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Abs tract:   

In this  paper  we  have  cons ide red  the  usua l linea r  regress ion mode l and  the  

regress ion coe ffic ients  sa t is fying a  se t  o f s tochas t ic  re s tr ic t ions .  We have  

fo rmula ted  the  p red ic to rs  based  on r idge  regress ion,  Liu mixed  regress ion 

es t ima to r ,  mixed  Liu and  mixed  r idge  regres s ion es t ima to r .  The  p roper t ie s  o f these  

e s t ima to rs  have  been s tud ied  and  the  re sults  a re  compared  on the  bas is  o f the ir  r isk  

func tions .  C ond it ions  fo r  dominance  o f the se  p red ic to rs  has  been de r ived .  

 

Ke y words :  Leas t  squares  e s t ima to r ,  ridge regression e s t ima to r , Liu mixed regression 

estimator, mixed Liu and Mixed ridge regression e s t ima to r .  

 

1.1       Introduction 

When we estimate unknown parameters in a linear regression model we often use ordinary 

least squares estimator. Recent studies, past experiences and pilot investigations often provide 

some useful, information in the form of estimates of coefficients in a linear regression model. 

Such a prior information can be incorporated into estimation procedure as a set of stochastic 

restrictions and the method of mixed regression can be applied. If the data is collinear then the 

problem of multicollinearity arises and remedial actions have been proposed to overcome it. A 

popular numerical technique to deal with it is the method of ridge regression, 

Sarkar(1992),Liu(1993), Kaciranlar et.al.,(1999), Akdeinz and Kaciranlar (2001), Jahufer 

A.and P.Wijekoon(2003)and Norio and Katsumi (2006), have proposed some new estimators in 

this context and most of the times attention has been confined to the prediction of average 

values within the sample, a natural question arises about their performance when the aim is to 

predict the actual values of the study variable or a situation may arise in which we require 

simultaneous prediction of average and actual values of the study variable. Appreciating the 

need of simultaneous prediction, we have used a framework that possesses sufficient flexibility 

and permits simultaneous prediction of actual and average values together.  

In the present Paper a linear regression model alongwith a set of stochastic restrictions is 

considered. We have formulated five predictors based on mixed regression, ridge regression 

and Liu estimators and the predictors obtained by combining Liu and ridge regression 

estimators with mixed regression estimator. The properties of these predictors have been 

studied and results are presented in the form of theorems. Further relative performance of 

these predictors has been studied on the basis of the risk functions of these predictors when the 

aim is to predict average or actual values. 
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Section 1.2 describes model specifications and the estimators along with a target function. In 

Section 1.3 we have formulated predictors for the estimators described in the section1. 2 where 

as the properties of these predictors have been presented in the section 1.4. In section 1.5 a 

comparative study has been carried out by employing the risk criterion. In Section1.6, we 

derive the results of Section1.4. 

 

1.2    Model Specification and Estimators 

Let us consider the following linear regression model 

Y = uX   .           (1.2.1) 

where Y is a (n×1) vector of observations on  the variables to be explained, X is a )( pn full column 

rank matrix of n observations on p explanatory variables,   is a )1( p vector of regression 

coefficients,   being unknown scalar and u is a )1( n vector of disturbances with mean zero, variance 

unity and measures of skewness and kurtosis are 
1  and (

2 +3) respectively. 

If b denotes the estimate of , then the predictor for values of the study variable within the sample is 

generally formulated as  XbT ˆ   which is used for predicting either the actual value of Y or the 

average value    XYE   at a time. 

When the situation demands prediction for both the average and actual values together, we may define 

the following target function 

)()1()( YEYTYT   .                    (1.2.2) 

and use  XT ˆ   for predicting it, where 10   is a non stochastic scal1ar specifying the 

weightage to be assigned to the prediction of actual and average values of the study variable. 

If the restrictions are stochastic in nature that is 

Qq   +V  .          (1.2.3) 

where q  is a (J×1) vector of known elements and Q is a )( pJ  matrix of known elements with full 

row rank and V is a vector of errors such that 

E [V ] = 0,            (1.2.4) 

and 

E [
'VV ] =   .           (1.2.5) 

The ordinary least squares estimator of     is given by 

YXXXb  1

0 )'( .           (1.2.6) 

After combing (1.2.1) and (1.2.3) we write 

q

Y
  =  

Q

X
   + 

V

u
 .                   (1.2.7) 

assuming u and V to be independent i.,e. 

][ 'VuE   = 0 .              (1.2.8) 

Theil and Goldberger (1961) and Theil (1963) proposed the following mixed regression estimator of   

that accounts the prior restrictions defined in (1.2.3) 

http://www.ijfmr.com/


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR260483532 Volume 8, Issue 4, July-August 2026 3 

 

Mb =   11'2'  QQSXX  qQSYX 1'2  .          (1.2.9)  where 

pn
S




12
{ )()( 00 XbYXbY  }.               (1.2.10) 

Here S2 is an unbiased estimate of 
2  

The estimator of   which is due to Liu (1993) can be written as 

Lb  =
0bFL
.                    (1.2.11) 

where, 

LF = )'()'( 1 LIXXIXX  
,                            (1.2.12) 

and      10 L . 

The ridge regression estimator due to Horel and Kennard (1970a, b) is given by 

YXZkb ')( 1 = 
0

1)( bkZI   .                           (1.2.13) where , 

Z = )'( kIXX   , 

and k is non-negative scalar characterizing the estimator. 

On replacing 
ob by 

Mb  in Liu estimator defined in (1.2.11) we obtain mixed Liu type estimator as given 

under 

MLb =  
ML bF  .                  (1.2.14) 

On replacing 
ob by 

Mb in ridge regression estimator defined in (1.2.13) we obtain mixed ridge 

regression estimator 

)(kbM
 = MbkZI )( 1 .                                  (1.2.15) 

 

1.3  Predictions 

Employing (1.2.2), (1.2.6), (1.2.9), (1.2.11), (1.213), (1.2.15) and (1.2.16) yields the following predictors 

for the values of study variables, 

LL XbT ˆ ,            (1.3.1) 

)()(ˆ kXbkT  ,           (1.3.2) 

MM XbT ˆ ,            (1.3.3)   MLML XbT ˆ

 ,           (1.3.4) 

)()(ˆ kXbkT MM  ,           (1.3.5) 

In order to derive the expression for bias, mean squared error matrix and predictive risk of MT̂ , )(kTM , 

MLT̂  we employ the small disturbances asymptotic theory introduced by Kadane (1971). 

 

1.4  Properties of the Predictors 

The predictor )(ˆ kT  defined in (1.3.2) is a biased predictor with bias vector given by 

B [ )(ˆ kT ] = 1 kXZ .           (1.4.1) 
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Mean squared error matrix is 

M[ )(ˆ kT ]= '112 XZXZk    + 2 [ nI2 2 '1'1'1 XXZXXZXXZ   ].    (1.4.2) 

and risk function is 

Risk )](ˆ[ kT  =  1'12  XZXZk  + )ˆ( 0TRisk +
2 k  

2

1

2

1

2























p

i
i

p

i
i

k




.     (1.4.3) 

The predictor based on Liu estimator defined (1.3.1) is also biased with bias vector given by 

B ]ˆ[
L

T   = )( LFIX   .           (1.4.4) 

Mean squared error matrix is 

M ]ˆ[
L

T  =  ')'(')( XFIFIX
LL

   

+
2 [ nI2  { .)()( 1'1   XXXXXXXFL  

'' XFL ]')( '1 XFXXXF LL

 .      (1.4.5) 

and risk function given by 

Risk ]ˆ[
L

T  =  )()( '''

LL FIXXFI   + )ˆ( 0TRisk  

22  ( )1    )L1(    





p

1i

2

i
1i

i

11


p

 





p

i
i

L

1
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1



 

2

)1( 2L
  





p

1i

3

i
1i

2

1
2

1


p

i

 .             (1.4.6) 

where 'i s ;     i =1,2, . . . , p are  eigen values of the matrix )'( XX  

Theorem 1.1: When disturbances in the model (1.2.1) are normally distributed, the predictive bias 

vector, predictive mean squared error matrix and predictive risks associated with the predictor MT̂  

defined in (1.3.1) up to order )(0 4 of approximations are given by 

]ˆ[ MTB  = eMIXXXQQXXX
pn

n )*(')'(')'( 11113  





 .      (1.4.7) ]ˆ[ MTM  =

)ˆ( 0TM
4 




















pn

1
21  QQXXX 11 ')'(   ')'( 1 XXX  .    (1.4.8) 

and 

]ˆ[ MTRisk  = ]ˆ[ 0TRisk
4 




















pn

1
21 









p

i
i

J

j
j

1

1

*





.       (1.4.9) 

where 
*

j  ;  j=1,2,3…….J are the eigen values of the matrix QQ 1'   
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Theorem 1.2: When the disturbances in the model (1.2.1) are normally distributed, the predictive bias, 

mean squared error matrix and risk associated with the predictor  )(ˆ kT
M

 up to order )( 4o  of 

approximations is given by 

  1)(ˆ  kXZkTB M
 .                          (1.4.10) 

 )(ˆ kTM M  )(ˆ kTM  – 
4 











pn
21 XQZQXZ   111 '  

XQWQXXXX   111 '')'({ })'(' 111   XXQQXZ .   (1.4.11) 

 )(ˆ kTRisk M  )(ˆ kTRisk -
4 
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(1.4.12) 

Theorem 1.3: When the disturbances in the model (1.2.1) are normally distributed, the predictive bias, 

mean squared error matrix and risk associated with the predictor 
MLT̂  up to order )( 4o  of 

approximations is given by 

]ˆ[ MLTB  = QQXF
pn

FIX LL

11-13 'X)(X')( 





 eMIXXX n )*(')'( 1 .         (1.4.13) 

]ˆ[ MLTM  = ]ˆ[ MTM + )ˆ( LTM )ˆ( 0TV
4 X
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
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  '1)'( XXX   

')'(')'( '111 XFXXQQXXX L

  '111 )'(')'({ XXXQQXXXFL

   

1)'(  XXX })'(' ''11 XFXXQQ L


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
2

 '1)'{( LFXX  QQ 1'   

'1)'( XXX  })'(')'( ''111 XFXXQQXXX L
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
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 .                           (1.4.14) 

]ˆ[ MLTRisk = )ˆ( MTRisk )ˆ()ˆ( 0TRiskTRisk L   
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1.5  A Comparis on.  

1. Comparison between predictor ridge regression and predictor Liu estimator 

On comparing the risk associated with the predictor ridge regression ( )(ˆ kT ) defined in (1.4.3) and the 

predictor based on Liu estimator
LT̂  defined in (1.4.6), we see that 

)](ˆ[ kTRisk - ]ˆ[ LTRisk =  112 ''  XWXWk ')'(' XFI L  )( LFIX   
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    (1.5.1) 

On observing the above expression and considering the terms containing 
2

 we find that the predictor 

LT̂  dominates the predictor )(ˆ kT with respect to risk criterion, if we choose k  to satisfy 

k
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By considering the terms containing in the order 2  only, we find that LT̂  dominates )(ˆ kT  with respect 

to risk criterion if the upper bound of k is 
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 .     (1.5.3) 

and if the whole of the expression is considered, then again L
T̂  dominates )(ˆ kT with respect to risk 

criterion so long as k satisfies 
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2. Comparison between predictor ridge regression and mixed regression. 

On comparing the risk associated with the predictor )(ˆ kT  and the predictor mixed regression (
MT̂ ) 

defined in (1.4.9), we find that 
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










p

i
i

j
j

pn

1

*

1
21





 .    (1.5.5) 

On observing the above expression, we find that the predictor 
MT̂ has smaller risk than the predictor

)(ˆ kT  so long as k satisfies 

 k0

2

1

1

2

112

1

2

1

)2('')2(2














































p

i
i

p

i
i

p

i
i

XWXWk












.       (1.5.6) 

 

3. Comparison between predictor ridge regression and predictor mixed ridge. 

On comparing the risk associated with the predictor )(ˆ kT  and the risk associated with the predictor 

mixed ridge ( )(ˆ kTM ) defined in (1.4.12), we find that 

))(ˆ( kTRisk - ))(ˆ( kTRisk M = 
4  

2

1

11

)(

2
1























p

i

i

J

j

j

p

i

i

k
pn
















p

i
i

J

j
j

k
1

1

)(

2





  .     (1.5.7) 

Thus from above expression we observe that the predictor )(ˆ kTM dominates the predictor )(ˆ kT , so long 

as 2)(  pn . 

 

4. Comparison between predictor mixed regression and predictor mixed Liu. 

Further, on comparing the risk associated with the predictor MT̂ and the risk associated with predictor 

mixed Liu ( MLT̂ ) defined in (1.4.15), we find that 
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]ˆ[ MTRisk - ]ˆ[
LMTRisk =  )(')'(' LL FIXXFI  +

22 . 

)1(  { )1( L





















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
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
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
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

p
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i
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
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
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i
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i

p
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i
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1

*
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






























p

i
i

p

i
i

p

i
i

j
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1

2

1

1

2*

)1(

)(
2


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.          (1.5.8) 

 

5. Comparison between predictor Liu and predictor mixed Liu estimator. 

On comparing the risk associated with the predictor 
LT̂  and the risk associated with the predictor ML

T̂ , 

we find that 

]ˆ[ LTRisk - ]ˆ[
LMTRisk =

4    













p
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i

p

i
i

p

i
i
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j L
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1

*

)1(
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


























p

i
i

p

i
i

p

i
i

j
j L

pn
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1

2

1

1
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)1(

)(
2





 

(1.5.9) 

The negativity of the above expression reveals that the predictor LT̂ has smaller risk than the predictor

LMT̂ , but when 0  i.e., when we have to predict the average values of the study variable, then just  

reverse of the above  stated condition holds so long as 2)(  pn . 

 

1 . 6   Proof o f  the  The ore ms .  

Theorem 1.1: 

From (1.2.9) we have 

Mb =  11'2'  QQSXX  qQSYX 1'2   

=  +

1

1'2'

)(

'















 QQ

pn

Muu
XX   












  VQ

pn

Muu
uX 1'2

)(

'
'  , 
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= + uXXX ')'( 1 + 12 )'(
' 


XX

pn

Muu
 VQ 1'           1113 )'(')'(

'  


 XXQQXX
pn

Muu


1

2

4 )'(
' 











 XX

pn

Muu
       11 )'('  XXQQ VQ 1'  . 

Utilizing (1.3.1) in the above expression we obtain, 

MT̂ = X + uXXXX ')'( 1 + 12 )'(
)(

' 


XXX

pn

Muu
  

VQ 1'  1113 )'(')'(
)(

'  


 XXQQXXX
pn

Muu
  

1

2

4 )'(
' 











 XXX

pn

Muu
 11 )'('  XXQQ VQ 1'  .                  (1.6.1) 

Utilizing (1.2.2) in (1.6.1) we obtain 

TTM ˆ =
1 + 2

2 + 3

3 + 4

4 .                  (1.6.2) 

where, 

1 = uIXXXX ]')'([ 1  ,                               (1.6.3) 

2 = 1)'(
' 


XXX

pn

Muu
VQ 1'  ,           (1.6.4) 

3 = uXXQQXXX
pn

Muu 111 )'(')'(
)(

'  


 ,                         (1.5.5) 

4 = 1

2

)'(
' 











XXX

pn

Muu 11 )'('  XXQQ VQ 1'  ,              (1.6.6) 

It can be easily proved that 

0][][ 21   EE .                  (1.6.7) 

][ 3E =
)(

1

pn 



eMIXXQQXXX n )*()'(')'( 111   .             (1.6.8) 

][ 4E = 0.                               (1.6.9) 

using (1.6.7),(1.6.8),(1.6.9) in (1.6.2) we get the result (1.4.7) of the Theorem 1.1. 

Again, 

]'ˆ][ˆ[ TTTT MM  = ]'[ 11

2  + ]''[ 1221

3    

+ ]'''[ 132231

4   .               (1.6.10) 

where , 

'11  = uIXXXX ]')'([ 1  ]')'([' 1 IXXXXu 
,              (1.6.11) '21 =

pn

Muu



'

]')'([ 1 IXXXX  VQXXX 11 ')'(   ,             (1.6.12) 

http://www.ijfmr.com/


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR260483532 Volume 8, Issue 4, July-August 2026 10 

 

'13 = uXXQQXXX
pn

Muu 111 )'(')'(
)(

 



 ]')'( 1 IXXX  ,            (1.6.13) '22 =

VQXXX
pn

Muu 11

2

')'(
'  










QV 1'  ')'( 1 XXX  ,                     (1.6.14) 

Here it is easy to verify that for normally distributed disturbances 

]'[ 11E = )]21(')'([ 12    XXXXIn
.                          (1.6.15) 

]'[ 21E = 0.                   (1.6.16) 

]'[ 31E = [ 111 )'(')'(   XXQQXXX - 1)'( XXX .            

 11 )'('  XXQQ ].                (1.6.17) 

]'[ 22E = QQXXX
pn

pn 11 ')'(
)2(  











')'( 1 XXX  .                   (1.6.18) 

Utilizing the results (1.6.16), (1.6.17), (1.6.18), (1.6.19) in (1.6.10) obtain the result (1.4.8) of the 

Theorem 1.1. 

Again, 

]ˆ[]'ˆ[ TTTT MM  = ]'[ 11

2  + ]''[ 1221

3    

+ ]'''[ 132231

4   .              (1.6.19) 

where, 

11 ' = ]')'([' 1 IXXXXu  uIXXXX ]')'([ 1  .             (1.6.20) 

12 ' =
pn

Muu




QV 1'  ')'( 1 XXX  uIXXXX ]')'([ 1  .            (1.6.21) 

31 '  =
)(

'

pn

Muu


 ]')'([' 1 IXXXXu  QQXXX 11 ')'(   uXX 1)'(  .      (1.6.22) 

22 ' =

2

'









 pn

Muu
QV 1'  1)'( XX VQ 1'  .              (1.6.23) 

It can be verified that 

]'[ 11 E = ])21([ 22 pn   .                (1.6.24) 

]'[ 12 E = 0.                    (1.6.25) 

]'[ 31 E = ]1[ 







p

i
i

j
j

1

*





.                 (1.6.26) 

]'[ 22 E = 












pn

pn )2(







p

i
i

j
j

1

*





.                (1.6.27) 

By using (1.6.24), (1.6.25), (1.6.26) and (1.6.27) in (1.6.19) we obtain the result (1.4.9) of the Theorem 

1.1. 
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Theorem 1.2: 

From (1.2.1), (1.2.2), (1.2.3), (1.2.6), (1.2.9), (1.2.13) and (1.3.5) 

We have, 

)(ˆ kTM
 = )(kXbM

  =   MbkZIX 1 . 

 

= uXXZkXZX '11     + VQXZ
pn

Muu 112 '
'  


  

uXXXQQXZ
pn

Muu
')'('

' 1113  


 . 

Now   )()1()( YEYTYT   . 

and    )ˆ( TTM  = UIXXZkXZ n )'( 11    + VQXZ
pn

Muu 112 '
'  


  

uXXXQQXZ
pn

Muu
')'('

' 1113  


 , 

)(ˆ kTM
- T  = 3

3

2

2

1
 

o .                     (1.6.28) 

where , 

 1

0

 kXZ ,                  (1.6.29) uIXXZk n )( )

1

1   
, 

              (1.6.30) 

VQZX
pn

Muu 11

2 '
'  










 ,                  (1.6.31) 

3


uXXXQQZX
pn

Muu
')'('

' 111  









 ,                                    (1.6.32) 

Here it is easy to see that for normally distributed disturbances 

 0E  = 1 kXZ .                  (1.6.33) 

      0321   EEE  .                (1.6.34) 

Utilizing the expression (1.6.33) and (1.6.34) in (1.6.28) yields the result (1.4.10) of the Theorem 1.2. 

Now , 

   TkTTkT
MM

)(ˆ)(ˆ = 00
 +  

011
 

o + ]'[ 11

2   

+  
30121203

3 ''   +
4  

132231
   

+
4  

132231
     .        (1.6.35) 

where, 

00 = XZXZk   112  ,                           (1.6.36) 

1 
o = 1 kXZ . )(' 1

nIXXZu  ,            (1.6.37) 

'11 = )(')( 11

nn IXXZuuIXXZ    ,               (1.6.38) 

12 ' = VQZX
pn

Muu 11 '
'  










)(' 1

nIXXZu  ,               (1.6.39) 
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03 ' = uXXQQZX
pn

Muu
k 111 )'('

'  









'' 1 XZ  ,              (1.6.40) 

13 = uXXXQQZX
pn

Muu
')'('

' 111  









 )(' 1

nIXXZu  ,       (1.6.41) 

22 = XQZVVQZX
pn

Muu 1111

2

''
'  










,               (1.6.42) 

It is easy to verify that 

  XZXZkE   112

10  .                 (1.6.43) 

        021302010   EEEE .                                       (1.6.44) 

   XXZXXZXXZIE n
  1112

11 2 .                         (1.6.45) 

   XQZQXXXXQZQXZE   111111

31 ')'('  .                              (1.5.46) 

  XQZQXZ
pn

pn
E 












  111

22 '
2

 .                                                 (1.6.47) 

Utilizing expressions (1.6.43), (1.6.44), (1.6.45), (1.6.46) and (1.6.47) in (1.6.35) yields theresult 

(1.4.11) of the Theorem 1.2. 

  TkTTkT MM  )(')( =
00 +  o 110

 + ]'[ 11

2   

+  031

'

22130

3 ''    

+
4  1

'

3223

'

1   .               (1.6.48) 

where , 

00 =  112   XZXZk ,       (1.6.49) 

10 = XZk  1 uIXXZ n )( 1  ,      (1.6.50) 

11 ' = )(' 1

nIXXZu  uIXXZ n )( 1  ,     (1.6.51) 

13'  = 











pn

Muu'
XQZQXXXu 111 ')'('   uIXXZ n )( 1  ,  (1.6.52) 

22 = VQZXXQZV
pn

Muu 1111

2

''
'  










,     (1.6.53) 

It can be easily verified that 

][ 00E =  112   XZXZk .      (1.6.54) 

0][ 10 E .        (1.6.55) 

]'[ 11 E =  
2

1

1

2

1

12

)()(

2
























p

i
i

p

i
i

p

i
i

p

i
i

kk

n








   .  (1.6.56) 
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]'[ 13E =



























p

i
i

J

j
j

p

i
i

k
1

2

1

*

1

)(



-



























p

i
i

J

j
j

k
1

1

*

)(



 .   (.6.57) 

][ 22E = 












pn

pn 2



























p

i
i

J

j
j

p

i
i

k
1

2

1

*

1

)(



.    (1.6.58) 

Using (1.6.54), (1.6.55), (1.6.56), (1.6.57) and (1.6.58) in (1.6.48) we obtain the result (1.4.12) of the 

Theorem 1.2. 

 

Theorem 1.3: 

From (1.2.1), (1.2.2) and (1.3.4) we can write 

)ˆ( TTML  = 
*

0 + *

1 +
2 *

2 +
*

3

3 +
*

4

4 .    (1.6.59) 

where, 
*

0  = )( LFIX  ,      (1.6.60) 

*

1  = uIXXXXF nL )')'(( 1  ,     (1.6.61) 

*

2  = 








 pn

Muu'
VQXXXFL

11 ')'(   ,    (1.6.62) 

*

3  = 











pn

Muu'
uXXXQQXXXFL ')'(')'( 111   ,    (1.6.63) 

*

4  = 

2

'












pn

Muu
VQXXQQXXXFL

1111 ')'(')'(   ,  (1.6.64) 

Here it is easy to verify that 

E ][ *

0  = )( LFIX  .       (1.6.65) 

E [
*

1 ] = E [
*

2 ] = E [
*

3 ] = E [
*

4 ] = 0.     (1.6.66) 

Utilizing (1.6.65) and (1.6.66) in (1.6.59) we obtain the result (1.4.13) of the Theorem 1.3. 

[ )ˆ( TTML  )'ˆ( TTML  ] = 
*

0 '*

0 + [
*

0
'

1
* +

*

1
'

1
* ]  +

2 [
*

0 '*

2 + '*

11 +
*

2 '0 ] 

+
3 [

*

0 '*

3 +
*

2 '*

1 +
*

1 '*

2 +
*

3 '*

0 ] 

+
4 [

*

0 '*

4 +
*

1 '*

3 +
*

2 '*

2 +
*

3 '*

1 +
*

4 '*

0 ].       (1.6.67) 

where , 
*

0 '*

0 = ')'(')( XFIFIX LL   ,      (1.6.68) 

*

0 '*

1 = )( LFIX  . )')'((' 1

nL IXFXXXu  ,     (1.6.69) 

*

0 '*

2 = 











pn

Muu'
)( LFIX  '')'(' 11 XFXXQV L

 ,    (1.6.70) 
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'*

11 = uIXXXXF nL )')'(( 1  )')'((' 1

nL IXFXXXu  ,    (1.6.71) 

*

0 '*

3 = 








 pn

Muu'
)( LFIX  uXXXQQXXXFL ')'(')'( 111   ,  (1.6.72) 

*

2 '*

1 = 








 pn

Muu'
VQXXXFL

11 ')'(   )')'((' 1

nL IXFXXXu  ,  (1.6.73) 

*

0 '*

4 =

2

'









 pn

Muu
)( LFIX  ')'(' 111 QQXXQV   . '')'( 1 XFXX L

 .   (1.5.74)    

      
*

1 '*

3 = 








 pn

Muu'
uIXXXXF nL )')'(( 1 

')'(' 11 QQXXXu   '')'( 1 XFXX L

  

(1.6.75) 

*

2 '*

2 =

2

'









 pn

Muu
VQXXXFL

11 ')'(   '')'(' 11 XFXXQV L

 ,               (1.6.76) 

It is easy to see that for normally distributed disturbances 

0[E ]'*

0 = ')'(')( XFIFIX LL   .              (1.6.77) 

E[
*

0 '*

1 ]=E[
*

0 '*

2 ]=E[
*

0 '*

3 ]=E[
*

0 '*

4 ]=E[
*

2 '*

1 ]=0.           (1.6.78) 

]'[ *

11E = )'')'(')'(([ 112 XFXXXXXXXFI LLn

  ]'')( 1 XFXXXF LL

 .    .   

                          (1.6.79) 

E [
*

1 '*

3 ] = 1111 )'(')'(')'([   XXXFXXXQQXXXF LL  

]'')'(' 11 XFXXQQ L

 .              (1.6.80) 

*

2[E ]'*

2 = 












pn

pn 2
'')'(')'( 111 XFXXQQXXXF LL

  .                 (1.6.81) 

Utilizing (1.6.77), (1.6.78), (1.6.79) (1.6.80) and (1.6.81) in (1.6.67) we obtain the result (1.4.14) of the 

Theorem 1.3 and again, 

[ )'ˆ( TTML  )ˆ( TTML  ] = '*

0
*

0 + [
'

1
* *

0 +
'

0
* *

1 ] 

+
2 [ '*

2
*

0 +
*

11 ' + '0
*

2 ] 

+
3 [ '*

3
*

0 + '*

1
*

2 + '*

2
*

1 + '*

0
*

3 ] 

+
4 [ '*

4
*

0 + '*

3
*

1 + '*

2
*

2 + '*

1
*

3 + '*

0
*

4 ].  (1.6.82) 

where, 

'*

0
*

0 =  )(')'(' LL FIXXFI  ,      (1.6.83) 

'*

1
*

0 = )')'((' 1

nL IXFXXXu   )( LFIX  ,     (1.6.84) 

'*

2
*

0 = 











pn

Muu'
'')'(' 11 XFXXQV L

 )( LFIX  ,    (1.6.85) 
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'*

11 = )')'((' 1

nL IXFXXXu  uIXXXXF nL )')'(( 1  ,    (1.6.86) 

*

3

*

0 ' = 








 pn

Muu'
')'(' XFI L uXXXQQXXXFL ')'(')'( 111   ,  (1.6.87) '*

1
*

2 =










 pn

Muu'
)'')'((' 1

nL IXFXXXu  VQXXXFL

11 ')'(   ,   (1.6.88) 

'*

4
*

0 =

2

'









 pn

Muu
')'(' 111 QQXXQV   '')'( 1 XFXX L

 )( LFIX  . 

(1.6.89) 

'*

3
*

1 = 








 pn

Muu'
')'(' 11 QQXXXu   '')'( 1 XFXX L


uIXXXXF nL )')'(( 1  , 

(1.6.90) 

*

2 '*

2 = 

2

'









 pn

Muu
'')'(' 11 XFXXQV L

 VQXXXFL

11 ')'(    

'')'(' 11 XFXXQV L

 ,              (1.6.91) 

It can be verified that 

]'[ *

0

*

0 E =  )(')'(' LL FIXXFI  .               (1.6.92) 

E [ '*

1
*

0 ] = E [ '*

2
*

0 ] = E [ '*

3
*

0 ] = E [ '*

4
*

0 ] = E [ '*

1
*

2 ] = 0.       (1.6.93) 

]'[ 1

*

1 E = 

























2

2
2

)1(
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)1(

)(
2

i

i

i

i LL
n








 .           (1.6.94) 

E [
*

1 '*

3 ] =   
2

2**

)1(

)(

)1(

)(


















ii

ij

ii

ij LL








 .           (1.6.95) 

*

2[E ]'*

2 = 












pn

pn 2
2

2*

)1(

)(









ii

ij L




.            (1.6.96) 

By using (1.6.92) (1.6.93) (1.6.94) (1.6.95) and (1.6.96) in (1.6.82) we obtain the result (1.4.15) of the 

Theorem 1.3. 
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