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Abstract:

In this paper, we introduce and develop the notions of vague topological ring, vague topological field,
vague topological module, and vague topological vector space within the framework of vague set theory.
By combining the algebraic structures of rings, fields, and modules with vague topology, we establish a
generalised setting that extends classical topological algebra. We present fundamental definitions,
illustrative examples, and examine important structural properties of these newly defined concepts.
Furthermore, we investigate the relationships between vague topological structures and their
corresponding classical counterparts, and analyse continuity conditions of algebraic operations under
vague topology. The results obtained contribute to the advancement of vague algebraic topology and
provide a foundation for further research in this direction.
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1. Introduction

The theory of fuzzy topology was introduced by C.L. Chang [5]in 1967. Several research studies were
conducted on the generalisations of the notions of fuzzy sets and fuzzy topology.

The theory of vague sets was proposed by Gaw and Buchere [7] as an extension of fuzzy set theory and
vague sets are regarded as a special case of content — dependent fuzzy sets. The idea of vague sets is that
the membership of every element can be divided into two aspects including supporting and opposing.
The theory of vague topology was introduced by Mariapresenti.L. and Arockia Rani.I[11].

Now we introduce the concepts of vague topological rings, vague topological modules, vague
topological fields and vague topological vector spaces.

2. Preliminaries

Definition 2.1:[7] A vague set A in the universal of discourse X is characterized by two membership
functions given by:

A truth membership function ta : X = [0,1] and

A false membership function fa : X = [0,1],

Where ta(x) is a lower bound of the grade of membership of x derived from the “evidence for x”, and
fa(x) 1s a lower bound on the negation of x derived from the “evidence against x” and ta(x) + fa(x) < 1.
Thus, the grade of membership of x in the vague set A is bounded by the subinterval [ta(x), 1 - fa(x)] of
[0,1]. This indicates that if the actual grade of membership of x is p(x), then
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ta(x) < p(x) <1 -fa®X).

The vague set A is written as

A ={(x, [ta(x),]- fa(x)] ) / x eX }.

Where the interval [ta(x), 1 - fa(x)] is called the value of x in the vague set A and denoted by Va(x).
Definition 2.2: [7] Let A and B be two vague sets of the form A = {< x[ta(x), 1- fa(x)]>} and

B = {<x[ts(x), 1- fs(x)]>} then

(1).A = B if and only if ta(x) ) < tg(x) and

1- fa(x) < 1- fa(x) for all x € X.

(2).A=Bifandonly A= Band B = A.

(3)-A% = {<x[fa(x), 1- ta(x)]>}.

(4).A n B = {min[ ta(x) ), ts(x)] , min[ 1- fa(x) ,

- fa ()]}

(5).A U B = {max| ta(x) ), ts(x)] , max[1- fa(x),

1- fa(x)]}.

Definition2.3: [11]A vague topology (VT) in short on X is a family T of vague sets (VS in short) in X
satisfying the following axioms

(1).0, 1 €T.

(2).GinGyeTforany Gi,G2eT

(3).U G €T for any family { Gi/ie N} €T

In this case the pair (X, T) is called a vague topological space(VTS in short) and any vague set in T is
known as a vague open set (VOS) in X. The complement A° of a VOS A ina VTS (X, T) is called a
vague closed set (VCS in short) in

Definition2.4:[3] An abelian group A is called a topological additive group if a topology is defined on
the set A and following conditions are satisfied:

(1)The mapping (a,b) — a + b of the topological space A x A on to the topological space A is
Continuous.

(2)Additive inversion continuity condition: The mapping a — (-a) of the topological space A onto itself
is continuous.

Remark: Let A be an abelian group then A is a topological abelian group in the discrete or in the
indiscrete topology.

Example2.5: Let G={0, 1} andlet T = { ®, {0}, {1}, G} is a discrete topology on G.
Let A= {0}, B= {1} and define
A+B=(A-B)U(B-A)

+ () A B G

d d A B G

A A 0] G B

B B G ® A

G G B A d
Table 1

So (G, T, +) is a topological additive group.
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Definition2.6: A ring R is called a topological ring if a topology is defined on the set R and the additive
group of the ring R is a topological group in this topology and the following condition is satisfied:

The mapping (a, b) — a.b of the topological space R x R to the topological sapce R is continuous.
Example 2.7: Let X=1{0,1,2} =Zzandlet T =

{ @, {0}, {1}, {2}, {0, 1}, {1, 2}, {0, 2}, X} is a discrete topology on X.

Wedenote A={0},B={1},C={2},P=1{0,1},Q={1,2} and R = {0, 2}

and define A+B=(A-B)U(B-A)and A.B=ANB

Addition Table:

+ () A B C P Q R X
() () A B C P Q R X
A A () P R B X C Q
B B P () Q A C X R
C C R Q () X B A P
P P B A X ) R Q C
Q Q X C B R () P A
R R C X A Q P () B
X X Q R P C A B ()

Table 2

From the table 2 it is clear that additive identity is @ and every set is its own inverse.

Multiplication Table

(S

XA QI > e
SARCARC ISR NI RCHNS
a4 IR dRCIEC A e
ool =M Reraiivel NS oe RSN Ros)
aQlaaela e e e 0
T W T e T > e
AE Q> Qe > e R
MR T Q| | e X

oliolleliIieli=IR-INCIVe)

Table 3
From the table 3 it is clear that additive identity is X.

Intersection satisfies associative law .

Let A,B,CeT, then
ANB+C)=ANB-C)U(C-B)]

=[ANB-C)]U[A N (C-B)]
=[ANBNX-CO)JUANCNX-B).(ANB)+(ANC)
=[(ANB)-(ANC)JU[ANC)-(ANB)]

= [(ANB)-OJU[(ANC)- B)]
=s[ANBN(X-OJU[ANCN(X-B)].
SoANB+C)=(ANB)+(ANC).
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Therefore ( X, T, +, .) is a topological ring.

Definition2.8: A topological module is a module over a topological ring such that scalar multiplication
and addition are continuous.

Example2.9: Let X=1{0,1,2} =Z3zbea ringthen M= T = { ®, {0}, {1}, {2}, {0, 1}, {1, 2}, {0, 2},
X} is a discrete topology on X. Clearly M is a topological R — module.

Definition2.10: Let X be an indiscrete space. The only continuous maps are constant maps from

X — R and hence the ring R can be identified with the field R.

Example2.11: Let X be an arbitary set and T = {®, X} be an indiscrete topology on X.

It can be observed that from the following tables (T, +, .) is a topological field.

Define A+B=(A-B)U(B-A)and AB=ANB

+ () X

() () X

X X ()
Table 4

() X

() () ()

X () X
Table 5

Example 2.12: Let X= Z> = {0,1} be a Galoi’s field under addition modulo 2 and multiplication
modulo 2 operations are as follows:

+ 0 1

0 0 1

1 1 0
Table 6

2 0 1

0 0 0

1 0 1
Table 7

Clearly (X, +2, .2) is a field.

If we take T = {®, X} be an indiscrete topology on X then (T, +2,.2 ) is a topological field.

Definition 2.13: A linear vector space X with a topology T on X is called a topological vector space if
addition is a continuous function from X x X into X and multiplication by scalars is a continuous
function from F x X into X.

Example 2.14: Let X = Z> = {0, 1} be a vector space over the field F={0, 1} =Z,and T={ ®, A,B, X
+, where A = {0}, B = {1}, be the discrete topology on X. From the example 2.5, clearly (T, +2) ia an
abelian additive topological group.

Suppose 0, 1 € Z» =F, then clearly

0(®)=0, 0(A)=0, 0(B)=0, 0(X)=0,

(@)=, 1(A)=A,1(B)=B, 1(X)=X.
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Therefore T is a topological vector space.
Example 2.15: Let X = Z3 = {0, 1, 2} be a vector space over the field F = {0, 1, 2} = Z3 . Then the set
T in the example 2.7 is a topological vector space.

3. Vague Topological Rings

Definition3.1: A topological ring R is said to be a vague topological ring if it satisfies the following
conditions:

1. VrR(A UB) <max { Vr(A), Vr(B) }

2. VR(AN B) <min { Vr(A), Vr(B) }

3. Vr(A+B) <max { Vr(A), Vr(B) }

4. V®R(AB) <min { Vr(A), Vr(B) }.

Example 3.2: Let R be any ring and endow R with the indiscrete topology. Then T = { @, X } is a
topological ring.

Clearly the vague set A = { ® <0, 0>, X <I, 1>} is a vague topological ring.

Example3.3: Let X = {0, 1}, T={ O, {0}, {1}, X} = { ®, A, B, X}. Then (T, +, .) is a topological
ring. The vague set R on XR = (&, [0,0.2]}(4,[0.1, 0.2]), (B, [0.2,0.2]), (X, [0.2,0.2]}} is a vague topological
ring.

Example 3.4: Let X= {0, 1,2} and

T={®, {0}, {1}, {2}, {0, 1}, {1, 2}, {0, 2}, X}

={D,A,B,C,P,Q,R, X}.

Then (T, +3, .3) is a topological ring.

The vague set R =( x, [tr(X),1- fr(x)] ) on X defined by

tr(x)=0if x=0
=0.1ifx=A
=0.2ifx=B
=03ifx=C,P,Q,R, X

I- fr(x)=01if x=0
=0.2ifx=A

=03ifx=B
=0.4ifx=C,P,Q,R, X

is a vague topological ring.

Lemma 3.5: If R is a vague topological ring of a ring X then for all A € X, we have Vr(-A) = Vr(A).

Theorem 3.6: Let R be a vague set of a ring X then R is a vague topological ring of a ring X if and only
if R satisfies the following conditions:

1. Vr(A-B) <max { Vr(A), Vr(B) }

2. Vr(A)< VRr(-A)

3. VR(ANB) <min { Vr(A), Vr(B) }.

Proof: Let R be a vague topological ring of a ring X. Then we have

tr(A - B) <max { tr(A), tr(-B)}
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=max { tr(A), tr(B)}

Similarly, we can prove that

1 -frR(A - B) < max {I - fr(A), 1 - fr(B)}.

It follows that Vr(A - B) <max { Vr(A), Vr(B)}.

And by the definition, we get VrR(A) < Vr(-A), VR(ANB) <min {Vr(A), Vr(B)}.
Conversely suppose that R is a vague set of a ring X. Also we have Vr(A) < Vr(-A).
Then clearly tr(A + B) = tr(A — (-B))

<max { tr(A), tr(-B)}

=max { tr(A), tr(B)}

Similarly we can prove that

1-frR(A+B) <max {1-1fr(A), 1 - fr(B)}.

It follows that Vr(A + B) <max { Vr(A), Vr(B)}.

Hence R is a vague topological ring of a ring X.

Theorem 3.7 :Let R and S are vague topological rings of a ring X then R N S is a vague topological ring
of X.

Proof: Let R and S are vague topological rings of a ring X.

Then we have ,

trMs (A - B) = min {tr(A -B), ts(A-B)}

= min { max{ tr(A), tr(B)}, max{ ts(A), ts(B)}}

=max {min {tr(A), ts(A)}, min {tr(B), ts(B)}}

=max { trNs(A), trNs(B)}

Similarly, we can prove that

I-frNs (A -B) = imax {1 - frns(4),1 - frNs (B)}.

It follows that

Vrs (A -B) = imax {VrNs(4), VrNs(B)}.

Clearly Vr(A) < Vr(-A).

And trns (AB ) = min {tr(AB), ts(AB)}

= min { max{ tr(A), tr(B)}, max{ ts(A), ts(B)} }

=max {min {tr(A), ts(A)}, min {tr(B), ts(B)}}

=max { trNs(A), trNs(B)}

Similarly, we can prove that

1-frNs {AB) = imax {1-frns(4),1- frNs(B)}.

It follows that

Vrris (AB) = imax {Vrns(4), VrNs(B)}.

Therefore R N S is a vague topological ring.

Definition3.8: Let f be a mapping from a set X into a set Y. Let B be a vague set in Y. Then the inverse
image of B, f'(B) is the vague set in X by Vi) (x) = Va(f(x)) for all x £ X.

Definition 3.9: Let f be a mapping from a set X into set Y. Let A be a vague set in X. Then the image of
A, f(A) is the vague set in Y by

Viayy) = isup { Va(z)/ze f(y), if £'(y) # ¢}

=[0,0] otherwise.
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Theorem3.10: Let R and S are vague topological rings and f be a homomorphism from R into S. Let B
be a vague topological ring of S, then the inverse image f!(B) is a vague topological ring of R.

Proof: Let R and S are vague topological rings.
Then for all C, D € R, we have
Vi) (C - D) = Vg(f(C - D))
= Va(f(C) — £ (D))
=max {Va(f(C)), Va(f(D))}
=max {Vei®) (C), Vrim) (D)}
Similarly, we can prove that
Viie) (CD) = max {Vie) (C), Vie) (D)}
Hence f!(B) is a vague topological ring of R.

Theorem3.11: Let R and S are vague topological rings and f be a homomorphism from R into S. Let A
be a vague topological ring of R, then the image f(A) is a vague topological ring of S.

Proof:Let R and S are vague topological rings. Let U, Ve S such that

Viry(U) = isup { VR(U )/ C e f}(U) } and

Viry(V) = isup { VR( V) /D e (V) }.

Then Viry( U - V) =sup{VrR( W)/ W e f}{(U - V)}

= max{Vr(C), Vr(D)}

= imax {Via)(u), Viay(v)}.

Thus the image f( A) of A 1s a vague topological ring of S.

4.Vague Topological Modules

Definition4.1: Let R be a ring and M be a topological R- module. Then the set S of M is a vague
topological module if it satisfies the following conditions:

1) Vs (A + B) <max {Vs(A),Vs(B)} for all A,B eM 2)Vs(rA) < Vs(A) for all A e M and for all r e R

3) Vs(®)=(0,0).

Example 4.2: Let (T, M, +) be a topological module in the example 2.7.

The vague set S =( x, [ts(x),1- fs(x)] ) on X defined by

ts(x)=0if x=0

=0.2ifx=A

=03ifx=B

=04ifx=C,P,Q,R, X

I-fs(x)=0if x=0

=03ifx=A

=04 ifx=B

=0.5ifx=C,P,Q,R, X

is a vague topological module

Theorem 4.3: The intersection of a family of vague topological modules is also a vague topological
module.

Proof: Let {Mi/, i€} be a family of vague topological modules and M = n M;.
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Then Vy (A +B) = 2*:_{ {Vwmi(A+B)}

= " {max (Vi (A), Vui (B))}
=max { Vm (A), VM (B) }.

and

Var (1A)= "oF { Vi (1A) }

= 77 {max Vi (A)}

sup
SARTONN

=Vwm (A).

Hence the intersection of a family of vague topological modules is also a vague topological module.

=max {

Theorem 4.4: Let M| and M; are vague topological ring modules over the ring R and f be a linear
transform of M; and M. Let M be a vague topological module of Ma, then the inverse image (M) is a
vague topological module of M.
Proof: Let A, B € Mjand a, b € R, then
Veivy (aA+ bB) = Vm(f(aA+ bB) )
= Vwm(af(A) +b f(B))
= max{Vm( f(A)), VmM(f(B))}
=max {Veim) (A), Ve (B)}.
Hence f!(M) is a vague topological ring of M.
Theorem4.5: Let M; and M; are vague topological ring modules over the ring R and f be a linear
transform of M; and M». Let M be a vague topological module of M, then the inverse image f(M) is a
vague topological module of M».
Proof: Let a, f € My,
If either !(a) or f!(B) is empty then the inequality theorem
Vi (aA+ bB) = max {Viwm) (A), Viowy (B)} is satisfied for all A, B € M and for all a, b € R.
Suppose that neither f'!(a) nor £1(B) is empty.
Let Age f'(a), Boe £!(B) then

V(A = 4 o1y V().

sup
VM(B0) = p e-1(g) YM(B).

Then Viwy(aa + bp)

sup _
= ref~(aa + bf) Vm(r) wherer € 7 (A + B)

= max{VMIf(Ao) , Vmf(Bo)}
=max {Vrm)(a), Vion(B)}
Thus the image f(M) is a vague topological module of M.

5. Vague Topological Fields

DefinitionS.1: A topological ring F is said to be a vague topological field if it satisfies the following
conditions:

I. VE(A UB) <max { Vr(A), V¥(B) }
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2. VE(AN B) <min { VE(A), Vi(B) }

3. Vr(A +B) <max { Vr(A), Vr(B) }

4. Vr(AB) <min {VF(A), Vk(B) }.

Example 5.2: Let X be any arbitary set and

T={®, X } be an indecrete topological space

Then F = (T, +, .) is a topological field.

Clearly the vague set A = {® <0, 0>, X <I, 1>} is a vague topological field.
Example5.3: Let X = {0, 1} is a field, T= { @, {0}, {1}, X} = { D, A, B, X}.
Then (T, +, .) is a topological field. The vague set R on X
R=(&,[0,0.2])(4,[0.1,0.2]), (B[0.2,0.2]} ,(X[0.2,0.2] }}

is a vague topological field.

LemmaS5.4:If F is a vague topological field of a field X then

1). AeX, wehave Vi(- A) = Vr(A),

2). A e X, we have VE(A!) = Vi(A).

Proof: By definition, we have Vr(- A) < Vi(A) for all A € X........ (1)

Also VF(A) = VE(-(-A)) S VE(-A) weeverieeeene (2)

From (1) and (2), V¥(- A) = VE(A)

Similary, Vi( A) < Vi(A) forall A € X........ 3)

Also VE(A) = VE(A™) ™) S VEA ™) i, 4)

From (3) and (4), Vr(- A) = Vr(A).

Theorem5.5: Let F be a vague topological subset of a field X. Then F is a vague topological field of X
if and if F satisfies the following conditions:

1)Vi(A - B) <max {Vr(A),Vr(B)} for all

ABeF,;

2)Vi(A N B!) <min { VK(A), Vr(B)} for all

A, BeF.

Proof: Let F be a vague topological subset of a field X. Then we have

Vi(A - B) <max { Vr(A), Vr(-B}

=max { Vr(A), Vi(B)}.

Similarly we can prove that

V(A N B!) <min { Vi(A), Vi(B)} for all

ABeF.

TheoremS5.6: The intersection of a family of vague topological fields is a vague topological field.
Proof: Let {Fi/ i € I} be a family of vague topological fields and F = NF;.
Then Vi(A - B) =minic1 (Vg (A - B)]

< minic {max {Vg (A), Vs, (B}}

=max { Vr(A), Vi(B) }.

Similarly we can prove that

V(A N B! <min { VK(A), Vi(B)}.

Hence the intersection of a family of vague topological fields is also vague topological field.
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6.Vague Topological Vector Space

Definition6.1: Let S be a topological vector space over a field F. Then the set S is a vague topological
vector space if it satisfies the following conditions:

1. Vs(A+B) <max { Vs(A), Vs(B)};

2. Vs(aA) <Vs(A) forallaeF;

3. Vs(0) = (0, 0).

Example 6.2: Let (X, T) be a topological vector space in the example 2.15.
The vague set S =( x, [ts(x),1- fs(x)] ) on X defined by

ts(x)=0if x=0

=03ifx=A

=04ifx=B

=0.5ifx=C,P,Q,R, X

I-fs(x)=0if x=@

=04ifx=A

=0.51fx=B

=0.6ifx=C,P,Q,R, X

is a vague topological vector space.

Example 6.3: For a Vague Topological Vector space over the field Z2:
X=7>X7,=1{0,1} x {0,1}

= {(0,0),(0,1),(1,0),(1,1)}

X ={e, a, b, c} where e=(0,0)

a=(0,1) b=(1,0) c=(1,1)

L@, {e},{a},{b},{c},{ea},{eb},{ec},{ab},
{b,c},{c,a},{e,a,b},{e,b,c},{e,c,a},{ab,c},

{e,a,b,c}}

For convenience we will take A={e} B={a} C={b} D={c} E={e,a} F={e,b} G={e,c} P={a,b} Q={b,c}
R={C,A} S={e,a,b} T={e,b,c} U={e,c,a}, V={a,b,c} X={e,a,b,c}

The Addition Table is Given Below

A+B=(A-B)U(B-A)

Qe oo E > &+
Qe Qi mg Q| m > el
Hl | gQ|w Q™ m S>>
<|lQlclwyelp R T o Ow @
S| > rOo|e| 7 T aa
Q<> g3 cleo|m alglo
X ™ RO e Cl»n > W o
alololsel=|—|»>|»nl alm -
eI Ireli- iR Hellviialio!
Al X T < WO w9 T
SlRITQI X QT < P3O0
TROIHIX| QW <O C|® &
clpl<lT|OlX o™l " vl n
> Og<ima xXo| |-
©nHw<lgom X o rcac
TO|1| 37RO X <<
moQIe R O|r ClH <X
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R R U D A% B G |X |E Q P d T S A C F
S S P F E X |C B VvV |A |U T d R Q G |D
T T Q X G |F vV |D C Uu |A S R ® |P E B
U |U |R G |X |E D V |B T S A |Q P ® |F C
vV |V |X Q R P T U S D B C G E F o | A
X | X |V T U S Q R P G |E F D B C A |OD
Additive identity elements is ®

Every set has its own inverse.

Inverse of A is A only. Similarly for the other elements also.

Multiplication Table: A.B=ANB

. D A |B C D E F G P Q R S T u (Vv |[X
® D ® d ® D D d d ® ® ® d ® ® d d
A d A d ® O |A |A A ® ® ® A A |A o | A
B ® ® |B ® D B d d B ® |B B ® |B B B
C D d D C D D C C C C d d C d C C
D D ® d ® D D ® |D ® |D D d D D D |D
E d A |B ® ® |A |A |A |B ® |B E B E B E
F D A |O C ® |A |F A C C ® |F F A C F
G D A |O d ® (A |A |G ® |D D |A |A G |D G
P D ® |B C D B C d P E B P C B P P
Q D d d C D D C D C Q D C Q D Q Q
R d ® |B ® D B ® |D B D R B ® |R R R
S D A |B C D E F A |P Q B S F E P S
T D A D C D |A |F G C Q D |F T G Q T
u | A |B d D E A |G |B D R E G |U Q |U
\Y% D ® |B C D B C D P Q R P Q R vV |V
X D A |B C D E F G P Q R S T u |V X

From the above two tables (T +, ) is a Topological vector space. It is represented by V
Now the vague set S=(x,[ts(x), fs(x)]) on V defined by

ts(x)=0ifx= @

= (0.6 otherwise I-fs(x) =0ifx=@

= (.7 otherwise

Then S is a Vague Topological Vector space.

Example 6.4:

z
Let X = . ) ={0,1, &, 1 + & } be a set. Define addition modulo2 and multiplication modulo 2

(1+x+ x°

on X as follows:
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Addition Table:

+2 0 1 o 1+ a
0 0 1 o 1+ a
1 1 0 1+a o

a a 1+a 0 1
1+a 1+a a 1 0
Multiplication Table:

X2 0 1 a 1+«
0 0 0 0 0

1 0 1 4 1+

a 0 1 1+a

1+a 0 1+ 1

Then (X, +2, x2) is a Field.

Ifwetake X={0, 1, a, 1 +a }

From the Example of Vague Topological Vector space, we can consider

T={o, {0}, {1}, {a}, {1+@},{0,1},{0, @}, {0,1+a},{1, a},{1,1+a},{a,1+a},{0,1, @},{0,1,1+a},{0,
a,l+a}, {1, a,1+a},{0,1, a,l+a}

For convenience we will take

T= {®,A,B,C.D,EF,GP,QR,S,T,UV,X}

Where A={0} B={1} C={a} D={l+a} E={0,1} F={0, a} G={0,1+a} P={1, a}

Q={L,1+a} R={a,lta} S={0,1, a}

T={0,1,1+a} U={0, a,l+a}

V={1, a,1+a} X={0,1, a,l+a}

We can write the tables for addition and multiplication tables as in the 6.3example of Topological vector
space.

Hence (T ,+,.) is a Topolocial Vector space.

We can define Vague Toplogical vector space as follows now the vague set S=(x,[ts(x), fs(x)]) on T
defined by

ts(x) =0 ifx=®@

= (.5 otherwise I-fs(x) =0ifx=@

= (0.6 otherwise

Theorem6.5: If S is a vague topological vector space of a vector space X over a field F, then Vs(AA) =
Vs(A) forall 0 #A e F.

Proof: For all A € S, we have Vs(AA) < Vs(A) for some 0 #A € F.

Also we have Vs(A) = Vs(AAL!) < Vs(AA).
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That is Vs(AA) = Vs(A).

Theorem6.6: Let X be a topological vector space over a field F and S is a vague set of X. Then S vague
S is a vague topological vector space of X if and only if

Vs(aA +b B) <max { Vs(A), Vs(B)} forall A,BeS,a, beF.

Proof: Suppose that S is a vague topological vector space of X.

We have Vg(aA) = Vs(A) and Vs(bB) = Vs(B).

Then we have

Vs(aA +b B) <max { Vs(A), Vs(B)}.

Conversely suppose that if a=b =1, we have Vs(A + B) <max { Vs(A), Vs(B)}

and if b =0 then Vs(aA ) < Vs(A).

So S is a vague topological vector space of X.

Theorem6.7: Let R and S are vague topological vector spaces of vector spaceX over a field F. Then we
have RNS is a vague topological vector space of X.

Proof: Let R and S are vague topological vector spaces of vector spaceX over a field F.

Then we have ,

Vrris (A +B)=min {VrR(A +B), Vs(A+B)} =min{max{Vr(A),Vr(B)},max{Vs(A),Vs(B)}}
=max{min{Vr(A),Vs(A)},min {Vr(B), Vs(B)}}

=max { VrMNs{A), Vrns(B)}

and

Vrrs (AA ) = min {VR(AA ), Vs(AA)}

=min {min[VRr(A ), Vs(A)]}

So RS is a vague topological vector space.

Conclusion:

We investigated vague topological rings, vague topological fields, vague topological modules and vague
topological vector spaces. It is hoped that these concepts will rise to the notations like vague normed
linear spaces, vague Hilbert spaces and vague Banach spaces etc.
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