and Porwal [ 15,16] introduce a new fractional derivative operator for function of the form
(1.2) as follows

2°f(2) = f(2)
2'f(2) = r1=Az" D3 f(2)

0"f(z) = 22" f(2))

Thus we note that

0 =2+ ) lpk D" aiz*
k=2

rk+1r1—2
rk—2
It is worthy to note that for A = 0, 2" f(z) reduces to familiar Salagean operator introduced by Salagean in

[6]

They define the above operator for the function f of the form (1.1) as follows

0@ =2+ ) lpk D" ayz*
k=2

where @(k, 1) =

The application of g- calculus is a current and interesting topic of research in Geometric function theory
very recently.

Srivastava gave definitions and properties of g-calculus and fractional g-calculus in detail and its
applications in his survey cum expository review article.

Now we recall the concept of g-calculus which was first introduced by Jackson for k € N, the q number
is defined as follows:
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gk .
[k]q = 11_qq =1+Xfq/ and[0], =0, 0<g<1

. . i . 1
Hence [k], can be expressed as a geometric series },;2, q* , when k — oo, the series converges to - As

q = 1, [k]; — 1 and this is the bookmark as a q-analogue the limit as q— 1 recovers the classical object.
The g-derivative of a function f is defined by

_ flaz)-f(z)
Dq(f(z)) ="z g 1,z#0

And D, (f (z)) = f'(0), provided f'(0) exists.

For a function f(z)= z* observe that

1—q
1-gq

D,f(z) = Dyz* = z"1 = [k], 2"t

Then
limg,1D,(h(2)) = limg;[k] 2"

=kz¥1 = f'(2)
Where f' is the ordinary derivative.
The g- Jackson definite integral of the function f is defined by
Jy F@®dqt = (1= @z X720 (24 q" .2E€C
Now, we let R (m, q, a, ) denote the subclass.
In the present paper, we study the coefficient bounds, distortion bounds, extreme points, convolution
conditions, convex combinations and discuss a class preserving integral operator.
Coefficient estimates
Unless indicated, we assume that 0S a < 1, >0, 1 >20,0< g < 1landf(z) € T.
Theorem 2.1 A function f(z) € TBZ (a, B) if and only if

- k+1T1-2
Z[[k]q(1+ﬂ)—(a+ﬁ)] ] -I|__k _|_A a,<1-a (2.1)
k=2

Proof : Assume that (2.1) holds. Then it suffices to show that
zD, (.me(z)) B 1‘ e {ZDq (.me(z))

nN"f(z) amf(z)
We have

— 1}S1—a

zDq (2™ f(2) zD, (2™ f (2)

qﬂ(T(Z)) ) 1‘_Re{ qn(mﬂz) - 1}
0™ f(2)

Sl (k, D™ ay ([k]q — 1)ar
z = Yieolo(k, D™ ayz*

A+ p) 5, =2 (1], - 1)ay

w Ilk+1T71-2
1_Zkzz Tk — A Ay

IA

(1+p)

IA

(1+p)

<

This last expression is bounded above by (1 — «) since (2.1) holds.
Conversely if f(z) € TB(%(a, B) and z is real, then
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p)y il Fkﬁ F; 2 (klg-1) ap 2%

o |k+1[1-2 k-1
ak z

o |k+1[1-2
1-Xg=2 Tk-2

k-1
B e X

[k+1 [1-2 k-1
1- Z}o{o 2 [k]q agz
Re{ k-2 —ar= B

Letting z— 1~ along the real axis, we obtain (2.1). Hence the proof is completed. i

3. Growth and distortion theorems
Theorem 3.1 For f(z) € TBé(a,ﬁ) and |z| = r < 1, we have

(1-a)(2-2) 2
> —
f@l =7 = e ap-@m 7 3-1)
(1-a)(2-2) 2
<
FOI<T+ Sm,arp -] 7 (3-2)
Equalities hold for
f(z2)=z— A-o@bh _ 2 (3.3)

2[[21q(1+B)—(a+p)]
Atz=rand z = re' Gk (k > 2).
Proof: Since for k > 2,

N N k+1T1-2
21,01+ B) = (@ + )] 7 kz ;[[k]q(lw)—(aw)] o
3.4)

<l—-a

Then
o -0)a-1)
<
2ic=2 Ok = 351, p)—(arP]

From (1.12) and (3.5), we have

f@D zr—r? Y, a =1 -

(3.5)

(1-a)(1-2) 2
2[[2]q(1+B)—(a+B)]

(1—“)(1—/1) 2
2[[2]q(1+B)—(a+p)]
This completes the proof. o
Corollary 3.1 For f(z) € S{} (a, B), then

_ (1—(1)(1—1) 2
f@l =7 - G2, (3:8)
(1-0)(1-2)

f@I <7+ G2 (3.9)
Equalities hold for

___ G-0a-n
f@)l =z- 22 2, (3.10)

Proof: Lettingq— 1~ in theorem 3.1, we can show (3.8) and (3.9). i
Theorem 3.2 Let f(z) € TB(;(a,ﬁ). Then for |z| =7 < 1,

(1-a)(1-2)
! > _

If' @l =1 (21, (B —(@+p)]

lIf' ()| <1+

(1-a)(1-2)
[[21q(1+B)—(a+p)]

The sharpness are attained for f(z) given by (3.3).

Proof: Fork > 2, we have

If'(2)| <1471 ) ka
kZZ "

(3.6)

f@D| <r+r*Ypa <7+

(3.7)

(3.11)

(3.12)
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We find from (2.1) and (3.5) that

[2],(1+p)(1—2)1 kay < (1—a)+2(@+p)A -1 ) a

(1-a)(a+p)

< A=)+ G p—@p)
_ Bl ara-a+p)

= 20,0+ p)-(@+p)

That is, that

(1-a)

by <
Lic=2 kar = [[214(+B)—(a+p)](1-2)~1 (3.13)
From (3.11) and (3.12) that
’ (1-a)
> —
F@l=1 (21, B —(ar]a-H—1 (3.14)
’ (1-a)
<
f@l =1+ (21, A —(arp]a-H-1 (3.15)
This completes the proof. ]
Theorem 3.3 for f(z) € TB%(O(,,B) and |z]| =7r < 1,
|2|q(1_a)
> —
[Df @] 2 1 [Rl,a+p—-(a+p]a-n-1 '’ (3.16)
|2|q(1_a)
<
|qu(z)| =1+ [[21g(1+B)~(a+B)](1-1)~2 r (3.17)
The sharpness are attained for f(z) given by (3.3).
Proof: for k > 2, we have
|qu(z)| <1- rZ[k]q ay
k=2
We find from (2.1) and (3.5) that
200+ HA-DT ) klgar < 20— ) + @+ HA-DT ) g
k=2 k=2
a+ l1—«a
g @rPU-D
[121,(1 + B) = (a + B)]
[2]g(1+B)(1-a)
~ [[214a+B)~(a+p)]’
That is, that
o [2]4(1-a)
Ziczalklq @i < 2[[21q(1+)—(a+p)](1-2)~* (3-18)
From (3.16) and (3.17) that
[es} [Z]q(l_a)
D f (D) =1—rXp,lklyar =1 — GG (3.19)
And
o [2]4(1-a)
D f@D)| < 1+r¥p,lklyae =1+ BN NET e (3.20)

This completes the proof.
Corollary 3.3 For f(z) € S{} (a, B), then
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' _ (Q-oa-2

f@Dlz1- o T (3.21)
' (1-a)(1-1)

f' @l <7+ o (3.22)

The sharpness is attained for f(z) given by (3.10).

Proof: letting g— 17 in theorem 3.4, we can show (3.21) and (3.22). Then corollary 3.5 corresponds to
theorem 3.3 whenq— 17 .

Closure theorem

Let f;(z) be defined, forj=1,2,...... m , by

i@ =z-Y,a,;z" (ax; =0,z €U). 4.1)
Theorem 4.1 Let fj(z) € TBle(a,ﬁ) forj=1,2,......... m . then
g(z) = Yiti¢fi(2), 4.2)

is also in the same class, where ¢; = 0, X7, ¢; = 1.
Proof: According to (4.2), we can write

gz) =z - ZI?=2(27L=1 Cjak,j)Zk- (4.3)
Further, since f;(z) € TB{}(a, B) , we get
Yieallklg(L+B) — (a + B)] % a<l-a (4.4)
Hence
N Tk+1M1-2 <
D Mllo(1+6) = (@t B == ax| ) e
k=2 j=1
- [ Tk+1T1—2 |
=Yg [Z[[k]q(1+ﬁ)—(tx+ﬁ)] o
j=1 k=2 |
<(Chg)d-a)=1-a, (4.5)
Which implies that g(z) € TB(;l (a, B) . Thus, we have the theorem. m

Corollary 4.1: the class TB(;L (a, B) is closed under convex linear combination.

Proof: Let f;(z) € TB(%(a,ﬁ) (G= 1,2) and

g2 =pfi(2) + (1 — wfz(2) O=sp<1), (4.6)
Then by, taking m= 2, ¢c; = p and ¢, =1—pu in theorem 5, we have g(z) € TB&1 (a, B).
Theorem 4.2 Let f;(z) = z and

1-«x k
=z— k> 2). 4.
fiu(2) =z e P —Gar] TS z (k= 2) (4.7)

Then f(z) € TB}(a, B) if and only if

f(z) = Li=1 th fi(2) , (4.8)
where p, 2 0 (k>1) and X )72,y = 1.
Proof : Suppose that

f(z) = Yp=1tk fx(2) =z — X

then it follows that

[
£,

1-a

k
7 M 4.9
T, klg(1+B)—(a+p)] Fkﬁ_r; 7 Mk 4.9)

[k+1 [1-2

klg(1+B)—(a+B)| —F= w
. = 00_ — 1 _ S 1 . 4'10
e [[k]q(1+B)—(a+p)] Fkﬁ_r;—a e = Xik=2 Mk Uy ( )
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So by Theorem 2.1, f(z) € TBqA (a, B) . Conversely, assume that f(z) € TB&1 (a, B) . then

1-a

< k> 2). 4.11
= [klq(1+8)-(a+)] =2 k=2) (-11)
Setting

[klo (14 B)—(a+pB) [k+1 [1-2

U = [klg1+5 f_f] k=2 q, k> 2) (4.12)
And
pr=1—2lo b (4.13)
We see that f(z) can be expressed in the form (4.8). This completes the proof. i

Corollary 4.2 The extreme points of TBZ(a,B) are fi(z) (k>1) given by theorem 4.3.
Some radii of the class TB{} (a,B)
Theorem 5.1 Let f(z) € TB}(a, B). Then for 0< p < 1,k > 2, f(z) is

(1) Close-to-convex of order p in |z| < 1y , were
1
)  [a-pligarp—(a+p] DA R
(11) n = Tl(CI; a, ,8' A) p) = lnfk ! k(1-a) -l (51)
(iii)  Starlike of order p in |z| < 7, , where
1
__ [a-pligga+p-a+p] KA
r, = TZ(CI; a),B'A)p) = lnfk ! (k—p)(1—a) el (52)
(iv)  Convex of order p in |z|<ry; , where r3 = 13(q,a,B,4,p) :=
1
_ [a-pliklga+p—(a+p)] =R
infi k(k—p)(1-a) (5-3)

The result is sharp for f(z) is given by (2.3).
Proof: To prove (i) we mut show that

If'(z) -1l <1—-pforlzl| < n = n(qa B 4p).
From (1.12), we have

'@ =11 ) kaglal*?
k=2

If'(z) -1 <1-p,
S () a2l <1 (54)
k=2\1_,) % = .
But, by theorem 2.1, (5.4) will be true if

[k+1[1-2
(it
1- l—a

That is, if

1

(1-p)[[klq(1+)~(a+p)] =2 k=1
2] < e e k22), (5.5)
Which gives (5.1)
To prove (i) and (iii) it suffices to show
'(2)

Z;(Zj - 1| <1l-p for |z| < 1y, (5.6)
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zf"'(2)

e <l-p for |z| < 3, (5.7)
Respectively, by using arguments as in proving (i), we have the results. i

Inclusion relations involving Ny , s(e)

In this section following the works of Goodman [21] and Ruscheweyh [33] (see also [5], [6], [9], [16],
[26], and [28]) defined the k, § neighborhood of function f(z) € T by

Nes(f;9) = {g €T:g(2) = z = L, bz and ¥, klay — by | < 68} (6.1)
In particular, for the identity function e(z) = z, we have

Nes(esg) = {g€T:9(2) =z — X7, bez" and Y-, klbi| < &} (6.2)
Aoufet al. [12] defined the k, q,8 neighborhood of function f(z)€ T by

Nigs(f;9) = {g €T:9(z) =z — Yp-, bz" and Yrealklglag — byl < 5q} (6.3)
In particular, for the identity function e(z) = z, we have

Niqs(e:9) = {9 €T:g(2) = z— T, bz and X, [klq bl < 84} (6.4)

(1-a)
2[[2]4(1+B) - (a+p)][1-2]1
Then TBZ(a, B) € Ny 4.5(e).

Proof: For f€ TBCf(a, B), Theorem 2.1, (3.5) and (3.18), and in view of the (6.4), Theorem 6.1 follows.
A function f€ T is in the class TBé1 (a, B, &) if there exists a function g € TB{}(a, B) such that

’;g—1|<1—5q (z€EU,0<§, <1) (6.6)
Now we determine the neighborhood for the class TBé1 (a,B,$).
Theorem 6.2 If g € TB(?(a, B) and
£=1— 842[[21(1+B)—(a+p)][1-2]"2

q 2{[[21q(1+B)—(a+R)][1-2]"1-(1-a)}
Where

Theorem 6.1 Let §, = (6.5)

(6.7)

s < Al +p - @+ Pt -4 - (1 -}
T 82211+ B (e + B][L - A1
Proof :  Suppose that f€ Ny ,5(g) then

Z[k]qlak - bkl < 6q,
k=2
Where &, is given by (6.5), which implies that the coefficient inequality

il bl <t
g — Di|l = 57~
~ [2]4

Next, since g € TBé1 (a,B), we have
(1-a)

e <
Lic=z b < 2[[21q(1+B)—(a+p)|[1-2171
So that
f@ Zieala—bil . Sq 2[[2]4(1+B)~(a+p)|[1-2]" _
9(2) 1| < 1-32,br — (21 2[[2lq(1+B)-(a+R)][1-2]"1-(1-a) — 1-44

Provided that &, is given precisely by (6.7). Thus, by definition, g € TBél(a, B) ,which complete the proof.
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Partial sums

For (z) of the form (1.1), the sequence of partial sums is given by

f:(2) =z + T, 4 2" (m € N\{1})

Now following the work of [38] and also the works cited in [ 11,15,19,25,27,31,37] on partial sums of

analytic functions, to obtain our results. Let
Tk+1 [1-2

bgr = Ofk,a,p) = Tio[lklg(L+ B) = (a+ B)] ——— (7.1)
Theorem 7.1 If f € S, satisfies the condition (2.1), then
f(2) Phmi—1+a
Re( . (Z)) R (1.2)
Where
o > l—aifk=23....,m 73
W= N\PE e, ifk=m+1m+2, .. (7.3)
The results (7 2) is sharp for
flz)=z+ 57— =2 gmtl (7.4)
qm+1
Proof: Define g(z) by
)
m k-1, [ 2am+1 | seo k-1
149(2) _ Ohmur [ 1) Phmya-ira] _ TRk +( 1-a )Zk:m“a"z (7.5)
1-g(z)  1-a |[fm(@ ¢3,m+1 - 1+37L, ag zk1 )
It suffices to show that |g(z)| < 1. Now from (7.5) we have
2
(%) Z?=m+1 ak zk-1
g(z) = o
242378, ag zk‘1+<%;>2f=m+1 ap zk-1
hence, we obtain
Y
( 1q1n; )Zk=m+1|ak|
lg(2)| < Y
- ,m+ o) -
2-2%" apzkt + <%> Y g Agzk1
Now |g(z)| < 1 if and only if
@
2< Zm;)Zk Cmet |l <2 =230 lag],
Or, equivalently,
1
Dla+ Y =g <1
k=2 k=m+1
From (2.1) , it is sufficient to show that
q m+1
Z|ak|+ Z L g, < Zl
k=m+1
Which is equivalent to
ot -1+a o ot —ok
=2 (qle) lak] + Xi=me+1 (%) lak| =0 (7.6)

i

For z=r1 em we have
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- - oA -1+

SO 2% gk -2 = Zamn TP herer— 17,

fm(2) Py m+1 g m+1 g m+1

Which shows that f(z) is given by (7.4) gives the sharpness. i
Remark 7.1 (i) Putting A= 0 and (ii) A= 1 in Theorem 7.1, we obtain the following results, respectively.
Corollary 7.2 If f € S, satisfies the condition (2.1) and @ #0(0<|z| <1),then
f(2 [[m+1]q(1+[?)—(a+[?)]—1+a
>
Re(fm(z)) — [Im+1]g+B) - (a+p)]
The results is sharp for

_ 1-a m+1
(@) =2+ mraarp-@m) (7:8)

corollary 7.3 If f € S, satisfies the condition (2.1) and % # 0 (0< |z| < 1), then

@) B 1-a
Re(fm(Z)) Z L e, (e B)]

The result is sharp for

_ 1-a m+1
flz)=z+ [t 1l [[m+ 1,1+ B)—(a+B)] > (7.10)

theorem 7.4 If f € S, satisfies the condition (2.1), then
fm(2) ‘pé,mﬂ
Re(222) > - (7.11)

f(2) Ametl-a’
Where ¢3,m+1 is defined by (7.1) and satisfies (7.3) and f(z) given by (7.4) gives the sharpness.
Proof The proof follows by defining

(7.7)

(7.9)

1+ g(Z) _ (p(/},m+1 +1—-«a fm(z) _ (pc/},m+1
1-g9() 1-a f@ o} t+l-a
And much akin are to similar arguments in Theorem 7.1 so, we omit it. o

Remark 7.2 (i) Putting A= 0 and (ii)) A =1 in Theorem 7.4, we obtain the following sharp results,
respectively.
Corollary 7.5 Iff € S, satisfies the condition (2.1) and % # 0 (0 < |z| < 1), then

fm(2) [[m+1]4(1+8)—(a+B)]
Re( f(2) ) = [m+1]q(1+p)-(a+p)+1-a
Corollary 7.6 If f € S, satisfies the condition (2.1) and %Z) # 0 (0 < |z| < 1), then
fm(z))> [m+1]g[[m+1]4(1+B)—(a+B)]
f(2) ) 7 [m+1lg[[m+1]q(1+B)—(a+B)|+1-a
Theorem 7.7 Iff€ S, satisfies the condition (2.1), then

f'@Y o Pome1—(m+1D(-a)

>

Re(f,fn(z)) = Y

fm(2) ¢3,m+1
Re(f’(z)) = @} 1+ (M+1)(1-a) (7.15)
Where d’(/},mﬂ >(m+1)(1—a)and

k(1-a),if k=23,.....m

ol > A 7.16
@k {k (—“""m“) Jifk=m+1m+2,.. (7.16)

(m+1)

(7.12)

Re( (7.13)

(7.14)

f(z) is given by (7.4) gives the sharpness.
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Proof We write

1+ g(Z) _ (pc);,m+1 f’(Z) (pq m+1 (m + 1)(1 _ CZ)
Where
(Dtairm"'l 0 1
m+)(1-a) Yk=ms1karz
g(2)=

A
@
m k-1 qm+1 0 k-1
2+2¥ L kagz +<—(m+1)(1_a)>2k=m+1kakz

Now |g(z)| < 1 if and only if

S (qu+1
kzzzk|ak|+<( P )Z Klal < 1

From (2.1), it is sufficient to show that

S (qu+1
kzzzk|ak|+<( R )Z k|ak|<z(1 2,

Which is equivalent to

N CDcjzl,k—k(l—a) = (m+1)<1§c’l1 kqqu+1
,ZzZ( (1-a) >|ak|+k;ﬂ< (m+1D(1-a) >|ak|20

To prove the result (7.15), define the function g(z) by

1+ g(z) (m + 1)(1 - (l) + (Dq m+1 fr;l(z) (pém+1 l
1-g@  m+DA-0) |[f'@ m+DO0-a)+ Pl
And by similar arguments in first part, we get desired result. O
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