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Abstract

This paper analyses four stochastic control models for optimal investment and debt management in an
incomplete market, progressing from a frictionless benchmark to a full model incorporating proportional
transaction costs and mandatory debt amortization. We solve each model using the Hamilton-Jacobi-
Bellman framework and quasi-variational inequalities, deriving closed-form value functions and optimal
policies. Major findings show that mandatory amortization asymmetrically tightens the no-trade region,
forcing earlier deleveraging, while transaction costs widen the inaction zone. Numerical experiments
confirm convergence and accuracy. Practically, these results imply that firms with debt obligations cannot
afford passive portfolio strategies; they must rebalance more actively than frictionless models suggest,
especially as debt repayment deadlines approach.

Keywords and Phrases: Transaction costs; Debt amortization; Incomplete markets; Hamilton—Jacobi—
Bellman equation; Quasi-variational inequality.

1. Introduction

Corporate financial decisions in incomplete markets are fundamentally constrained by liquidity and cash-
flow timing. Two frictions are particularly important: proportional transaction costs, which make frequent
portfolio rebalancing prohibitively expensive, and mandatory debt amortization, which competes with
investment for internal cash reserves. Although each friction has been studied in isolation [3, 4, 5, 6], no
existing study rigorously analyses their joint interaction within a unified Hamilton-Jacobi-Bellman (HJB)
framework supported by numerical implementation. This gap leaves corporate treasurers and financial
managers without practical tools to simultaneously optimize investment and debt repayment under
realistic market frictions.

The present paper fills this gap by analysing four sequential models of increasing complexity under the
HJB framework: (1) optimal investment without transaction costs; (II) optimal investment with
proportional transaction costs; (111) optimal investment with debt amortization and transaction costs; and
(1V) optimal investment with debt amortization, transaction costs, and stochastic liability payments. For
each model we (a) specify state dynamics with a named stochastic differential equation; (b) define
admissible controls, solvency constraints, and the value function with explicit boundary and terminal
conditions; (¢) apply It6’s lemma to derive the full HIB equation or quasi-variational inequality; (d) solve
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for optimal controls and prove optimality via verification theorems; and (e) provide a MATLAB algorithm
for numerical implementation.

The key practical contributions of this study are threefold. First, we demonstrate how mandatory
amortization asymmetrically narrows the no-trade region, forcing firms to deleverage earlier than
frictionless models predict. Second, we quantify the combined effect of transaction costs and debt
repayment on optimal portfolio rebalancing thresholds, offering actionable benchmarks for corporate
financial policy. Third, we provide ready-to-use MATLAB code for each model, enabling practitioners to
calibrate optimal strategies to their specific firm parameters. Throughout the paper, dynamic programming
notation is used exclusively; no Pontryagin maximum-principle adjoint variables appear.

Notation. (Q, F, (Ft)0<t<T, P) denotes a complete filtered probability space satisfying the usual
conditions. W = (W) is a standard (Ft, P)-Brownian motion. r > 0, a (or p), 6 > 0 are the risk-free rate,
risky asset drift, and volatility. y > 0, y # 1 is the CRRA risk-aversion coefficient and p > 0 is the discount
rate. Ve, Vee denote partial derivatives of the value function V.

2. Model I: Optimal Investment Without Transaction Costs
2.1 State dynamics
An investor allocates wealth between a risk-free bank account SO(t) and a risky stock Si(t). With
consumption rate c(t) > 0, the holdings satisfy
dSo(t) = rSo(t) —c(t) dt, (2.1)
dSi1(t) = aS1(t) dt + oS1(t) dW (b), (2.2)
with Sp(0) = x > 0, S1(0) =y > 0. Define total wealth &(t) := So(t) + Si(t) and risky fraction z(t)
:= S1(t)/e(t). Adding (2.1) and (2.2) gives the wealth SDE
de(t) = [ re(®)+(o—r)z(t)e(t)—c(t)] dt+or(t)e(t) dW (1), £(0) = x+y.(2.3)
2.2 Admissible controls and value function
Definition 2.1 (Admissible controls — Model 1). A pair (z, ¢) is admissible, written (7, ¢) € A(€0), if T and
c are (Ft)-progressively measurable, E[To [12(t) + ¢2(t)] dt < oo, and &(t) > 0 a.s. for all t € [0, T] (solvency).
Definition 2.2 (Value function — Model I).
Vi, &) == BT o —PG=D U(c(s)) ds | e(t) = €], (2.4)
sup
(mo)eA(e)

with U(c) = ¢'7/(1—y) (CRRA) and te lition V(T, €) = 0. Boundary condition: V(t, 0) = 0 for all
te [0, T].

2.3 HJB derivation via It6’s lemma

Lemma 2.1 (1t6 expansion). If V € C12([0, T) x (0, )), then along (2.3):

dV = [Vt + (re + (0 — r)me — ¢)Ve + Y20?n2e2Vee] dt + one Ve dW(1). (2.5)

Proof. Direct application of It6’s formula with (dW)? = dt and (dt)? = (dt dW) = 0, gives the result.
The infinitesimal generator of &(t) under (x, C) iS

LN =Vi+ [re+ (a—r)me—C] Ve + Ya0?n2e?Vee.

By the Dynamic Programming Principle (DPP), the HJB equation is

sup {-pV+U(c)+ ¥V} =0, (t,e) € [0, T)x(0, o), V (T,e) = 0.(2.6)

(r,c)EA

2.4 Optimal controls and CRRA solution

Maximising (2.6) pointwise over (c, ) gives:
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C*(t) o Vg—l/y’ 7T*(t) o _M .

2

0%e Ve

Theorem 2.1 (CRRA solution — Model I). The value function has the form
V (t, &) = A(t) eV 7/(1 —y),, where A(t) > 0 solves

2.7)

A') = PAM + 5 ADTVT =0, AT) =0, (2.8)
with p=p — (1-y)[r + (a—1)?/(2y0?)]. The Merton optimal fraction is
w - @-r)
(o)

Proof. Substitute the ansatz into (2.6). The €' factor cancels and yields (2.8). O

Theorem 2.2 (Verification — Model I). Let A(t) > 0 solve (2.8).

Then V (t, &) = A(t)e}7/(1 — y) equals the value function (2.4) and the controls (2.7) are optimal

Proof. For any admissible (z, ¢), apply 1t6°s formulato e ”'V (t, &(t)). By (2.6), £~V —pV + U (c) <0,
so e PV (t, (b)) is asupermartingale. Taking expectations and using V (T, -) = 0 gives the cost functional
less than or equal to the optimal value function as J(z, ¢) <V (0, &) for all admissible controls.
Under (z*, c*) equality holds throughout, giving the value identity. 0

3 Model I1: Optimal Investment with Transaction Costs

3.1 State dynamics and admissible controls

Following [3], let A > 0 be the purchase cost fraction and go € (0, 1) the sale cost fraction. Then,

dSo(t) = rSo(t) —c(t) dt—(1+ A)dLt + (1 — o) dUy, (3.1)

dSi1(t) = aS1(t) dt + oS1(t) dW (t) + dL¢ —dUg, 3.2

where L; (purchases) and Ut (sales) are nondecreasing, right-continuous, (Ft)-adapted processes with
Lo=Uo=0.

Definition 3.1 (Liquidation value and solvency). liq(So, S1) =

So+(1—00)S1*—(1+A)S1~. The solvency region is Sz := {(So0,51):

liq(So, S1) > 0}.

Definition 3.2 (Admissible controls — Model 11). (c,L,U) € A(x,y) if: ¢ > 0 is progressively
measurable and integrable; L, Uare nondecreasing predictable with Lo = Uo = 0; and lig(So(t), S1(t))
>0as. forallte[0,T].

Definition 3.3 (Value function — Model II).

VI Se, 50 = sup ELS” ¢ P9U(c(s)) ds | So(t) = So, SO =Si],  (3.3)

(c,LU)EA(S0,S1)

with terminal condition V(T, So, S1) = U(l1q(Do, S1)) and boundary condition V(t, U, U) = V.

3.2 HJB derivation via It6’s lemma

Lemma 3.1 (1t6 expansion — Model I1). If V € C1,2([0, T) x R?), then along (3.1)—(3.2):

dV= " +(rSo—cC)Vso +aSVs +16°S?Vss dt-. /s aSAW (1)
[ 1 12 1 ] 11 1

\ )
A%

+[-(1+ A)Vsp +Vs1] dLe + [(1 —00)Vsp —Vs1] dUe.

buy sell

1

IJFMR260380308 Volume 8, Issue 3, May-June 2026 3



http://www.ijfmr.com/

N\ International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijffmr.com e Email: editor@ijfmr.com
where

N =Vi+ (rSo—c) Vso +aS Vs +16°S?Vs s

is the full infinitesimal generator 121 bt

Proof. Apply It6’s formula to V(t, So(t), Si(t)) with the quadratic variation (dS:)* = 62S% dt and cross term
dSo dS: = 0; collecting impulse terms from dLt and dUt ends the proof.

3.3 Impulse operator and quasi-variational inequality

Definition 3.4 (Impulse operators).

M+V(t, So, S1) = V(t,So—( sup ., Si+ AL),
AL>0
MV, S, S1) = V(t, So+ (1= SWp 3 — AU),
AU>0

and MV := max(M*V, MV).

The DPP yields the quasi-variational inequality (QVI):

max{—pV + U(C*) + ZV, MV -V} =0, (t, So,S1) €[0, T) x S (3.4)

with ¢* = Vs, 7 and terminal condition V(T, So, S1) = U(lig(So, St)).

3.4 No-trade region

Definition 3.5 (No-trade region — Model I1). NT 2:= {(t, So, S1) : V(t, So, S1) > MV(t, So, S1)}. The buy
region is B2 := {V = M*V} and the sell region is S := {V=MV}.

Proposition 3.1 (NT interval for CRRA utility). The no-trade region in the risky fraction 6 := S1/(So + S1)
is an open interval (0-(2), 0*(t)) with 6~ < z* < 6", where n* = (0a—1)/(yo?) is the Merton fraction.

Proof. CRRA homogeneity gives V(t, So, S1) = (SotS1)1—y v(t, 0). The QVI (3.4) reduces to a one-
dimensional free-boundary problem in 0. Strict concavity of v(t, -) (inherited from U) implies {v > Mv} is
a connected open interval. Both A > 0 and go > 0 impose positive costs for immediate departure from any
0, so w* lies strictly inside. O

Theorem 3.1 (Verification — Model 11). The QVI (3.4) admits a unique viscosity solution V in the
polynomial-growth class that equals the value function (3.3). The optimal strategy is the impulse control
that remains in NT> and, upon exit, trades instantaneously to the nearest boundary of NTo.

Proof. Existence. Stability of viscosity solutions (Barles—Souganidis framework) gives a viscosity
solution from penalised approximations.

Value identity. Let tk be the k-th trade time. Apply It6’s formula to e 'V on each inter-trade interval [k,
Tk+1). In NT2: £V — pV + U(c*) = 0. At each trade time: MV < V, so the discounted process is a
supermartingale. Taking expectations: J < ¥(0, S, S:). Under the optimal impulse control all inequalities
become equalities, giving the value identity.

Uniqueness follows from the comparison principle for QVIs via Ishii’s lemma. O

Lemma 3.2 (Ishii’s Lemma). Let Q C R® be open, u € USC(Q) upper semicontinuous, and v € LSC(Q)
lower semicontinuous. Suppose that for some ¢ € C*(Q) and X € Q, the function

w(x) =u(x) — v(x) — ¢(x)

attains a local maximum at X with w(x) = 0. Then there exist symmetric matrices X, Y € S(n) such that
(D 9(x), X) € 3Ux), (D ¢(x),Y) € 3> v(x),

2 A
and the matrix inequality ()é _Oy) < (D q())(X) —Dz(zp(f()) holds.

IJFMR260380308 Volume 8, Issue 3, May-June 2026 4



http://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijffmr.com e Email: editor@ijfmr.com

Remark 3.1 (Small-cost asymptotics). For symmetric costs A =go=A | 0, the NT half-width satisfies A(A)
= CAY® + O(AY3) for explicit C = C(y, o, a—) > 0, and value corrections are O(A?°) [4].

4. Debt Amortization and Transaction Costs in an Incomplete Market
4.1 State dynamics
The investor holds cash Xt and stock Yt and faces mandatory amortization rate 6 > 0. With half-spread 3
€ (0, 1), we have:
dXt = (rXt — ct — 0) dt — (1+p) dLt + (1—) dMt, (4.1)
dYt = uYtdt + oYt dWt + dLt — dMt, (4.2)
where Lt and Mt are nondecreasing predictable processes (cumulative purchases and sales) with Lo = Mo
=0.
Definition 4.1 (Admissible controls and solvency — Model 111). (c, L, M) € A(x, y) if ¢ > 0 is progressively
measurable, L, M nondecreasing predictable with Lo = Mo = 0, and the liquidation value ligt := Xt +
(I-B)Y* t— (1+B)Y >0 a.s. forall t € [0, T].
Definition 4.2 (Value function — Model I11).
V(X Y) = sup [ e =G0 U(c(s))ds + e—PTOU,(lig" | X = x, Y, = y], (4.3)
(c,L,MeAK,y)
with terminal condition V(T, x, y) = Ux(liq(x, y)) and boundary condition V(t, 0, 0) = 0.
4.2 HJB derivation via It6’s lemma
Lemma 4.1 (1t6 expansion — Model 111). If V € C1,2([0, T) x R?), then along (4.1)—(4.2):
dV = [Vt + (rXt — ct — §)Vx + uYtVy + Y%o?Y2tVyy] dt + Vyo Y dWi
\ J
2% !
+[(1+B) Vi + Vy] dLe + [(1-B) Vi — Vy] dM. (4.4)

Proof. Apply Itd’s formula to V(t, Xt,Y?t); quadratic variation (dY)? = 6*Y2 dt, cross term dX dY =0 (since
dX is of bounded variation in its continuous part); collect the impulse terms from dL: and dMk.

The full infinitesimal generator is

PV =Vi+ (X — ¢ — 8)Vx + UYVy+ %62Y?Vyy. (4.5)

The impulse operators are defined as in Definition 3.4 but with half-spread B: M*V(t, X, y) := supar=o V(t,
x—(1+B)AL, y+AL) and M V(4, x, y) := supam>o V(t, x+(1—p)AM, y—AM). The QVI is:

max{—pV + Ui(c*) + LV, MV =V} =0, V(T, x, y) = Uz(liq(x, y)), (4.6)

with c* =V 7.

4.3 Effect of amortization on the no-trade region

Proposition 4.1 (Amortization tightens NT bands). An increase in & enlarges the sell region and shrinks
the buy region: the lower NT boundary 6-(z) increases and 6*(z) decreases in 6, where 8 = Y/(X + Y).
Proof. The term —8Vyin (4.5) acts as an additional cash drain. Differentiating the QV1 (4.6) with respect
to 0: the resulting linearised operator has the same structure but with an additional source term —Vyx. By
the comparison principle for the linearised QVI, the solution 01700 satisfies (0V/00) < 0 in NTs. This raises
the marginal value of cash Vx, which makes immediate sale optimal on a larger set of states (sell region
expands) and makes purchases less attractive (buy region shrinks). O
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Theorem 4.1 (Verification — Model 1I1). The QVI (4.6) has a unique viscosity solution V in the
polynomial-growth class that equals the value function (4.3). The optimal strategy is the impulse control
characterised by the NT region {V > MV}.

Proof. The proof is identical to Theorem 3.1; the amortization term —J¥x modifies only (4.5) and does not
alter the impulse structure. o

5 Model 1V: Investment and Debt Amortization with Stochastic Liability Payments
5.1 Surplus dynamics
Let X(t) = Y(t) — L(t) denote firm surplus, where Y(t) is the asset value and L(t) the liability. The financial
account follows the GBM dK(t)/K(t) = u(t) dt + o1 dWi(t). With borrowing cost a, investment cost 6 € (0,
1), proportion invested A € (0, 1), and payment intensity @(t):
dX(t) = [nt)(a — 0 — Ap(t) + u(t)) + u@)] dt + (n(t) + Do dWi(t), X(O0)=x>0, (5.1)
where z(¢) = L(t)/X(?) is the debt ratio.
Assumption 5.1 (Admissible controls — Model IV). (n, ) € A(x) if 7, @ are progressively measurable with
E fOT(n2 + ¢*) dt < oo, the solution X(t) to (5.1) satisfies E[sup{X(t)*] < «, and X(t) > —K a.s. for
some K > 0.
Definition 5.1 (Value function — Model 1V).
V(L X, y) = sup E[/ ftTe —P6=Y U(c(s))ds + e—PT-OULX(T)) | X(0) = x], (5.2)
(1, eAX)
with terminar cunuaoun V(7, x) = Uz(x).
Proposition 5.1 (Well-posedness). Under Assumption 5.1 with bounded u, a, 6, o1, for any admissible (7,
@) there is a unique strong solution X(t) of (5.1) with E[supt|X(t)]*] < oo.
Proof. Equation (5.1) is linear in X with Lipschitz coefficients; It0’s existence—uniqueness theorem
applies. The moment bound follows from the Gronwall and Burkholder—Davis—Gundy inequalities. O
5.2 HJB derivation via It6’s lemma
Lemma 5.1 (1t expansion — Model 1V). If V € C1,2([0, T) x R), then along (5.1), we have
dV = [Vi+ (m(oa—0-Ao+p)+p)Vx + Ya(m+1)?6%1 V] dt + (m+1)c: VX dWi(t).
Proof. Apply It6’s formula with (dW1)? = dt. o
The infinitesimal generator under (7, ) is
LN =V + (m(o—0—p+u)+w)Vx + Yo(mw+1)%0%1 V.
The HIB equ=tinn ic:
VOV e {U@*)  [a(a—0-dgrt )V + %(n+1)2cswxx} =0, (53)
with V(x, T) — vaay.
5.3 Optimal controls
Differentiating (5.3) with respect to 7 (with Vxx < 0 from concavity):

_ _(a—e—}\(p+u)Vx _
mx () = o - 1 (5.4)

Differentiating with respect to ¢ —AzVx = 0, which (for 1 > 0, Vx # 0) implies n* = 0 at the boundary of
the admissible set, or ¢* at a corner constraint.

5.4 CRRA value function and scale-factor ODE

Theorem 5.1 (CRRA solution — Model 1V). The value function has the form V(t, x) = A(t)x1—y/(1—y),
where the scale factor A(t) > 0 satisfies the ODE
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Y -
(1-y(a—08-2px+w?* WA@ !

@) T

A+ A@[A—-yu—p +
> 0.(5.5)

The optimal portfolio fraction simplifies to n* = (a—0—Ae*+un)/(yc?) — 1.

Proof. Substitute V = Ax!7/(1—y) into (5.3); the x! ¥ factor cancels and yields (5.5). o

Theorem 5.2 (Verification — Model 1V). If A(t) > 0 solves (5.5), then V(t, X) = A(t)x'7/(1—y) equals the
value function (5.2) and the controls (5.4) are optimal.

Proof. Apply It6’s formula to e—ptV(t, X(t)) along any admissible (7, ¢). The HIB (5.3) ensures Z™?V —
pV + U(c) <0, so the discounted process is a supermartingale and J(z, ¢) < V(0, x). Under (n*, ¢*) equality
holds, giving J = V(0, x). O

Proposition 5.2 (Transaction-cost drag). For fixed a, 6, u, y, o:, an increase in the frictional drag g
decreases V(x, t) and reduces |z*() + 1|.

Proof. From (5.4), #* + I decreases as l¢ increases (reducing the net expected return a—6—Ap+u). By the
envelope theorem applied to (5.3), V decreases monotonically in A¢. O

6 Numerical Results

We implement all the four MATLAB algorithms with benchmark parameters: T =10, r =0.04, a = p =
0.08, 0 = 01 = 0.20, y = 2 (moderate risk aversion), p = 0.05, A = go = = 0.01 (1% transaction cost), 6 =
0.02 (2% amortization rate), A = 0.80, 6 = 0.05, ¢* = 0.10.

Model I. The ODE (2.8) yields A(0) = 1.83 (RK4, 1000 steps). The Merton fraction is n* = (a—1)/(yc?) =
(0.08—0.04)/(2x0.04) = 0.50, consistent with classic results.
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Figure 6.1: Time evolution of optimal policies
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Figure 6.2: Time evolution of optimal policies

Model 1. Figure 6.3 presents a solution to the Hamilton-Jacobi-Bellman quasi-variational inequality
(HIB-QVI) for optimal portfolio choice with proportional transaction costs of A = 2%. The numerical
solution forces a no-trade region bounded by 7j = 0.33 and ©V = 0.67, creating a 34 percentage-point
inaction zone around the Merton share of Tm:"on = 1.0. The optimal trading policy follows an S-shaped
rule: investors buy risky assets when © < m;, sell when © > ¥, and take no action when m; < < ntV. The
value function V(=) strictly dominates the intervention value MV (=) inside the no-trade band with smooth
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pasting at the boundaries, confirming that transaction costs fundamentally alter optimal behavior by
creating a wide region of rational inaction.
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Figure 6.3: No-Trade Region Analysis with Transaction Costs

Model Ill. Figures 6.4, 6.5 and 6.6 illustrate the solution to the Hamilton-Jacobi-Bellman quasi-
variational inequality (HIB-QVI) for optimal consumption and portfolio choice under incomplete markets
with proportional transaction costs (A = 2%), wealth depletion rate (6 = 10%), risk-free rate r = 4%, risky
return p = 8%, volatility 6 = 20%, discount factor p = 5%, risk aversion y =2, and a 10-year horizon. The
no-trade region is bounded by m; = 0.25 and ©V = 0.55, creating a 30 percentage-point inaction zone around
the Merton share n* = 0.50, where the value function V(n) strictly dominates the intervention value MV ()
with equality only at the active boundaries, verifying the QVI condition. The optimal trading policy
follows an S-shaped rule: investors buy when © < 0.25 (targeting m;), sell when > 0.55 (targeting nV),
and take no action within [0.25, 0.55]. Consumption peaks at = = 0.50 with c* . = 0.095 (9.5% of wealth),
declining to 0.085 at w; and 0.075 at nV, while the consumption-wealth ratio k remains stable at 0.085—
0.095 inside the no-trade band. The three-dimensional value function V(t, ) decreases monotonically over
time, satisfying V(T, nt) = 0, with maximum difference V — MV = 0.133 at n = 0.50, confirming that
transaction costs create a rational inaction region that fundamentally alters optimal behavior.
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Model IV. Figures 6.7, 6.8 and 6.9 present the results for the nonlinear ODE for the scale factor A(t) in
the CRRA utility HIB framework incorporating proportional transaction costs (A = 0.02) and debt
repayment (6 = 0.10), with parameters p = 0.05, o = 0.08, 0 = 0.02, 0 =0.02, 61 =0.25,y=2.0,and T =
10. The solution yields A(0) = 0.3679 and A(T) = 1.0, generating a consumption-wealth ratio c¢*/x = A™'/y
that increases from 52.2% to 100% over the horizon, reflecting accelerated consumption to service debt
obligations. The frictionless optimal investment policy is constant at w* = 0.64 (64% in the risky asset)
reflecting the reduction in effective drift caused by the transaction-cost drag A@*. Numerical verification
shows maximum relative error below 10~°, and the three-dimensional surface V(x, t) = A(t)x1—y/(1—y)
confirms concavity in wealth and monotonic decay over time.
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Convergence. For Models I and IV, the scheme converges at order O(h*) in step size. For Models II and
111, the finite-difference QVI solver converges monotonically (Barles—Souganidis framework guarantees
convergence to the viscosity solution provided the scheme is monotone, stable, and consistent).

7. Conclusion

We have presented a unified HIB framework for optimal investment and debt management in an
incomplete market under four progressively richer models. The key theoretical contributions include: (i)
rigorous derivation of the HJB equation via It6’s lemma for each model with the full infinitesimal
generator stated explicitly; (ii) proof of existence, uniqueness, and optimality via verification theorems for
all four models; (iii) proof that the CRRA no-trade region is an open interval containing the Merton
fraction; (iv) proof that mandatory amortization o tightens the no-trade band asymmetrically, favouring
earlier deleveraging; and (v) closed-form CRRA value functions whose scale factors satisfy explicitly
derived scalar ODEs (Models I and V), and convergent numerical QVI1 solvers (Models Il and I11).
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Future extensions include stochastic interest rates, stochastic volatility (Heston dynamics), multi-asset
portfolios, empirical calibration to corporate balance-sheet data, and machine-learning-based PDE solvers
for higher-dimensional versions of the QVI.
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