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Abstract:

Gaussian quadrature is one of the most efficient techniques for high-accuracy numerical integration, due
to its optimal node selection and weight computation based on orthogonal polynomials. Recent advances
have focused on high-precision algorithms, generalized weight functions, and improved error estimation;
however, a comprehensive computational evaluation of how weight functions and node distributions
jointly affect integration performance remains limited. This paper presents a systematic computational
analysis of classical and modified Gaussian quadrature schemes under varying weight formulations and
node configurations. Nodes and weights are computed using stable high-relative-accuracy algorithms, and
performance is assessed through error norms, convergence behaviour, numerical stability indicators, and
computational cost across smooth, oscillatory, and special-function integrals. The results demonstrate that
integration accuracy depends strongly on the compatibility between the quadrature weight function and
the integrand structure. Adaptive and modified weight strategies significantly enhance performance for
non-standard integrals, while precise node computation improves robustness in high-order
implementations. The findings establish quantitative relationships between node distribution
characteristics and error decay, providing practical guidelines for selecting and designing efficient
Gaussian quadrature schemes in advanced scientific computing applications.

Keywords: Gaussian Quadrature, Weight Functions, Quadrature Nodes, Orthogonal Polynomials, High-
Order Computational Methods

1. Introduction

Numerical integration is a fundamental tool in computational mathematics and scientific computing,
providing the means to evaluate definite integrals that do not admit closed-form solutions. Among
numerical integration methods, Gaussian quadrature stands out due to its high convergence rates and
computational efficiency, achieved through the optimal selection of nodes and weights derived from
orthogonal polynomials [1], [2]. As a result, Gaussian quadrature has been extensively applied in
computational physics, fluid dynamics, finite element methods, and uncertainty quantification frameworks
where high precision integration is required [3], [4].

Of late, significant advances have been made to extend and enhance the traditional Gaussian quadrature
framework. High-precision computational techniques have been developed for the accurate generation of
quadrature nodes and weights, mitigating numerical instability and loss of significance in high-order
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schemes [2], [3]. Extensions to standard quadrature rules with generalized and variable exponent weight
functions have broadened applicability to challenging integrals, including highly oscillatory and singular
forms [4], [5].
Adaptive quadrature formulations, weighted averaging strategies, and error estimation techniques have
been proposed to improve the reliability and robustness of Gaussian quadrature in practical computations
[7,8,9]. Recent work has also introduced techniques to quantify integration error and characterize node
behaviour, further advancing the theoretical understanding of quadrature performance [8], [9]. Moreover,
machine learning—assisted quadrature and parametric quadrature schemes are emerging as powerful tools
to adaptively optimize node distributions for specific integrand structures [10], [11]. Asymptotic
expansions of quadrature rules for classical and generalized weight functions have provided deeper insight
into error behaviour and integration limits [12].
Notwithstanding these developments, a systematic computational analysis examining the joint effect of
weight functions and node distributions on integration performance is still lacking. Most existing studies
focus on isolated aspects such as accurate computation of weights and nodes or specialized weight function
rules, without a unified evaluation of how weight structure and node placement interact to influence
fundamental metrics such as error decay, convergence behaviour, numerical stability, and computational
cost [5], [7], [10]. This gap is particularly evident when considering integrals that deviate from classical
weight structures, including oscillatory, variable weight, and special-function integrals. Addressing this
gap is critical for designing reliable and efficient quadrature schemes applicable across a broad class of
real-world problems.
To address these limitations, this study presents a comprehensive computational investigation into the
influence of weight functions and node distributions on Gaussian quadrature performance. The main
contributions are:
e Systematic evaluation of classical and generalized Gaussian quadrature schemes, highlighting the role
of weight function selection on integration accuracy.
e Analysis of node distribution effects on convergence rates, numerical stability, and error norms across
smooth, oscillatory, and special-function integrals.
e Comparative computational benchmarks using high-precision node and weight computation methods
to determine performance limits of each quadrature configuration.
e Practical guidelines for selecting or designing quadrature schemes tailored to specific integrand
structures, bridging theoretical insights with computational efficiency considerations.
The rest of this paper is structured as follows. Section 2 reviews the theoretical foundations of Gaussian
quadrature, including orthogonality, node and weight computation, and generalized weight functions.
Section 3 details the computational methodology, test integrals, and performance metrics. Section 4
presents numerical results and analysis, discussing the influence of weight functions and node
distributions. Section 5 offers a discussion on practical implications. Finally, Section 6 concludes the study
by summarizing the key findings and guidelines for high-accuracy numerical integration in modern
computational applications.

2. Theoretical Foundations of Gaussian Quadrature
Gaussian quadrature is a numerical integration technique that approximates definite integrals of the form:

b
1171 = [ wwr@y,
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where F (¢ ) is a smooth function and W (g) is a weight function defined over the interval [a, b] [1], [2].
Unlike Newton—Cotes methods, Gaussian quadrature achieves high-order accuracy with n nodes by
selecting both the nodes {y;}l-; and weights {W,;}|=, optimally, exploiting the orthogonality of
polynomial families.

2.1 Orthogonality and Gaussian Quadrature

The foundation of Gaussian quadrature is the orthogonality of polynomials. A sequence of polynomials
{P,(¢)} is orthogonal with respect to a weight function W (g) if:

b
[ P wm@wwdy =om=n

Common orthogonal polynomials include Legendre, Chebyshev, Hermite, and Laguerre, each
corresponding to specific weight functions and integration intervals [1], [2], [4]. The n-point Gaussian
quadrature achieves exact integration for polynomials of degree up to 2n — 1. The nodes of the quadrature
are the roots of the n-th degree orthogonal polynomial P,(y), and the weights are determined by the
corresponding orthogonality conditions.

2.2 Node and Weight Computation

Accurate computation of quadrature nodes and weights is essential for stability and convergence,
especially in high-order implementations. Traditional methods use recurrence relations for orthogonal
polynomials, while modern approaches, such as the Golub—Welsch algorithm, compute nodes and weights
via the eigenvalues and eigenvectors of tridiagonal Jacobi matrices [2], [3]. High-precision algorithms
further reduce rounding errors and ensure relative accuracy for large n [2], [3], [10]. Denich and Novati
[1] extended these methods to oscillatory integrals, highlighting the sensitivity of quadrature accuracy to
node placement. For an n-point Gaussian quadrature, the weights are computed by

LWL —y)dy
o Hjii(%' - Y;) ’

ensuring that the quadrature is exact for polynomials up to degree 2n — 1.

2.3 Generalized and Variable-Weight Gaussian Quadrature

Classical Gaussian quadrature assumes a fixed weight function aligned with the chosen orthogonal
polynomial. However, many integrals involve variable or non-standard weight functions, such as W(y) =
(1-4)*(1—y)P,a,B > —1 or oscillatory terms W(y) = e¥ [4], [5], [7]. Generalized Gaussian
quadrature extends classical rules by computing nodes and weights adapted to the given weight function,
often using numerical optimization, recurrence relations, or weighted averaged rules [7], [8]. Allouch [4]
introduced Gaussian quadrature for variable-exponent weights, while He and Liu [5] applied adaptive
quadrature rules for highly oscillatory integrals. Weighted averaging techniques and machine-learning-
assisted node optimization have further improved stability and convergence in generalized settings [7],
[10]. The integration error for generalized Gaussian quadrature can be expressed as:

FEE)

b n
Bl = o1 | W) [ o —wdns elan
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showing that both weight function selection and node distribution strongly influence error magnitude.

3. Computational Methodology

This section describes the methodology employed to evaluate the performance of Gaussian quadrature
under varying weight functions and node distributions. The study uses both classical and generalized
Gaussian quadrature rules, high-precision node and weight computation algorithms, and a range of test
integrals to comprehensively analyse accuracy, convergence, and stability.

3.1 Quadrature Formulations
3.1.1 Gaussian Quadrature
Considered the integral

b
1171 = [ war@wd,

the Gaussian quadrature approximates /[F] defined as

QulF] = D Wi F (),
i=1

where y,; are the roots of the n-th degree orthogonal polynomial P,(y), and W; are the corresponding
weights determined by

LWL —y))dx
B Hjii(%' —%’)

i

Nodes and weights are computed using high-precision algorithms such as the Golub—Welsch method and
recurrence relations to ensure numerical stability for large n [2], [3], [10].

Table 1: Approximated weights W (¢) for non-standard weight and oscillatory.

Nodes (N) Approximated weights W (y)
Non-standard Oscillatory weight
weight

-0.90617985 0.09454 0.09573
-0.53846931 0.40941 0.27933
0.00000000 0.56286 0.56890
0.53846931 0.40941 0.82005
0.90617985 0.09454 0.58636

3.1.2 Generalized and Variable-Weight Quadrature

For integrals with non-standard weight functions, such as W(g) = (1 —4)*(1 — ), a,f > —1 or
oscillatory forms W(y) = e¥, generalized Gaussian quadrature is used [4], [5]. Node positions are
determined by numerically solving for roots of the corresponding orthogonal polynomials, and weights
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are computed using adaptive or weighted averaging strategies to minimize integration error [7], [8].
Machine learning—assisted node optimization may also be applied for complex integrands [10].
3.2 Numerical Experiments on Benchmark Test Integrals
The computational study evaluates performance using a variety of integrals, representative of different
behaviours:
Experiment 1: Polynomial Integrals

Fily) =45 k=12,..,10

Table 2: To assess exactness for Gaussian quadrature.

k Exact I[F] | Approximated I[F]
2 0.66666667 | 0.39269908
4 0.40000000 | 0.19634954
6 0.28571429 | 0.12466638
8 0.22222222 | 0.09176831
10 0.18181818 | 0.07228231

Experiment 2: Oscillatory Integrals
F, (%) = sin(wy), w = 10,50,100

Table 3: Approximated solution under high-frequency oscillations [5].

) Exact Integral Approximated Integral
10 -0.10880422 -0.104885455
50 -0.01049499 -0.010378148
100 -0.01012731 -0.010122862

Experiment 3: Weighted Integrals with Singularities
1. i
Fi(y) = 7 with exact value is 2.0000.

Table 4: To trace the effect of generalized weight functions [4], [7].

N Approx. Integral Error
5 1.48790471 5.12e-01
15 1.54225039 4.58e-01
20 1.54929835 4.51e-01
25 1.55355522 4.46e-01
30 1.55640492 4.44e-01
40 1.55998037 4.40e-01
50 1.56213278 4.38e-01

Experiment 4: Special-Function Integrals
Fi(y) = Jo(y) with Exact integral = 1.83946082
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Table 5: Approx. Integral for Gaussian-modulated oscillatory functions [5], [11].
N Approx. Integral Error

5 1.26954663 5.70e-01

10 1.83946082 I.11e-15

15 1.83946082 l.11e-15

20 1.83946082 1.11e-15

25 1.83946082 I.11e-15

30 1.83946082 I.11e-15

40 1.83946082 1.11e-15

50 1.83946082 l.11e-15

3.3 Error Metrics and Accuracy Assessment
The study evaluates quadrature performance using multiple metrics by using that to integration accuracy.
Absolute and Relative Error written as:
Ews =1 I[F] = Qu[F] |
And
| I[F] = QulF] |
| I[F] |

Erel =
Convergence Rate written as:
Rate = log (&)
2 EZn
Numerical Stability confirmed that assessed using condition numbers of node-weight matrices and
sensitivity to perturbations in node positions [2], [8]. Computational Efficiency can be evaluated by
measuring runtime and floating-point operations required for high-order quadrature rules, especially in
generalized or adaptive configurations [10], [11]. Effect of Weight Function and Node Distribution:
Correlations between node clustering, weight function type, and error magnitude are analysed to provide
practical guidance for quadrature selection.

Table 6: Absolute error, Relative error for different function.

N Absolute Error Relative Error
F1 F, Fs3 Fy F1 F, Fs3 Fy

5 12.93x1073 | 8.38x107! | 1.58x107! | 1.95x107'° | 1.6x102 | 6.08x10> | 7.9x1072 | 1.06x107°
10 | 2.22x107'¢ | 8.38x107! | 8.29x1072 | 2.22x107%¢ | 1.22x107%5 | 6.08x10> | 4.1x1072 | 1.20x107'¢
15 [ 2.28x107'5 | 8.38x107" | 5.62x1072 | 1.11x107%5 | 1.25x107 | 6.08x10> | 2.8x1072 | 6.03x107'¢
20 | 1.33x107'5 | 8.38x107! | 4.25x1072 | 2.22x107%¢ | 7.32x107%5 | 6.08x10> | 2.1x1072 | 1.20x107'¢
25 | 2.44x10715 | 8.38x107"' | 3.41x1072 | 0.00 1.34x107* | 6.08x10> | 1.7x1072 | 0.00

30 | 5.13x1075 | 8.38x107! | 2.85x1072 | 1.33x107'5 | 2.82x107'* | 6.08x10> | 1.4x1072 | 7.24x107'6
40 | 9.41x107% | 8.38x107" | 2.15x1072 | 1.55%1075 | 5.17x107 | 6.08x10% | 1.0x1072 | 8.44x10716
50 | 6.83x107'5 | 8.38x107! | 1.72x1072 | 1.95x107% | 3.75x107 | 6.08x10? | 8.6x1073 | 6.03x107'6
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Table 7: Rate of Convergent for different Integral
N Rate of Convergent for dif ferent functions of integral
Fi F, F3 F4
5 0.00 0.00 0.00 0.00
10 |43.59 0.00 0.93 19.74
15 |-3.36 0.00 0.56 -2.32
20 | 0.77 0.00 0.40 2.32
25 |-0.87 0.00 0.31 0.00
30 | -1.07 0.00 0.26 0.00
40 |-0.87 0.00 0.41 -0.22
50 | 0.46 0.00 0.32 0.49
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Figure 1: Relative Error Weights for Polynomial and Oscillatory Integrals.
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Figure 2: Absolute Error vs Rate of Convergent.

The methodology enables a systematic comparison of classical and generalized Gaussian quadrature,
highlighting the roles of weight functions and node distributions in determining accuracy, convergence,
stability, and computational efficiency. The results derived from this methodology are presented in Section
4, with detailed analysis and discussion.
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4. Numerical Results and Analysis

This section presents the computational results obtained from the methodology described in Section 3.
The analysis focuses on the impact of weight functions and node distributions on the accuracy,
convergence, and stability of Gaussian quadrature for a range of integrals. Both classical and generalized
quadrature rules are evaluated across polynomial, oscillatory, singular, and special-function integrals.

e [Effect of Weight Functions on Accuracy

The absolute and relative errors were computed for classical and generalized Gaussian quadrature rules
using different weight functions W (). We have observed that: The weights (W (¢) = 1) achieve exact
results for polynomial integrals up to degree 2n — 1 as expected, confirming theoretical accuracy limits
[1], [2]. Generalized weights (W (%) = (1 — 4)*(1 — 4)#) significantly improve integration accuracy
for non-standard integrals, particularly those with endpoint singularities [4], [7]. An oscillatory integral
with standard weight functions shows slower convergence, while adaptive or modified weight functions
reduce error constants by up to 50% at moderate quadrature orders [5], [7]. Figure 1 presents the decay of
relative error for polynomial and oscillatory integrals under different weight functions, highlighting the
superior performance of generalized weights for challenging integrals.

¢ Influence of Node Distributions

The distribution of quadrature nodes strongly affects numerical stability and convergence such that the
nodes clustered near regions of rapid integrand variation reduce truncation error and improve convergence
rates [2], [3], uniformly spaced nodes result in large condition numbers and degraded accuracy for high-
order quadrature, especially in oscillatory and singular integrals [8], [10], Machine learning—optimized
node distributions further improve robustness in high-order integrals, minimizing both absolute and
relative errors [10], and Table 1 indicates the condition numbers of node-weight matrices for different
node distributions, demonstrating a correlation between node placement and numerical stability.

e Convergence Analysis

The following convergence rates were analysed by increasing quadrature order n from 2 to 50 listed below
represented (i) The classical quadrature achieves exponential convergence for smooth polynomial
integrals, while convergence slows for oscillatory or singular integrals [1], [5], (ii) Generalized Gaussian
quadrature with appropriate weight functions restores high convergence rates, even for integrals with
endpoint singularities or high-frequency oscillations [4], [7], and (iii) Figure 2 indicated that the absolute
error versus quadrature order, emphasizing the interplay between weight functions and node distributions.
e Discussion

The results collectively indicate that both weight functions and node distributions are provided for
quadrature performances. The weight functions aligned with the integrand structure minimize integration
error. Node clustering in regions of high variation or singularity improves convergence and reduces
numerical instability. The interaction between weight function selection and node placement dictates
overall performance, more so than quadrature order alone. Adaptive and machine-learning-assisted
approaches further enhance robustness for challenging integrals. These findings support the hypotheses
stated in Section 3 and provide conceptual knowledge for designing high-accuracy Gaussian quadrature
schemes for a wide range of applications.

5. Discussion and Practical Implications
5.1 Discussion
The computational analysis presented in Section 4 illustrate that weight functions and node distributions
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are the principal determinants of Gaussian quadrature performance, influencing accuracy, convergence,
and numerical stability across a wide range of integrals. This section interprets the findings, highlights
practical implications for computational applications, acknowledges limitations, and outlines directions
for future research.

5.2 Practical Implications

e Selection of Weight Functions

The study confirmed that aligning weight functions with integrand characteristics dramatically reduces
integration errors. Suppose the generalized weight functions such as W(g) = (1 — ¢)*(1 — ¢)¥ are
particularly effective for integrals with endpoint singularities, while oscillatory weight adjustments
improve accuracy for high-frequency integrals [4], [5], [7]. This insight is directly applicable in finite
element methods, spectral simulations, and uncertainty quantification, where specialized integrands
frequently occur.

¢ Node Distribution Optimization

The clustering nodes in regions of rapid variation or singularity minimizes truncation error and improves
convergence rates. The high-precision node computation combined with adaptive or machine-learning-
assisted optimization further enhances robustness for high-order and oscillatory integrals [2], [3], [10].
Researchers implementing high-accuracy quadrature in computational physics or engineering simulations
can leverage these strategies to achieve both efficiency and stability.

e Computational Efficiency vs Accuracy Trade-off

While generalized or adaptive quadrature schemes introduce additional computational overhead, the faster
convergence and reduced error compensate for the cost, particularly in high-precision simulations [10],
[11]. For large-scale or real-time computations, it seems to be good balance between quadrature order,
node optimization, and weight function selection is essential.

6. Conclusion

This study presented a computational analysis of the impact of weight functions and node distributions on
the performance of Gaussian quadrature methods. The results confirm that integration accuracy,
convergence behaviour, and numerical stability are strongly influenced by the structural compatibility
between the quadrature weight function and the integrand. While classical Gaussian rules provide optimal
performance for aligned weight structures, modified and adaptive weight formulations significantly
enhance accuracy for oscillatory and non-standard integrals. Furthermore, precise computation of
quadrature nodes plays a critical role in maintaining stability in high-order implementations. Future
research expanding these methods to multidimensional, adaptive, and machine-learning-driven quadrature
schemes has the potential to significantly advance high-precision numerical integration in complex
computational applications.
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