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Abstract

In this study, we present a three-state linear population model that describes the dynamics of the labour
market behaviour. The population has been divided into the categories of employed population (X(t)),
unemployed population (Y(t)), and structurally unemployed population (Z(t)). This study discusses the
qualitative properties of the model, including the non-negativity, and boundedness of solutions. We also
determine its equilibrium point and discuss its local and global asymptotic stability. The impact of different
values of the parameters is analyzed by discussing their sensitivity. Numerical simulations are conducted
to confirm the main theoretical findings through MATLAB software.
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1 Introduction

The labour market depends mainly on two factors: labour supply and labour demand. Studying labour
market behaviour tells us how well the economy is doing and how it affects people’s lives 1. Most
importantly, the unemployment rate tells us how many people want to work but can not find jobs.
Unemployment is known as one of the most important problems worldwide, with significant social as well
as psychological impact on both individuals and society 2. Technological change is one of the major
challenges of the 21th century, with significant implications for the labour market. Introducing new
technologies to a business reduces the need for labour; many workers have lost their jobs 3. The forces
that have contributed to the structural displacement of labour throughout the past 100 years are: skill
mismatch induced by structural shifts from manufacturing costs, offshoring to countries with lower
manufacturing costs, the rise of automation and advance technologies, and the increasingly financialized
nature of the global economy 4. Structural unemployment arises through the inability or the failure of
labour to adapt to changes in technology and changing demand so that unemployment becomes
concentrated for long periods of time among specific occupational groups in particular areas, while
elsewhere employers are seeking workers but of a different type with different qualifications to the
unemployed 5.

Many educational institutions produce academically qualified graduates without providing them with the
skills required by the employment market, which results in increased unemployment. It is essential to
develop appropriate skills among young individuals so that they can effectively utilize their potential in
industries and public-sector organizations or become self-employed. Investing in skill development and
training for young people is vital for strengthening economic growth 6. Recently, researchers are working
in the field of labour market economics through the application of mathematical modelling techniques.
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Some of the research work involves the state variables: unemployed population, employed population,
and available vacancies 781011. Other research work involves the state variables: employed population,
structurally unemployed population, and cyclical unemployment population 9.

1.1 Research gap and novelties of the current work

Existing unemployment mathematical models investigated the dynamic behaviour of the labour market,
including skill development, time delays, cyclical unemployment, and limited job vacancies. However,
they do not introduce structural unemployment within a single dynamical framework. In particular, the
interaction between employed workers, unemployed workers, structurally unemployed workers, and
reskilling process remains comparatively less explored. Incorporating these distinct states can provide a
more realistic representation of the labour-market transitions and underlying dynamics of the labour-
market.

This study presents a three-state linear dynamical model consisting of the employed population (X(t)),
the unemployed population (Y(t)), and the structurally unemployed population (Z(t)). The
proposed system is mathematically analyzed by establishing the non-negativity and
boundedness of solutions and determining the equilibrium point and its local and global
asymptotic stability. Furthermore, numerical simulations are performed to examine the temporal
dynamics of the three labour-market states and to illustrate how variations in the reskilling rate
influence structural unemployment and overall labour-market dynamics.

The paper is organized as follows. Section 2 of this paper discusses the formulation of the proposed
model along with detailed analysis. In section 3, we carry out a qualitative analysis of the model, which
includes the schematic representation of the model (2.1), basic properties such as non—negativity and
boundedness of solutions, and an investigation of the equilibrium point with the analysis of both
local and global stability. Section 4 presents numerical simulations of the model, offering valuable
insights and clear geometric interpretations of the system dynamics. Finally, Section 6 presents the
concluding remarks of the study.

2 Model Formulation

We formulate a linear differential equation model showing the dynamics of labour market with the state
variables, employed population (X(t)), unemployed population (Y(t)), and structurally
unemployed population (Z(t)). The proposed model is given below:

dx
Z oY — B+t X,

dy
=yX — (¢ + p + DY + 6Z, (2.1)

dt
dz =Y (n + 6)72
dt H :

With initial conditions,
X()=0,Y(t) =0,and Z(t) = 0.

The model assumptions are:
e The model describes dynamics of the labour market incorporating the state variables: the employed
population (X(t)), the unemployed population (Y(t)), and the structurally unemployed
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population (Z(t)).

e Unemployed individuals gain employment at a constant rate a. However, employed individuals
transition to the standard unemployed pool at a constant rate y.

e Employed individuals exit the active labour market through retirement at a proportional rate .
Individuals across all three categories exit the labour system at a uniform natural mortality
rate u.

e Unemployed individuals transition into structural unemployment at a constant rate A due to skill
mismatches or structural shifts.

e Structurally unemployed individuals re—enter the standard unemployed job—seeking pool at a
constant rate y through reskilling or retraining programs.

e The labour market is assumed to be closed; there is no external inflow of new workers or
recruitment into the workforce over time.

The conceptual framework of the model (2.1) is illustrated in Figure 1 given below:

(H+B) u
| a 6 |
X(t) Y(1) Z(t)
— —

Figure 1 The Schematic diagram for the model (2.1)

Table 1 describes the variables and parameters used in the model (2.1)

Symbol Definition Dimension
X (V) individuals who are employed person
Y (1) unemployed individuals person
Z (1) structurally unemployed individuals person
o rate of transition from unemployed to employed time 1
B retirement rate time 1
H natural mortality time 1
y rate of job loss due to unethical work time 1
0 rate of structurally unemployed workers returning to unemployed throughtime 1
reskilling
A rate at which unemployed workers become structurally unemployed time 1

Table 1: The meaning of the parameters and the state variables
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3 Qualitative analysis of the model

3.1 Basic Properties of the model (2.1)

3.1.1 Non-negativity and boundedness of solution of the model (2.1)

Proposition 3.1. The set 2 = {(X,Y,Z) ER3|X = 0,Y = 0,Z = 0}. Is positively invariant for all time
t = 0 under the system (2.1).

Proof. To show that the region R is positively invariant, we evaluate the direction of vector fields
on the boundary faces of the non-negative octant.

WhenX =0,Y>0,Z >0,

dXxX oV > 0
dt|x=0—“ =
When Y=0,X>0,Z=>0,
av X +6Z =0
When Z=0,X>0,Y >0,
dz

Since, all the derivatives are non-negative at each boundary plane. Thus, the solution (X(t), Y (t), Z(t))
of the system (2.1) is positively invariant for all time t > 0.
Proposition 3.2. All solutions (X(t), Y(t), Z(t) of the system (2.1) that initiate in R3 are uniformly
bounded within the region ()
Proof. Let, N(t) = X(t) + Y (t) + Z(t) denote the total population at any time ¢.
Taking the time derivative of N (t) along the trajectories of the system (2.1) gives:

dN _dX dY dZ

dt " dr ae T ae

o dx dy dz
Now substituting the values of w2 and - We get,
dN ¥ N
P i
= N(t) < —uN (t), (since, —BX < 0)

= N(t) < N (0)e ™
Taking the limit superior t — oo, N(t) < N(0). Therefore, all solutions starting in R3 are
uniformly bounded within the region (2.
3.2 Stability of the equilibrium point of the model (2.1)
Let T* = (X*,Y*, Z") be the equilibrium point of the system (2.1), where X = X*,Y =Y*, Z = Z*. Now,
by substituting these into the right-hand-side of the equations of (2.1), we get,

aY* — (B +u+ )X =0 (3.1)
YX* — (@ + p+ DY* + §Z2* = 0 (3.2)
AY* — (u+ 86)Z* =0 (3.3)

We calculate the unique economically valid equilibrium point for the system (2.1) is
X*,Y*,z*) =(0,0,0).

3.2.1 Local Stability

The characteristic equation with respect to the equilibrium point T* = (X*,Y"*, Z*) of the model (2.1) is
obtained by computing det[pl; — B] = 0, where p is the eigen value and I5 is the identity matrix
of order 3, and
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- +unu+y a 0
B = % —(a +p+ A o)
0 A —(n + &)

The required characteristic equation is,

p2 + (d+ b+ c)p? + (¢d — 26 + bd + bc)p + becd — AbS + ayd = 0, (3.4)
where,b = +u+y,c=oa+u+1,andd = p + 6.
Since, for a polynomial of degree 3, p> + a;p? + azp + a3 = 0 all roots of the
polynomial have negative real parts if it satisfies a; > 0,a, > 0,a; > 0, and
a,a, > as. Accordingly, we have examined that the characteristic polynomial (3.4) satisfies the
conditions a; > 0,a, > 0,a; > 0,and a;a, > a3, wherea; = d + b + ¢, a, = cd —
A8 + bd + bc,and a3 = bcd — AbS + ayA. Therefore, the eigenvalues are strictly negative
real numbers, which confirms that the equilibrium point T* = (X*,Y"*,Z") is locally asymptotically
stable.
3.2.2 Global Stability
To prove global stability, we construct a linear Lyapunov candidate function,

VX,Y,Z)=X+Y+Z

Since, X,Y,X >0, V(X,Y,Z) = 0 with V(0,0,0) = 0.
Taking the derivative along trajectories of the system (2.1):

dV—dX+dY+dZ— X X +Y + 7
dt dt dt dt B k( )
Since all parameters are positive and X,Y,X > 0,

av

xTs 0 forall (X,Y,Z) € R}

Furthermore, % =0ifandonlyif X =0,Y =0,Z = 0.

It is seen that the time derivative,
d_V_{O, for (X,Y,Z2) = (X *Y *,Z *)
dx <0, for(X,Y,Z) # (X *,Y =*,Z *)

By LaSalle’s Invariance Principle, the unique equilibrium point of the system (2.1) is globally
asymptotically stable.

4 Numerical Simulation

In this section, we will verify the analytical results by means of numerical simulations of the model
(2.1). For this purpose, we consider the values of the parameters given in Table 2, which are taken
from different sources listed.

Parameters Values [Justification/Source

o 0.40 Assumed benchmark for job finding rate

s 0.015  |Based on average career duration( 40 years)

vl 0.01 Standard demographic mortality assumption
y 0.05 Assumed parameter for baseline illustration
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0 0.08 Reflects duration required for structural retraining
A 0.10 Assumed structural transition rate

Table 2: Parameter values taken into consideration for numerical simulations
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Figure 2: Numerical simulations showing time-dependent dynamics of labour market categories: (a)
employed population (X(t)), (b) unemployed population (Y(t)), (c) structurally unemployed population
(Z(t)), and (d) combined dynamics of the labour market.

Figure 2 presents a numerical simulation demonstrating the time—dependent dynamics of the labour
market over the time horizon t = 0tot = 100. Between t =0andt = 10, the labour market
undergoes rapid initial friction resolution and skill re—allocation. Unemployed workers (Y ) are
rapidly absorbed into active employment (X), whereas structural displacement (Z) increases sharply to
its peak. A major economic shock or technological transition triggers rapid hiring while simultaneously
making existing skills obsolete. While standard unemployed individuals (Y ) are able to find jobs, a
substantial part of the labour force becomes structurally unemployed (Z) due to immediate skill
mismatches with the demands of the labour market. The employed population (X) continues to be
the dominant labour category throughout this period.
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Over the time horizon, t = 10 to t = 100, all three populations enter a sustained decline and
gradually stabilize near low equilibrium levels. The graph clearly shows that structural
unemployment remains higher than standard unemployment (Z(t) > Y (t)). The persistence of
Z(t) relative to Y (t) indicates that long-term labour inefficiency is driven primarily by structural
barriers and skill gaps rather than temporary job-matching delays. The overall decline in Z(t)
reflects gradual retraining, reskilling, or labour force exits (e.g., retirement). The simultaneous
long-term decline across all categories suggests broader demographic shifts or systemic market
contraction, with the entire mathematical model stabilizing into a steady state over time.

The graph 2(d) indicates that the employed population (X) consistently dominates the labour
market at all points throughout the simulation horizon. The structurally unemployed population (£)
surpasses standard unemployment (Y ) shortly after # =5 and remains higher for the rest of the
timeline. Once the short—term job—matching phase passes, structural unemployment becomes a
larger problem than simple unemployment(Z(t) > Y (t)), which highlights that long—term labour
market inefficiency in this system is driven primarily by skill mismatches rather than a lack of job—
seeking activity. Also, graph 2(d) demonstrates that the dynamic differential equations describing the
labour market are stable. The entire system clears its initial volatility and gradually converges toward

a low-level, steady-state equilibrium.
it Combined Labour Marke! Dynamics for Different Reskilling Rates
T ! T

Figure 3: Combined labour market dynamics illustrating the time-dependent trajectories of the
employed (X(t)), unemployed (Y(t)), and structurally unemployed (Z(t)) populations under varying
reskilling rate parameter values.

Figure 3 represents the dynamic behaviour of the labour market over time, when varying the values
of the reskilling rate 6. The employed workers population experiences an initial short—term surge
before undergoing a long-run decline that gradually flattens out toward equilibrium. Initially, the
unemployed worker population starts at a high level, then declines sharply within the first time
period (t < 10) and remains at a relatively low level thereafter. The structurally unemployed
population increases slightly early on as workers transition due to skill mismatches, reaching a peak
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around t = 15 to t = 20, before gradually declining toward a stable low-level baseline. The graph
also indicates that higher values of ¢ correspond to faster worker retraining and more skill
adaptation.

High initial short-term unemployment rapidly drops as workers are absorbed into employment,
resulting in a temporary increase in total employment. Over time, skill mismatches and
technological changes shifts some workers into structural unemployment, which increases
gradually and persists longer than short—term unemployment. A higher reskilling rate helps
displaced workers transition back into the workforce faster, sustaining higher employment and
keeping structural lower compared to slower reskilling. Eventually, labour inflows and outflows
reach a balance, causing all three groups to stabilize at a steady—state equilibrium.

5 Conclusion

This paper analyzes a three—state linear model consisting of three compartments: employed
population, unemployed population, and structurally unemployed population. We establish that the
non—negative orthant is positively invariant, and all solutions remain bounded. The model admits a
unique economically meaningful equilibrium at (X*,Y*,Z*) = (0,0,0). Both local and global
asymptotic stability is verified, and they are found to be stable. Numerical simulations show an
initial rapid reallocation phase followed by monotonic convergence of the population states toward the
equilibrium at the origin. Simulations show that structural unemployment remains consistently higher
than ordinary unemployment, emphasizing the persistent impact of skill mismatches. Moreover, a higher
reskilling rate speeds up the transition of structurally unemployed workers into employment, thereby
maintaining higher overall workforce levels.
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