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Abstract:

In this paper we have considered the wusual linear regression model and the
regression coefficients satisfying a set of stochastic restrictions. We have
formulated the predictors based on ridge regression, Liu mixed regression
estimator, mixed Liu and mixed ridge regression estimator. The properties of these
estimators have been studied and the results are compared on the basis of their risk
functions. Conditions for dominance of these predictors has been derived.
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1.1 Introduction

When we estimate unknown parameters in a linear regression model we often use ordinary
least squares estimator. Recent studies, past experiences and pilot investigations often provide
some useful, information in the form of estimates of coefficients in a linear regression model.
Such a prior information can be incorporated into estimation procedure as a set of stochastic
restrictions and the method of mixed regression can be applied. If the data is collinear then the
problem of multicollinearity arises and remedial actions have been proposed to overcome it. A
popular numerical technique to deal with it is the method of ridge regression,
Sarkar(1992),Liu(1993), Kaciranlar et.al.,(1999), Akdeinz and Kaciranlar (2001), Jahufer
A.and P.Wijekoon(2003)and Norio and Katsumi (2006), have proposed some new estimators in
this context and most of the times attention has been confined to the prediction of average
values within the sample, a natural question arises about their performance when the aim is to
predict the actual values of the study variable or a situation may arise in which we require
simultaneous prediction of average and actual values of the study variable. Appreciating the
need of simultaneous prediction, we have used a framework that possesses sufficient flexibility
and permits simultaneous prediction of actual and average values together.

In the present Paper a linear regression model alongwith a set of stochastic restrictions is
considered. We have formulated five predictors based on mixed regression, ridge regression
and Liu estimators and the predictors obtained by combining Liu and ridge regression
estimators with mixed regression estimator. The properties of these predictors have been
studied and results are presented in the form of theorems. Further relative performance of
these predictors has been studied on the basis of the risk functions of these predictors when the
aim is to predict average or actual values.
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Section 1.2 describes model specifications and the estimators along with a target function. In
Section 1.3 we have formulated predictors for the estimators described in the sectionl. 2 where
as the properties of these predictors have been presented in the section 1.4. In section 1.5 a
comparative study has been carried out by employing the risk criterion. In Sectionl.6, we
derive the results of Sectionl.4.

1.2 Model Specification and Estimators

Let us consider the following linear regression model

Y= XB+ou. (1.2.1)

where Y is a (nx1) vector of observations on the variables to be explained, X is a (nx p)full column
rank matrix of n observations on p explanatory variables, £ is a (p x1)vector of regression
coefficients, o being unknown scalar and u is a (N x1)vector of disturbances with mean zero, variance
unity and measures of skewness and kurtosis are y, and (y,+3) respectively.

If b denotes the estimate of £, then the predictor for values of the study variable within the sample is

generally formulated as T=Xb which is used for predicting either the actual value of Y or the
average vale E[Y]= X2 at atime.

When the situation demands prediction for both the average and actual values together, we may define
the following target function

TY)=T=a¥Y +(1-a)E(Y). (1.2.2)

and use T = X[ for predicting it, where O0<a <1 is a non stochastic scallar specifying the

weightage to be assigned to the prediction of actual and average values of the study variable.
If the restrictions are stochastic in nature that is

q=Qpf +V . (1.2.3)
where  is a (Jx1) vector of known elements and Q is a (J x p)matrix of known elements with full
row rank and V is a vector of errors such that

E[V]=0, (1.2.4)
and

E[VW1=Q. (1.2.5)
The ordinary least squares estimator of f is given by

b, = (X' X)* XY, (1.2.6)

After combing (1.2.1) and (1.2.3) we write

colrt 1)

assuming u and V to be independent i.,e.

E[uv] =0 . (1.2.8)

Theil and Goldberger (1961) and Theil (1963) proposed the following mixed regression estimator of /3
that accounts the prior restrictions defined in (1.2.3)
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b, =[X X +5°Q Q[ [x ¥ +s?Qaq). (1.2.9) where
1
§2 = er{(Y — Xb,)'(Y — Xb,) }- (1.2.10)

Here S2 is an unbiased estimate of o
The estimator of £ which is due to Liu (1993) can be written as

b, =F_b,. (1.2.11)

where,

F =(X"'X + D)X X + LI, (1.2.12)

and O<L<1.

The ridge regression estimator due to Horel and Kennard (1970a, b) is given by
b(k)=Z7X'Y = (1 -kZ™)b, . (1.2.13) where ,
Z=(X"X+kl),

and Kk is non-negative scalar characterizing the estimator.

On replacing b by b,, in Liu estimator defined in (1.2.11) we obtain mixed Liu type estimator as given
under

by = F_by - (1.2.14)

On replacing b by b, in ridge regression estimator defined in (1.2.13) we obtain mixed ridge
regression estimator

by (K) = (1-kZ™)b,, . (1.2.15)

1.3 Predictions
Employing (1.2.2), (1.2.6), (1.2.9), (1.2.11), (1.213), (1.2.15) and (1.2.16) yields the following predictors
for the values of study variables,

T, = Xb,, (1.3.1)

T (k) = Xb(k), (1.3.2)

T,, = Xb,,, (1.3.3) T, = Xb,,
, (1.3.4)

Ty (k) = Xby, (k). (1.3.5)

In order to derive the expression for bias, mean squared error matrix and predictive risk of'IcM , Ty (K),

A

T\ We employ the small disturbances asymptotic theory introduced by Kadane (1971).

1.4 Properties of the Predictors
The predictor f(k) defined in (1.3.2) is a biased predictor with bias vector given by

B[T(K)]= —kxz 5. (14.1)
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Mean squared error matrix is
MIT (K)]=k2XZ 887 X +o?[a?l, —2a XZ X +XZ X' XZ X1 (14.2)

and risk function is
2

Risk[T (K)] = k28Z X Xz g +Risk(T,)+o’ k ap+ 2_ - K (1.4.3)
IVINED W %
i=1 i=1
The predictor based on Liu estimator defined (1.3.1) is also biased with bias vector given by
B[T.] =-X(U-F)s. (1.4.4)
Mean squared error matrix is
MIT 1= X(I-F)B8'(1 -F )X’
+o’[a?l, —a {XF_(XX)™ X + X(XX)™.
FL'X "+ XFL(XX)‘1 FL'X']. (1.4.5)

and risk function given by
Risk[T,] = B (1 - F)X X(1 = F,) B +Risk(T,)

1 1 1
~20" (1-a) (-1 ——— — L=
YA XA A
i=1 i=1 ¥l
-L)? 1 1
_@=L) ——-2- . (1.4.6)
DWW
i=1 i=1
where A's; i=12,...,pare eigen valjes of the matrix (X'X)

Theorem 1.1: When disturbances in the model (1.2.1) are normally distributed, the predictive bias

vector, predictive mean squared error matrix and predictive risks associated with the predictor T,

defined in (1.3.1) up to order 0(c*) of approximations are given by

B[T, 1= —asn%lp)X(X'X)1Q'QlQ(X'X)1X'(In*M)e. @47) M[T,]

M(T,) - o {1— Z{a + H X(X'X)'Q'QMQ (X'X)X'. (1.4.8)

and

T

Me

]
1

—
Il

Risk[‘fM] = Risk[‘fO] —04{1—2{a+ L H . (1.4.9)
n-p 1

B

Il
-

where T}c ; 71,2,3.. J are the eigen valies of the matrix Q'Q'Q
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Theorem 1.2: When the disturbances in the model (1.2.1) are normally distributed, the predictive bias,
mean squared error matrix and risk associated with the predictor 'fM (K) up to order 0(04) of
approximations is given by
B[, (k)|=—kxz ' . (1.4.10)

R . . e,
M [T, () ]=MfFw)]- o (1— - p) XZ Q'QQz X

— X (X' X)'X'QQMQW X' + X2 Q' QQ(X' X))}, (1.4.11)

* *

i/liZTj j:‘[j

w51 50| 37

> (4 +k)*? i(ﬂi+k)2

(1.4.12)

Theorem 1.3: When the disturbances in the model (1.2.1) are normally distributed, the predictive bias,
mean squared error matrix and risk associated with the predictor fML up to order 0(04) of
approximations is given by

B[T, 1 =X(1- FL)ﬂ—a3n%1p XF (X'X)'Q'Q'Q (X' X)™X'(l, *M)e. (1.4.13)

M[Ty. 1= M[T,1+M(T) —V('I:0) ~-o* {2(a+ n} p}—l}x .

(X' X)TQQMQ(X X)X + XF (X' X)"QQ™MQ. (X' X)X’
=X (X' X)"QQMQ(X' X) TR X" —af XF (X' X) Q' QQ(X X)X

FX(X'X)TQQIQX'X) TR X+ " {(X'X)'F QQ'Q

(X'X) X =X (X' X)'QQMQ(X'X)'F/ X }

+(n:) QZJXFL(X'X)lQ'QlQ(X'M1FL><'- (14.14)

Risk[T,, 1= Risk(T,, )+ Risk(T, ) — Risk(T,)

LY 13E EnEGey
_04 {2 (a+ j_l} J:l —20{ ]p |=p1
AL N O WD WA )

j

SAS (A 41

i=1 =l

(1.4.15)

. o p_2 Zr;é(ﬂi+|_)2
n-p
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1.5 A Comparison.
1. Comparison between predictor ridge regression and predictor Liu estimator

On comparing the risk associated with the predictor ridge regression ('f (k)) defined in (1.4.3) and the
predictor based on Liu estimator'lcL defined in (1.4.6), we see that

Risk[T (k)]- Risk[T, ]1=k’AW X'XW 8 - (I —F,)'X' X(1 -F)

2

1

R R LR e I P
DI DY B W

i=1 i=1 i=1 i=1 i=1

_G—L) pl _ pz (L5.1)
XE XA

On observing the above expression and considering the terms containing o we find that the predictor
'fL dominates the predictor T (k) with respect to risk criterion, if we choose K to satisfy
1 _ 1 1 _ %
B X Xp

By considering the terms containing in the order o* only, we find that fL dominates T (k) with respect

to risk criterion if the upper bound of K is
d

22 At-aa-0 A . .
K > i ( D +[ j P
(@ +2) iy e oy e vz
- p1 _ pl _ (1.5.3)
R

A

and if the whole of the expression is considered, then again TL dominatesf(k) with respect to risk

criterion so long as k satisfies

p

24 '‘1-F )X'X(1-F
k>(;TZ)ﬁ( —F) — (= L)ﬂ+2(1—a)(l—L).
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[ﬁ} pl +(1—L) 11 |- pl - pl : (1.5.4)

- Al \l-alis 2§ Ao DX
2. Comparison between predictor ridge regression and mixed regression.

On comparing the risk associated with the predictor 'f(k) and the predictor mixed regression (fM)

defined in (1.4.9), we find that
2

RiSk[T\(k)]-RiSk[-l,_\M]zkzﬂlz_1X'xz_1ﬂ+O-2k ap+2_ pk
YA YA
i=1 i=1

*

1 Y&
+0'4{1—2(a+ ﬂ —. (1.5.5)
APAD !
i=1

On observing the above expression, we find that the predictor 'fM has smaller risk than the predictor

'f(k) so long as K satisfies

-1 2
2(a+2 k2B8'W ™X'XW ™ +2
0<k< p(“ p ) K/ . p (Oi) ) (15.6)
PIWIDWS ° 2 A
i=1 i=1 i=1
3. Comparison between predictor ridge regression and predictor mixed ridge.

On comparing the risk associated with the predictor 'f(k) and the risk associated with the predictor

mixed ridge ('fM (k)) defined in (1.4.12), we find that

Risk(T (k))- Risk(T,, (k))= o* [1- (15.7)

Thus from above expression we observe that the predictor 'fM (k) dominates the predictorT (k) , so long
as(n—p)>2.

4. Comparison between predictor mixed regression and predictor mixed Liu.

Further, on comparing the risk associated with the predictor 'fM and the risk associated with predictor

mixed Liu ('fML) defined in (1.4.15), we find that
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Risk[T,, ]- Risk[T,, 1= = B'(1 —=F, )’ X'X (I = F_)+25?2.

INRY:
1-a){@-1) pl - pl B pL - 2L) pl - p2 +o’
DIV D W Al DI DI
i=1 i=1 i=1 i1 i1
* <P
1 27 Zri2(4+L)
2l a+ 5 - 2.
n- 24 > A (4 +1)
| R
{n_ D 2}2‘[ Z(ﬂ, + L)
: (1.5.8)
QA Z(ﬂ, +1)?
i=1 i=1
5. Comparison between predictor Liu and predictor mixed Liu estimator.

On comparing the risk associated with the predictor 'fL and the risk associated with the predictor'fML,
we find that

o TS0 (g TERG D]
RiSk[TL]-RiSk[TML]:—0'4 20. Jp ':pl _{ }
Sty Ln=p J3as0 0

(1.5.9)
The negativity of the above expression reveals that the predictor 'I:L has smaller risk than the predictor

'fM L, but when o = 0 ie., when we have to predict the average values of the study variable, then just

reverse of the above stated condition holds so long as (N — p)>2.

1.6 Proof of the Theorems.
Theorem 1.1:
From (1.2.9) we have

by =[X X +S2Q Q[ [XY +5QQq|
, U'Mu

)
Q'Q‘lV]

= ﬂ{x'er —QQ 1QT

, U'Mu

(n-p)

|:O'X'U+O'
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=f+o(X X)X u+o’ ‘:}M; (X'X)tQQV Qo
IM 2
—04(:] :j (X'X)™? QQIQX' X)L QQV .
Utilizing (1.3.1) in the above expression we obtain,
= XB+oX (X' X)X U+ o2 (“ MU)X(X‘X)‘l
ooV —o* PMy (xrx)tQatox x)
(n-p)
. 2
+0'4(l:] MSJ X(X'X)TQQ QX' X) QQV. (16.1)
Utilizing (1.2.2) in (1.6.1) we obtain
T, ~T=08,+0°6,+5°5,+5"3,. (1.6.2)
where,
O =[X(X'X)* X'~cd Ju, (1.6.3)
5,=" Ms X(X'X) QO (1.6.4)
5,=— (”'M”) X (X' X) Q' QQ(X'X)Mu, (L5.5)
5 U "Mu 1 Q—l X X -1 Q—lv
o X(X X)1Q'QQ( ) Q' (1.6.6)
It can be easily proved that
E[o,]=E[5,]=0. (1.6.7)
E[5,]=- ; ! > X (X'X)Q'QIQ(X'X) (I, *M)e. (1.6.8)
E[5,]=0. (1.6.9)

using (1.6.7),(1.6.8),(1.6.9) in (1.6.2) we get the result (1.4.7) of the Theorem 1.1.

Again,
['fM —T]ffM _T]':62[5151']+O'3[5152l+5251']
+0'[6,0,'+8,'5, + 5,6,'].
where
5,0, =[X(X'X) ™ X'=al Ju u'[X (X' X)X "—al],

[X(X'X)™ X '—ad] X(X'X)QQV, (1.6.12)

(1.6.10)

u'Mu

(1.6.11) 6,6,'=— ;
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0,0,'=— UIE/IU X(X'X)Q'QMQ(X"X) u (X' X)X '—al], (1.6.13) 6,0,'=

(‘r‘l MEJ X (X' X)IQQWV v'QTIQ (X X)X, (1.6.14)

Here it is easy to verify that for normally distributed disturbances

E[0,0,']= [&*1, + X(X'X)*X'(1-2a)]. (1.6.15)

E[0,0,']=0. (1.6.16)

E[0,0,']= [ X(X'X)'Q'Q™Q(X"'X) ™ -a X (X'X)™.
Q' QQ(X'X)™1. (1.6.17)

E[5,5,'] :{(”;—p;Z)JX(X'X)*Q'Q-lQ (X' X)X, (1.6.18)

Utilizing the results (1.6.16), (1.6.17), (1.6.18), (1.6.19) in (1.6.10) obtain the result (1.4.8) of the
Theorem 1.1.

Again,
[T\M —T]'['fM _T]:UZ[51'51]+0-3[51'52 + 52'51]
+0*[8,'8, +6,'5, +5,'6,]. (1.6.19)
where,
8, 02U TX (X" X)X = T [X (X' X)X "= Ju. (1.6.20)
5,'5,= ‘;E"g V'QIQ (X' X)X [X(X X)X —ad Ju . (1.6.21)
0,'0y =— (‘;IEA;) UTX (X' X)) X'—ad] X(X'X)'Q'Q™'Q (X' X)'u.  (1.6.22)
52'52:(‘;'E/'SJ V'QIQ (X' X)TQaV . (1.6.23)
It can be verified that
E[s,'5,]1=c’[na’(1-2a)p]. (1.6.24)
E[o,'d,]=0. (1.6.25)
Xt
E[5,'6,]= [1-a] —. (1.6.26)
24
i=1
_ X7
E[s,'5,]= ((n p+2)J . (1.6.27)
=P J¥a
i=1

By using (1.6.24), (1.6.25), (1.6.26) and (1.6.27) in (1.6.19) we obtain the result (1.4.9) of the Theorem
1.1.
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Theorem 1.2:

From (1.2.1), (1.2.2), (1.2.3), (1.2.6), (1.2.9), (1.2.13) and (1.3.5)

We have,

Tu (k) = Xb,, (k) = X[1 -kz]o,, .

= XB-KXZ*f+0oXZ7'X'u +azmxz‘lQ'Q‘1V
n—p

_ot UMY 71X X)X .

Now T(Y)=T=aY +{Q-a)E(Y).

and (T, —~T)= —kXZ B+ 0(XZ X'—ad U +5? LMY x7 1y
_ot UMY (X X)X L,
Tw(K)-T =@, +04 +0°¢, + 7%, (1.6.28)
where ,
¢, =—KXZ7' 83, (1.6.29) ¢ =—k(XZ'X —ad )u,
(1.6.30)
é, =(‘:] MSJXZ‘lQ'Q‘lv , (1.6.31) @, =
—(‘:] Mg]x 7' QX' X)X u, (1.6.32)
Here it is easy to see that for normally distributed disturbances
E[g,] = —kxz . (1.6.33)
E[¢1]: E[¢2]: E[¢3]:O - (1.6.34)

Utilizing the expression (1.6.33) and (1.6.34) in (1.6.28) yields the result (1.4.10) of the Theorem 1.2.
Now ,

[, 0 -TI, 0 =T] = gusi+ olod + b1+ o140
+0°[p,0  + 0,0+ 0,0 + do8 ]+ o (B4 + ds + 4.8
ro'[pd+ o0+ 8] . (1639)

where,

Gy = KXZ T BZ X, (1.6.36)
OB = —KXZB. U (XZ* X' —-dl,), (1.6.37)
Gd'= X2 X' —ad Juu' (X2 X' ~al,), (1.6.38)
P,9'1= (UIEAUJXZ*Q'Q‘W u'(X2*X'-al,), (1.6.39)
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$p'o = k[lﬂ/‘ulx Z7Q'QMQ(X'X) u g2 X", (1.6.40)

¢3¢1’:—(”'E/'”Jx ZQOMQX X)X U u(XZ X —al,),  (1.6.41)

e [“ Mm X7 QW' 'QlQz X , (1.6.42)

It is easy to verify that

Elg,d/]=Kk*XZ2*BBZ*X". (1.6.43)
Elgog!]= Elgd; | = Elgogi]= Eloig;]=0. (1.6.44)
E[ad]={a?1, —2aX2 X'+ X2 X XZ X}, (1.6.45)
E[4¢,]=—{XZ 'QQ'QZ X'+ aX (X'X)'QQ'QzZ *X}. (1.5.46)
E[g,¢;]= ( pgszZ‘lQ'Q‘lQZ‘lX’. (1.6.47)

Utilizing expressions (1.6.43), (1.6.44), (1.6.45), (1.6.46) and (1.6.47) in (1.6.35) yields theresult
(1.4.11) of the Theorem 1.2.

[Tw () = TI[T () —T1= iy + olds + 46, 1+ o [4,' ]
+°[po by + 4.0, + it + i ]
+o' g, + 410, + . (1.6.48)

where

Gty =K BZXXZp, (1.6.49)
Bd=—KBZ X' (XZ X' —al,)u, (1.6.50)
$'=u(XZ27X ~al,) (XZ7X'~al ), (1.6.51)
9’5 ¢1——(u ngu X(X'X)TQQ'QZ X (XZ'X'—al )u,  (1.6.52)
@@(FMSVQ%XﬂmZ@nﬂu (1.6.53)
It can be easily verified that

Elgd,1=K*BZXXZ 3. (1.6.54)
El##1=0. (1.6.55)

I
El¢'4]= na® -2a—= +—= 1.6.56)

i=1

i%+@ > (4 +K)
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pJ b,
2427 27,
El¢; 41= F;:l = ol 22— . (.6.57)
D4+ || 204 +K)
> 437
— ‘ I 4 z-J
E[¢;¢2]=(” p+2] S (1.6.58)
TP +k)?

Using (1.6.54), (1.6.55), (1.6.56), (1.6.57) and (1.6.58) in (1.6.48) we obtain the result (1.4.12) of the
Theorem 1.2.

Theorem 1.3:

From (1.2.1), (1.2.2) and (1.3.4) we can write

(T ~T)=dy+o g +0° g +0°p,+0'9,. (1.6.59)
where,

# = —X(1-F)p, (1.6.60)

¢ = (XF (X'X)* X"al,)u, (1.6.61)

¢, = (ﬂASJ XF (X' X)"QQ™V, (1.6.62)

é: = _(‘;MEJ XF (X' X) Q' Q(X' X)X u, (1.6.63)

o = _(“'MEJZ XF (X'X)'QQIQ(X'X)'QQYV,  (1664)
Here it is easy to verify that
Elg] = - X(1-F)p. (1.6.65)
El¢1=E[4,]1=E[A]=E[]=0. (1.6.66)
Utilizing (1.6.65) and (1.6.66) in (1.6.59) we obtain the result (1.4.13) of the Theorem 1.3.
[T —T) (T —T)1= 6o 6 +OLds § 1+, 9711 +5°Lds 6, + 6" +6, ']
YO[By '+, b+, B, + 0 4]
+O [y B+ by B, B+ B4, 4] (16.67)

where |,

¢ 4y'=X(1 —F)BB' (1 -F)' X", (1.6.68)
G 8, '=— X(I =F)B.u(X(X'X)'F X"-d,), (1.6.69)
b 7= M X - R)p v Ree 0 R X (16.70)
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BB, = (XF (X' X)X —ad Juu' (X (X' X) TR X'=ad ), (1.6.71)
by #5'= :EAE X(I=F)B XF (X'X)'QQ'Q(X'X) " X'u, (1.6.72)
¢, 4 '= ?}EAE XF, (X' X)TQ'Q™V u'(X(X'X)F X"-dl,), (1.6.73)
bo b:'= l::/'g X (I —=F)AV'aQ(X'X)'QQQ . (X' X)*F'X". (1.5.74)
¢ ¢$‘=[‘;'f"g] (XF, (X" X) ™ X'=ad, )u
u' X (X' X)'QQMQ (X' X) TR X!
(1.6.75)
¢, ¢§':(:E"“j XF (X' X)'Q'Q™V V'QIQ(X'X) R ' X, (1.6.76)
It is easy to see that for normally distributed disturbances
El¢, ¢ 1= X(1 -F)B8'(1 -F)'X". (1.6.77)
EL¢, ¢, '1=E[ 4, 4, 'TEL ¢, ¢5 '1=ELd, ¢4 '1=EL4, ¢, '1=0. (1.6.78)
E[d.d, ' 1=[a?1, —a(XF (X' X)X + X" (X' X)F'X") + XF_(XX) 'R X'T.
(1.6.79)
E[¢ ¢5'1=[aXF (X' X)'QQ7Q(X'X) " X —XF (X'X)™
QQ'Q(X'X)'F.'X']. (1.6.80)
Eld; 4; ']:{n — P 2] XFL (X' X) QO QX" X) 'FX". (1.6.81)

Utilizing (1.6.77), (1.6.78), (1.6.79) (1.6.80) and (1.6.81) in (1.6.67) we obtain the result (1.4.14) of the

Theorem 1.3 and again,

(T =T) (T =T)1= 6" 0141 45 +470 4]
+O°10, G+ b + 4y 621

+O 14 Got b b+, b+ 4]

+O [0y Go+ s i+ dy G+ Pi+d 4] (L682)

where,

6" do=P(1 —F)X'X(I -F)8, (1.6.83)
B ' dy=—U(X(X'X) TR X—ad,) X(I =F ), (1.6.84)
¢;'¢g:_(‘:]'ﬁ"gJV'QlQ(X'X)1FL'X' X(1-F)p, (1.6.85)
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¢1¢1*':u'(X(X'X)’1 F . X'—al,) (XFL(X'X)’1X'—aIn)u, (1.6.86)
=[S - X000 Q0IQ00 K, (es)  604)

u'Mu

;

j U'(X(X'X) ™ F " X'—ad,) XF_(X'X)Q'QV, (1.6.88)

b:' b= (u ng V'IQ(X X) QY (X X) R X' X (I —F)A.

(1.6.89)

AeE

g] u'X (X' X) QO Q (X' X) R X (XF, (X' X)X~ )u,

(1.6.90)

u'Mu

m—(

V'QIQ(X'X)F X", (1.6.91)

j V'QTQ(X'X) TR X XF (X' X)'Q'QV

It can be verified that
El4,'¢1=8'(1 —F)X'X(I1-F)A. (1.6.92)
E[4 ' #o1=El¢, d1=E[d;' $1=E[d, $1=E[4 4,1=0. (1693

o2 [0 2(A+L) Z(/I+|—)
E[4 ' ¢]= na £2 S0 Z(ﬂ 1 j (1.6.94)
2 A4 +1) 244 +])
e o (N=p+2) 27,2 (4 +L)°
El¢, 4, ]—( - j SAG D (1.6.96)

By using (1.6.92) (1.6.93) (1.6.94) (1.6.95) and (1.6.96) in (1.6.82) we obtain the result (1.4.15) of the
Theorem 1.3.
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