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Abstract

A Wavelet Transform (WT) is a mathematical technique that transforms a signal into different frequency
components, each analyzed with a resolution that matches its scale. Wavelets are small waves with
limited duration and they possess both time and frequency localization, which means they can capture
both high-frequency and low-frequency information simultaneously. There are several types of wavelet
transforms, and, depending on the application, one may be preferred to the others. For a continuous input
signal, the time and scale parameters can be continuous leading to the Continuous Wavelet Transform
(CWT) and Discrete wavelets. Image processing is a critical area in modern computing with applications
ranging from medical imaging to remote sensing and computer vision. Traditional Fourier analysis has
limitations in capturing localized features in images due to its global nature. Wavelet Transform (WT),
with its multi-resolution and localized time-frequency representation, provides a powerful alternative for
analysing and processing visual information. This paper presents a comprehensive overview of the
theory of wavelet transforms, their mathematical foundations, and applications in image processing and
signal processing, including compression of images, denoising and feature extraction from images.
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1. Introduction

The wavelet transform was introduced at the beginning of the 1980s by Morlet et al., who used it to
evaluate seismic data [10]. Since then, various types of wavelet transforms have been developed, and
many other applications have been found. CWT and DWT has been applied to almost all technical fields
including image compression, denoising, numerical integration, and pattern recognition. A wavelet
function y(t) is a small wave, which must be oscillatory in some way to discriminate between different
frequencies [12]. The wavelet contains both the analyzing shape and the window. Fig. 1.1 shows an
example of a possible wavelet, known as the Morlet wavelet.

wavelets are a powerful statistical tool which can be used for a wide range of applications, namely
Signal processing, Data compression, Smoothing and image denoising, Fingerprint verification, Biology
for cell membrane recognition, to distinguish the normal from the pathological membranes, Blood-
pressure, heart-rate and ECG analyses, Finance for detecting the properties of quick variation of values,
In Internet traffic description, for designing the services size, Speech recognition, Computer graphics
and multifractal analysis [1]. The main purpose of the wavelet transform is to define the powerful
wavelet basis functions and find efficient methods for their computation. Fourier methods are not always
good tools to recapture the signal or image, particularly if it is highly non smooth. The wavelet
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transform is done similar like to Short Term Fourier Transform analysis. The signal to be analyzed is
multiplied with a wavelet function just as it is multiplied with a window function in Short Term Fourier
Transform, and then the transform is computed for each segment generated. However, contrasting Short
Term Fourier Transform, in Wavelet Transform, the width of the wavelet function changes with each
spectral component. The Wavelet Transform, at high frequencies, gives good time resolution and poor
frequency resolution, while at low frequencies, the Wavelet Transform gives good frequency resolution
and poor time resolution. In these cases, the wavelet analysis is often very effective because it provides a
simple approach for dealing with the local aspects of a signal, therefore particular properties of the Haar
or wavelet transforms allow to analyze the original image on spectral domain effectively. In this paper
we discuss the application of Wavelet transform in image processing and signal analysis. We also
discuss the concept of wavelet transforms and its type.
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Fig.1.1 Morlet Wavelet

2. Mathematical Foundations of Wavelet Transform

In this section we present the mathematical foundation of wavelet transforms, including Definition of
wavelet transforms and their types.

Definition of Wavelet

The wavelet transform of a function f(t) with finite energy is defined as the integral transform with a
family of functions Wy¢(u) = 7= ¢ (*3)

and is given as

Wf,t) = foof(u)zplt(u)du 2>0

@ 1 u-—t
WfAt) = f (uW)—=¢p(—)du
f S )
Here A is a scale parameter, t is a location parameter and the function W, .(u) are called wavelets. In

case W) ((u) is complex, we use the complex conjugate ¥, (u) in above integration [19].
2.1 Continuous Wavelet Transform (CWT)
The Continuous Wavelet Transform of a 1-D signal f(t)is defined as:

t—b>b

W(a,b) = \/% f:f(t) W (T) dt
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where:
Y(t)is the mother wavelet, a represents scale, b represents translation, and *denotes complex
conjugation [5].
2.2 Discrete Wavelet Transform (DWT)
The foundations of DWT go back to 1976 when techniques to decompose discrete time signals were
devised. Similar work was done in speech signal coding which was named as sub-band coding. In 1983,
a technique similar to sub-band coding was developed which was named pyramidal coding. Later many
improvements were made to these coding schemes which resulted in efficient multi-resolution analysis
schemes
In wavelet analysis, the Discrete Wavelet Transform (DWT) decomposes a signal into a set of mutually
orthogonal wavelet basis functions. These functions differ from sinusoidal basis functions in that they
are spatially localized — that is, nonzero over only part of the total signal length. Furthermore, wavelet
functions are dilated, translated and scaled versions of a common function @, known as the mother
wavelet. As is the case in Fourier analysis, the DWT is invertible, so that the original signal can be
completely recovered from its DWT representation
Haar wavelet
The Haar wavelet is the simplest of all wavelets and is given as

(1 O<1:<1

- 2

1 1<1:<1
Lo oier

0 Otherwise

In a one-dimensional discretely sampled signal this wavelet can be seen as performing a differencing
operation, i.e., as giving differences of nonoverlapping averages of observations. In two dimensions an
interpretation of the discrete orthogonal Haar wavelet transform has been given in [2].

3. Wavelets transform vs Fourier transforms

Here we discuss about comparisons of the wavelet transform vs Fourier transform. Fourier transform is a
powerful tool for analyzing the components of a stationary signal. stationary signal is a signal where
there is no change in the properties of signal. For example, the Fourier transform is a powerful tool for
processing signals that are composed of some combination of sine and cosine signals (sinusoids) Mallat
[10]. The Fourier transform is less useful in analyzing non-stationary signal (a non-stationary signal is a
signal where there is change in the properties of signal). Wavelet transforms allow the components of a
non-stationary signal to be analyzed. Wavelets also allow filters to be constructed for stationary and non-
stationary signals [11].

4. Wavelet Transform in Image Processing

Wavelet transform is a widely used tool in image processing and signal processing for compression and
denoising.

4.1 Image Compression

One of the most well-known applications of wavelets in image processing is image compression.
Wavelet-based compression techniques, such as JPEG 2000, offer superior compression efficiency
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compared to traditional methods like JPEG. Image compression aims to reduce data size while
preserving visual quality. Wavelets provide superior compression because:

o Natural images contain structures at multiple scales.

o Wavelet coefficients concentrate most signal energy in a few coefficients (sparsity).

By representing images in wavelet domain, they allow for high compression ratios while preserving
essential image details. The JPEG 2000 standard utilizes discrete wavelet transform (DWT) for efficient
compression, outperforming traditional DCT-based methods [17].

4.2 Image Denoising using Wavelet Transform

Noise removal is crucial for improving image quality. Wavelet thresholding techniques are widely
adopted:

e Soft thresholding

e Hard thresholding

Donoho and Johnstone’s wavelet denoising method effectively removes noise while preserving
significant image features [6].

Input Noisy Wavelet Estimate
Image Transform Threshold
Denoised Inverse Apply soft
Image Wavelet or hard

Transform thresholding

Fig 2. Steps used in Image denoising with

4.3 Feature Extraction

Image feature extraction is crucial in image target recognition. The image is first decomposed by
wavelet transforms, and the decomposed coefficients are reconstructed to form a new time series, from
which some energy vector can be extracted by time-frequency domain analysis. By calculating
correlation coefficients, it is possible to recognize whether target signal is involved or not in gained
image. Wavelets are used to extract meaningful features like edges, corners, and textures. Multi-
resolution representation allows analysis at various detail levels. This is particularly valuable in pattern
recognition and classification tasks

5. Application of Wavelet in Signal Analysis

The wavelet transform is used in various fields, including signal and image processing, compression
algorithms, denoising, feature extraction, and biological signal analysis. Different wavelet families, such
as Haar, Daubechies, Symlet, and Morlet, have unique attributes that make them suitable for specific
applications [19].

The aim of signal analysis is to extract relevant information from a signal by transforming it, Wavelet
transforms are widely applied in various signal processing tasks such as Signal Denoising, Signal
Compression, Feature Extraction. Wavelet transform is used in many areas of signal processing such as
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ECG and EEG signal analysis, Speech Processing and Speech compression and recognition. Here we
mentioned one of them.

Example: Wavelet Transform in ECG Signal Processing
Consider an Electrocardiogram (ECG) signal.
Electrocardiography signals often contain noise from:

e muscle activity

e power line interference

o baseline drift

Steps using Wavelet Transform

e Apply Discrete Wavelet Transform (DWT) to the ECG signal.
e Decompose the signal into different frequency bands.

e Apply thresholding to remove noise components.

e Reconstruct the signal using Inverse DWT.

6. Conclusion

Wavelet Transform has revolutionized image processing by enabling multi-resolution analysis and
localized frequency representation. Its applications in compression, denoising, feature extraction, and
texture analysis demonstrate significant advantages over traditional methods. Continued research in
wavelet-based approaches remains vital for advancing computer vision, pattern recognition, and digital
imaging technologies.
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