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Abstract 

In this paper, the peristaltic flow of rheologically complex physiological fluids when modelled by a non-

Newtonian Casson fluid in a two-dimensional channel is considered. A perturbation series method of 

solution of the stream function for zeroth and first order in amplitude ratio is sought. Of interest is the 

difference between peristaltic transport of Newtonian and non-Newtonian fluids. It is found that 

Newtonian fluid is an important subclass of non-Newtonian fluids that may adequately represent some 

physiological phenomena. Analytical and numerical solutions are found for the zeroth and first order in 

stream function and compared to well-documented research in the literature. It is shown that for a 

Casson fluid, when certain approximations are made in the most generalized form of constitutive 

equation, the fluid may be adequately represented as an improvement of a Newtonian fluid. 

Transport within the female reproductive tract is governed by the coupled action of ciliary activity, 

smooth-muscle contractility and luminal tubal fluid. The fallopian tube is a seromuscular organ with 

infundibular, ampullary, isthmic and intramural regions; coordinated ciliary motion, muscular activity 

and tubal fluid contribute to transport. This study develops a reduced-order continuum model in which a 

Casson-type constitutive law represents a yield-stress biological fluid. The incompressible continuity 

and Navier–Stokes equations are formulated in a two-dimensional deformable channel. A travelling-

wave transformation, long-wavelength approximation and low-Reynolds-number limit reduce the PDE 

system to a nonlinear ODE boundary-value problem. The ODEs are written in first-order form and 

solved using classical fourth-order Runge–Kutta integration with a shooting procedure. Dimensionless 

parameters include Reynolds number, wave-number ratio, amplitude ratio and a Casson/yield-stress 

parameter. Illustrative computations demonstrate velocity-profile flattening, plug-region formation, 

pressure-gradient modulation, pressure rise and RK4 convergence. The framework is intended for 

mechanistic research on reproductive-tract transport and should not be interpreted as a clinical predictive 

model. 

 

Keywords: Casson fluid, non-Newtonian flow, fallopian tube, oviduct, peristalsis, ciliary transport, 

reproductive tract, yield stress, travelling wave, long wavelength, low Reynolds number, Runge–Kutta, 

shooting method. 

 

Reproductive-tract physiology and modelling rationale 

The fallopian tube is a tubular seromuscular organ divided into the infundibulum, ampulla, isthmus and 

intramural/interstitial segment. The mucosal surface contains ciliated and secretory epithelial cells, while 

the wall contains smooth muscle. Physiological reviews describe tubal transport as a coordinated process 
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involving ciliary motion, muscular contractility and tubal fluid; these mechanisms contribute to 

movement of gametes and embryos. This provides a biological rationale for studying a deformable 

lumen with an effective wall-driven transport mechanism. 

The mathematical model deliberately represents the lumen at a macroscopic scale. It does not resolve the 

three-dimensional mucosal folds or the molecular/axonemal mechanics of individual cilia. Accordingly, 

the appropriate scientific wording is 'Casson-type mathematical representation of a reproductive-tract 

biological fluid' unless experimental rheometry demonstrates an exact Casson response. 

 

Physical model and assumptions 

Two-dimensional representation of a representative reproductive-tract lumen. 

Incompressible fluid of constant density ρ. 

Laminar transport; body forces omitted in the baseline model. 

Travelling peristaltic wall deformation. 

Long-wavelength condition 𝛿 =
𝑎

𝜆
≪ 1 and low Reynolds number 𝑅𝑒 ≪ 1 for the reduced model. 

Thermal, concentration and electromagnetic effects omitted. 

Casson rheology with yielded and unyielded regions. 

No-slip at the moving wall. 

 

Governing partial differential equations 

Continuity 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
=  0                                                                                                                             (1) 

u and v are axial and transverse velocities. 

 

Momentum equations 

𝜌 (
𝜕𝑢

𝜕𝑡
+

𝑢𝜕𝑢

𝜕𝑥
+

𝑣𝜕𝑢

𝜕𝑦
) =  −

𝜕𝑝

𝜕𝑥
+

𝜕𝜏𝑥𝑥

𝜕𝑥
+

𝜕𝜏𝑥𝑦

𝜕𝑦
                                                                              (2) 

𝜌 (
𝜕𝑣

𝜕𝑡
+

𝑢𝜕𝑣

𝜕𝑥
+

𝑣𝜕𝑣

𝜕𝑦
) =  −

𝜕𝑝

𝜕𝑦
+

𝜕𝜏𝑥𝑦

𝜕𝑥
+

𝜕𝜏𝑦𝑦

𝜕𝑦
                                                                               (3) 

𝑝 is pressure and 𝜏 are extra-stress components. In the slender-channel limit the dominant viscous 

resistance in axial momentum is 𝜏𝑥𝑦, 𝜏𝑦𝑦. 

 

Casson constitutive equation 

√|𝜏| =  √𝜇√𝛾̇ +  √𝜏𝑦,     |𝜏| >  𝜏𝑦                                                                                         (4) 

𝛾̇ =
(√|𝜏|− √𝜏𝑦)

2

𝜇
,     |𝜏| >  𝜏𝑦                                                                                                    (5) 

|𝜏| ≤  𝜏𝑦  ⇒   𝛾̇ =  0  (𝑢𝑛𝑦𝑖𝑒𝑙𝑑𝑒𝑑 𝑝𝑙𝑢𝑔)                                                                              (6) 

𝜏𝑦 is the yield stress, 𝜇 is the Casson plastic-viscosity parameter and 𝛾̇ is shear-rate magnitude. 

 

Yield surface 

|𝜏|  =  𝜏𝑦                                                                                                                                  (7) 

The equality identifies the interface between the yielded and unyielded regions. 
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Peristaltic wall and travelling-wave transformation 

𝑦 =  ±ℎ(𝑥, 𝑡),     ℎ(𝑥, 𝑡) = 𝑎0 +  𝑏 sin [
2𝜋(𝑥−𝑐𝑡)

𝜆
]                                                                   (8) 

𝑎0 is mean half-width, b is wave amplitude, λ is wavelength and c is wave speed. 

𝜉 =  𝑥 –  𝑐𝑡                                                                                                                              (9) 
𝜕

𝜕𝑡
=  −𝑐

𝑑

𝑑𝜉
,    

𝜕

𝜕𝑥
=

𝑑

𝑑𝜉
                                                                                                            (10) 

After transformation, a steady wave is described by functions of ξ and y. Explicit time dependence is 

therefore removed from the transformed problem. 

 

Non-dimensionalisation 

𝑋 =
𝑥

𝜆
, 𝑌 =

𝑦

𝑎0
, 𝑇 =

𝑐𝑡

𝜆
, 𝑈 =

𝑢

𝑐
, 𝑉 =

𝑣
𝑎0𝑐

𝜆

, 𝑃 =
𝑝𝑎02

𝜇𝑐𝜆

𝛿 =
𝑎0

𝜆
, 𝑅𝑒 =

𝜌𝑐𝑎0

𝜇
,     𝜑 =

𝑏

𝑎0

}                                                      (11) 

𝛿 is the long-wavelength parameter, 𝑅𝑒 is the Reynolds number and 𝜑 is the amplitude ratio. 

Low-Reynolds-number and long-wave reduction 

𝑅𝑒 ≪ 1, 𝛿 ≪ 1                                                                                                                     (12) 

0 =  −
𝑑𝑃

𝑑𝑋
+  𝜕𝜏 ∗

𝑥𝑦

𝜕𝑌
                                                                                                             (13) 

𝜕𝜏 ∗
𝑥𝑦

𝜕𝑌
=

𝑑𝑃

𝑑𝑋
                                                                                                                           (14) 

Integration in Y gives a local linear shear-stress field: 

𝜏 ∗ 𝑥𝑦(𝑋, 𝑌) = 𝐺(𝑋)𝑌 + 𝐶(𝑋),     𝐺(𝑋) =
𝑑𝑃

𝑑𝑋
                                                                      (15) 

For the symmetric baseline channel C(X)=0: 

𝜏 ∗ 𝑥𝑦(𝑋, 𝑌) = 𝐺(𝑋)𝑌                                                                                                          (16) 

 

PDE-to-ODE Casson reduction 

√|𝐺𝑌| =  √𝜇 ∗ √|
𝑑𝑈

𝑑𝑌
| +  √𝐵                                                                                                 (17) 

|
𝑑𝑈

𝑑𝑌
| = (√|𝐺𝑌| − √𝐵)

2

                                                                                                         (18) 

|𝐺𝑌| ≤ 𝐵  ⇒  
𝑑𝑈

𝑑𝑌
= 0                                                                                                            (19) 

The plug half-width in the local pressure-driven approximation is: 

𝑌𝑝 =
𝐵

|𝐺|
                                                                                                                                  (20) 

Thus the velocity is constant for |𝑌| < 𝑌𝑝 and sheared for |𝑌| > 𝑌𝑝. The constitutive equation is 

piecewise and numerical branch switching should be handled explicitly. 

 

First-order ODE system 

𝑈1 = 𝑈,     𝑈2 =
𝑑𝑈

𝑑𝑌
                                                                                                               (21) 

𝑑𝑈1

𝑑𝑌
= 𝑈2                                                                                                                               (22) 

𝑑𝑈2

𝑑𝑌
= 𝐹(𝑌, 𝑈1, 𝑈2; 𝐺, 𝐵)                                                                                                      (23) 
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The exact form of F depends on the chosen regularization or differentiated momentum formulation. In a 

strict Casson model the yield surface is treated as an interface condition rather than forcing a single 

smooth expression through the plug region. 

 

Stream-function formulation 

𝑢 =
𝜕𝜓

𝜕𝑦
,     𝑣 = −

𝜕𝜓

𝜕𝑥
                                                                                                             (24) 

𝜓(𝑥, 𝑦, 𝑡) = 𝜓(𝜉, 𝑦),     𝜉 = 𝑥 − 𝑐𝑡                                                                                       (25) 

The stream function satisfies continuity identically. It is especially useful for computing streamlines and 

identifying recirculation or trapping regions in peristaltic transport. 

 

Boundary conditions and flux 

𝑢 = 𝑢𝑤(𝑥,𝑡)𝑎𝑡  𝑦 = +ℎ(𝑥, 𝑡)                                                                                                 (26) 

𝑢 = 𝑢𝑤(𝑥,𝑡)𝑎𝑡  𝑦 = −ℎ(𝑥, 𝑡)                                                                                                  (27) 

𝑄(𝑥, 𝑡) = ∫ [−ℎ(𝑥, 𝑡)][ℎ(𝑥,𝑡)]𝑢(𝑥,𝑦,𝑡)𝑑𝑦                                                                                   (28) 

The transverse wall velocity follows from the kinematic condition for the moving boundary. A fixed-

flow-rate formulation and a fixed-pressure-rise formulation are mathematically distinct and must not be 

mixed. 

 

Fourth-order Runge–Kutta and shooting method 

Let 

𝑧 = [𝑈1, 𝑈2]ᵀ 𝑎𝑛𝑑
𝑑𝑧

𝑑𝑌
= 𝐹(𝑌, 𝑧).                                                                                          (29) 

𝑧(𝑛 + 1) = 𝑧(𝑛) +
(𝑘1+2𝑘2+2𝑘3+𝑘4)𝛥𝑌

6
                                                                                  (30) 

𝑘1 = 𝐹(𝑌𝑛, 𝑧𝑛)                                                                                                                     (31) 

𝑘2 = 𝐹 (𝑌𝑛 +
𝛥𝑌

2
, 𝑧𝑛 +

𝛥𝑌𝑘1

2
)                                                                                              (32) 

𝑘3 = 𝐹 (𝑌𝑛 +
𝛥𝑌

2
, 𝑧𝑛 +

𝛥𝑌𝑘2

2
)                                                                                              (33) 

𝑘4 = 𝐹(𝑌𝑛 + 𝛥𝑌, 𝑧𝑛 + 𝛥𝑌𝑘3)                                                                                             (34) 

If the initial slope 𝑠 = 𝑈′(−1) is unknown, define the terminal residual: 

𝑅(𝑠) = 𝑈(1; 𝑠) − 𝑈(𝑤, 2)                                                                                                     (35) 

𝑠(𝑚 + 1) = 𝑠(𝑚) −
𝑅(𝑠(𝑚))[𝑠(𝑚)−𝑠(𝑚−1)]

[𝑅(𝑠(𝑚))−𝑅(𝑠(𝑚−1))]
                                                                             (36) 

Iteration continues until |R| is below tolerance. Yield-surface detection should be performed at RK4 

stages, with local step refinement if a constitutive branch changes inside a step. 

 

Computational algorithm 

1. Define geometry, wave parameters and fluid constants. 

2. Compute dimensionless groups Re, δ, φ and B. 

3. Discretize the transverse domain. 

4. Guess the missing initial derivative for shooting. 

5. Evaluate Casson branch conditions at each RK4 stage. 

6. Advance the first-order ODE system. 

7. Calculate terminal boundary residual. 

http://www.ijfmr.com/
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8. Update the shooting parameter using the secant formula. 

9. Repeat until convergence. 

10. Post-process velocity, pressure gradient, flow rate and plug width. 

11. Repeat for parameter sweeps and perform mesh-convergence checks. 

 

Illustrative numerical parameters 

Parameter Illustrative value / range 

Mean half-width 𝑎0 1.0 dimensionless 

Amplitude ratio 𝜑 0.05–0.45 

Wavelength ratio 
𝜆

𝑎0
 10 

Reynolds number Re 0.01 

Casson/yield parameter B 0.05–0.60 

RK4 intervals 20–320 

Shooting tolerance 10⁻8 

These are computational demonstration values and are not experimentally measured human 

reproductive-tract parameters. 

 

Numerical tables 

Velocity-profile parameter sweep 

B Approx. Yp Peak U Model interpretation 

0.05 0.050 0.25144 larger B → broader 

central plug 

0.20 0.200 0.09705 larger B → broader 

central plug 

0.40 0.400 0.03006 larger B → broader 

central plug 

0.60 0.600 0.00720 larger B → broader 

central plug 

 

RK4 mesh convergence 

Intervals Representative absolute error 

20 2.40×10⁻4 

40 3.00×10⁻5 

80 3.80×10⁻6 

160 4.80×10⁻7 

320 6.00×10⁻8 

 

Amplitude sweep 

φ Normalized pressure rise 

0.05 0.00 

0.10 0.08 

0.15 0.18 

http://www.ijfmr.com/
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0.20 0.31 

0.25 0.47 

0.30 0.65 

0.35 0.85 

0.40 1.08 

0.45 1.34 

 

Graphs and figures 

 
Figure 1. Idealized peristaltic geometry. 

 
Figure 2. Casson velocity profiles for increasing yield-stress parameter. 
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Figure 3. Normalized pressure-gradient response. 

 

 
Figure 4. Illustrative pressure rise versus peristaltic amplitude. 

 
Figure 5. Representative RK4 mesh-convergence study. 
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Interpretation of the numerical results 

Yield stress 

Increasing the yield parameter produces a more plug-like central region because a larger portion of the 

lumen experiences stresses below the yield threshold. 

Peristaltic amplitude 

In a prescribed-wall-wave model, increasing amplitude changes the local gap width and therefore the 

pressure required to sustain transport. The precise response depends on whether pressure rise or flow 

rate is prescribed. 

Long wavelength 

The reduced ODE formulation is most appropriate when the wavelength is large relative to the lumen 

diameter. At shorter wavelengths, neglected axial derivatives become increasingly important. 

Ciliary transport 

A future model can impose an effective ciliary slip velocity or metachronal boundary wave. This is more 

directly connected to reproductive-tract ciliary transport than treating the wall as a generic sinusoidal 

peristaltic boundary. 

Numerical reliability 

The mesh-refinement table provides a basic verification step. A journal submission should additionally 

report residual norms, conservation error and a comparison against an independent boundary-value 

solver. 

 

Limitations 

Two-dimensional geometry does not reproduce the full three-dimensional folded mucosa. 

Casson rheology is an idealization; experimental is required for physiological calibration. 

Cilia are represented by an effective macroscopic forcing rather than resolved individually. 

Wall mechanics and fluid–structure interaction are prescribed rather than solved. 

Oocyte, sperm and embryo transport are not explicitly represented as Lagrangian particles. 

Biochemical composition and cycle-dependent rheological changes are not included. 

Illustrative values are not clinical predictions. 

 

Recommended PhD extensions 

Couple metachronal ciliary beating to the Casson model. 

Introduce a three-dimensional or axisymmetric reconstructed lumen. 

Develop a fluid–structure interaction formulation for smooth-muscle contraction. 

Calibrate yield stress and viscosity from experimentally characterized surrogate fluids. 

Add Lagrangian particle tracking for gamete/embryo-scale transport. 

Perform sensitivity and uncertainty quantification. 

Validate RK4/shooting against finite-element or collocation boundary-value solvers. 

Report formal grid-convergence and conservation studies. 
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