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Abstract

This paper investigates financial market dynamics through the lens of statistical physics,
focusing on stock market crashes as phase transitions. Following the pioneering work of Gligor
and Ignat (Gligor and Ignat 2001), we develop a detailed mathematical framework using the
Ising model in the Bethe-Peierls (quasi-chemical) approximation (Bethe 1935; Peierls 1936) to
model collective trader behaviour. We demonstrate that financial panics can be conceptualised
as phase transitions in complex adaptive economic networks (Ball and Beck 2014), where
traders are represented as interacting spins on a lattice (Stanley 1971; Majorana 1942). Our
model accounts for local correlations between traders while maintaining computational
tractability, yielding a critical temperature, order parameters, and a specific heat that exhibit
qualitative similarities to empirical financial data (Mantegna and Stanley 2000; Bouchaud and
Potters 2003). We derive model-based indicators for market sentiment, herding intensity, crash
propensity, and systemic risk. We emphasise that these indicators are theoretical constructs;
empirical calibration and out-of-sample validation remain open problems. The results provide
a mathematical foundation for understanding collective trading behaviour and market
instabilities, and move beyond the conceptual limitations of equilibrium economics. We also
present a Glauber-type master equation that embeds the equilibrium Bethe-Peierls solution as
the stationary state of a stochastic relaxation dynamics, thereby clarifying the sense in which
the model describes non-equilibrium behaviour.

Keywords: Econophysics, Phase Transitions, Bethe-Peierls Approximation, Ising Model,
Financial Crashes, Herding Behavior, Market Sentiment, Systemic Risk, Critical Phenomena,
Statistical Physics, Complex Systems, Glauber Dynamics, Quasi-Equilibrium.

1 Introduction

The global financial system is one of the most complex networks ever constructed. Yet for all
its efficiency during normal times, it exhibits a troubling propensity for sudden, catastrophic
failure. From the Tulip Mania of the 1630s to the Global Financial Crisis of 2008, financial
markets have repeatedly transitioned from apparent stability to violent collapse in remarkably
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short periods (Kindleberger and Aliber 2005; Reinhart and Rogoff 2009). These events impose
enormous costs on society and have stubbornly resisted explanation within the dominant
equilibrium-based frameworks of economics (Bachelier 1900; Black and Scholes 1973; Fama
1970; Vasicek 1977; Heath et al. 1992). Classical analyses of speculative manias and debt
dynamics (Fisher 1933; Keynes 1934; Hayek 1945; Soros 1994; Stigler 1964) anticipated many
features of modern financial crises.

This paper argues that the tools of statistical physics—criticality, order parameters, scaling
laws, and universality—offer a powerful way to reconceptualise financial crises, not as
exogenous shocks to an otherwise equilibrium system, but as endogenous phase transitions
arising from the collective dynamics of interacting traders (Sornette 2003, 2017; Kaizoji 2000).
The Bethe-Peierls approximation (Bethe 1935; Peierls 1936) provides a mathematically
tractable yet physically rich framework for understanding how herding behaviour can lead to
the sudden reorganisations we call crashes (Sornette and Johansen 1997, 1998; Cont and
Bouchaud 2000).

1.1 Problem

Financial markets exhibit sudden, violent collapses that impose enormous social costs. These
events have resisted explanation within equilibrium-based paradigms such as the Efficient
Market Hypothesis (EMH) (Fama 1970). Early econophysics work (Mantegna 1991; Lux 1996;
Takayasu et al. 1992; Bak et al. 1997) documented heavy-tailed return distributions and
volatility clustering that are inconsistent with the simple random-walk picture (Mantegna and
Stanley 2000).

1.2 Gap

The EMH treats crises as exogenous shocks to an otherwise equilibrium system. An alternative
view, developed in econophysics, is that crises are endogenous phase transitions of a complex
system operating far from equilibrium (Sornette 2003). However, many econophysics models
either remain purely equilibrium (and thus cannot describe dynamics) or are too complex for
analytical tractability. The Bethe-Peierls approximation offers a middle path: it captures local
correlations beyond mean-field theory while remaining analytically solvable (Bethe 1935;
Peierls 1936; Huang 1963).

1.3 Objective
Our objectives are:

1. To review the econophysics literature on phase transitions in markets (Stanley 1971;
Ma 1976; Yeomans 1992).

2. To derive the Bethe-Peierls approximation for a lattice of interacting traders (Bethe
1935; Peierls 1936).
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3. To compute order parameters, critical temperature, and specific heat (Huang 1963;
Kadanoff 1971).

4. To define model-based indicators and discuss their potential relevance.

5. To embed the equilibrium solution in a Glauber-type relaxation dynamics, clarifying
the non-equilibrium content of the model (Prigogine 1977).

6. To state clearly the limitations of the approach, especially the absence of empirical
calibration.

1.4 Contribution

The main contributions are: (a) a corrected and self-consistent derivation of the Bethe-Peierls
equations for the trader lattice; (b) a corrected critical-temperature formula and its
interpretation; (c) a dynamics section linking the equilibrium solution to a stochastic master
equation; (d) a clear statement of what would be required for empirical validation.

1.5 Scope and Limitations

The model is theoretical. It does not analyse real market data. Parameters € (interaction
strength) and y (coordination number) are not estimated from data. The indicators we define
are model-based and should not be used for policy without empirical calibration. These
limitations are discussed in detail in Sec. 3.9.

1.6 Roadmap

Sec. 2 develops the Ising/Bethe-Peierls framework. Sec. 2.9 presents the Glauber dynamics.
Sec. 3 presents results and discusses implications, limitations, and future work. Sec. 4
concludes.

2 Theoretical Framework: The Ising Model Foundation

2.1 The Spin System Representation

We consider the network of traders as an arrangement of N fixed points forming an n-
dimensional periodic lattice (n = 1,2,3). To each site is attached a spin S; (i = 1, ..., N) which
can take one of two values: S; = +1 (buying / long) or S; = —1 (selling / short). A set of
numbers {S;} specifies a configuration of the whole system (Stanley 1971; Binney et al. 1992).

The rationale for this representation is grounded in the observation that traders in financial
markets, like spins in a magnetic system, influence one another through local interactions,
leading to collective behavior that can be described using the tools of statistical physics
(Majorana 1942; Gurkaynak 2008). Each trader is directly connected with y nearest
neighbours, and there are only two forces that influence his opinion: (a) the opinions of these
y people, and (b) an idiosyncratic signal that he alone receives. Our working assumption,
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following Sornette and Johansen (Sornette and Johansen 1998), is that traders tend to imitate
the opinions of their nearest neighbours, not contradict them. Force (a) tends to create order,
while force (b) tends to create disorder. A crash happens when order wins (every trader
becomes a seller), and normal times are when disorder wins (buyers and sellers disagree with
each other and roughly balance each other out).

2.2 The Energy Hamiltonian

The energy corresponding to a configuration {S;}, in the absence of external fields, is given by:
E{S:} = — Xjy €5 SiS; (1)

where {ij} assigns a pair of nearest spins and €;; is their interaction energy. Because {ij} and

{ji} are not distinct, the sum will have yN/2 terms, with y being the number of nearest
neighbours of a given spin. For a regular lattice with uniform interactions, we set:

€;; = € = constant 2)

2.3 Microstate Characterization

In a given configuration {S;} we term N, the total number of spins "up’ and N_ the total
number of spins ’down’. Each pair of spins from the sum belongs to one of three kinds,
(++),(=—), or (+—), the last being equivalent to (—+). The corresponding numbers of pairs
willbe N, ,, N__, N, _. These numbers are not independent and the relationships between them
can be established as follows: we link by lines each ’up’ spin with its nearest neighbours, to
obtain a total of yN, lines; the number of double lines will then be N, , and the number of
single lines N, _. Thus:

yNi =2Nip + Ny 3)

or interchanging the indices + and —:

YN_=2N__+ N, _ “4)

The total number of spins is conserved:

N, +N_=N )

Solving the three equations simultaneously yields:

N,_=yN, —2N,, (6)

N_.=N-N, %

N__ = INZYNs=N @)
2
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2.4 Order Parameters

We define two order parameters that characterize the state of the market (Stanley 1971; Ma
1976).

Long-Range Order Parameter L: The long-range order parameter measures the net
magnetization (or market bias) across the entire system:

N, —N_ 2N, —N
L = + = + (9)
N N
This can be expressed as:
N 1+L
=" —1<L<1 (10)
N 2

The interpretation of L is straightforward: L = +1 indicates all traders are buying (complete
order), L = —1 indicates all traders are selling (complete order), and L = 0 indicates equal
buyers and sellers (disorder). This is consistent with the spin convention S; = +1 = buying,
S; = —1 =selling.

Short-Range Order Parameter o: The short-range order parameter is defined rigorously as
the normalized excess probability of finding a like pair relative to an uncorrelated state.
Explicitly, let p,, = N,,/(yN/2) be the fraction of nearest-neighbour pairs that are both
“up”. For an uncorrelated (random) configuration with N, /N = (1 + L)/2, the probability that
two neighbouring spins are both “up” is [(1 + L)/2]?. The short-range order parameter is
defined as the normalized deviation from this uncorrelated value:

_ pi+—[(1+L)/2]?
(1+L)/2-[(1+L)/2]?

(11)

so that ¢ = 0 when the pair probability equals the uncorrelated value, 0 = 1 when the pair
probability saturates at its maximum (1 + L)/2, and ¢ = —1 when like-pair correlations are
maximally suppressed. This definition ensures that o — 0 continuously as the system becomes
uncorrelated, and it reduces to 0 = (N, — yN/8)/(yN/8) in the symmetric case L = 0. The
earlier expression N, . /(yN/2) = (1 + 0)/2is recovered in the symmetric limit L — 0; for
general L, Eq. (1) is the correct definition. We use Eq. (1) throughout. This captures the herding
intensity among traders.

2.5 Energy Expression in Terms of Order Parameters

Using the definitions above, we can express the sum over spin products as:

Z{l]}Sl S] = N+_|_ + N__ — N_|__ (12)
Substituting the expressions for N__ and N, _:

YN
2(ijySi Sj = 4Nyy — 2yNy + > (13)
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Using the general definition of ¢ in Eq. (1), we have

N(1+L)
2

N, = , [(1 + a) + 8= L)Z] (14)

4

In the symmetric limit L — 0, Eq. (2) reduces to N,, = yN(1 + 0)/4. The general form
Eq. (2) is used in all numerical calculations.

Substituting Eq. (2) into the expression for }.S;S;:

SapSiS =N o+ 1) + 2| N+ 1) + 2 (15)
= [20(1 + L) — 2L + 1] (16)
The total energy is:
E(L,0) = —€333S;S; = —€5 [20(1 + L) — 2L + 1] (17)
The energy per spin:
E(Z’U) = —ez—y [20(1 + L) — 2L + 1] (18)

In the symmetric limit L — 0, Eq. (18) reduces to E/N = —ey(20 + 1) /2. The general form
Eq. (18) is used throughout the numerical work.

This demonstrates that although the system configuration depends on N numbers, the energy
of a given state depends only on two parameters, N, and N, , (or equivalently L and o).

2.6 The Bethe-Peierls Probability Distribution

The Bethe-Peierls approximation, also known as the quasi-chemical approximation, represents
a significant advancement beyond mean-field theory in statistical physics. Developed by Hans
Bethe and Rudolf Peierls in the 1930s (Bethe 1935; Peierls 1936), this approximation provides
a more accurate description of cooperative phenomena in lattice systems by explicitly
accounting for local correlations between neighboring sites. Its application to cryogenic
systems (Arkharov et al. 1981) and its textbook treatments (Huang 1963; Landau and Lifshitz
1980) are well known.

Let P(s, n) be the probability that a central spin s has n nearest neighbors in the "up" state. For
a central "up" spin:

P(+1,n) = )exp[ﬁe(Zn y)]z" (19)
For a central "down" spin:

Y
P-1,m) = Dexp[ge(y - 2n)]2" 20
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where f = 1/(kT) is the inverse temperature, k is Boltzmann’s constant, T is the absolute
temperature, g is a normalization constant, and z is the activity associated with an "up"
neighbour in the cluster.

The exponential factors can be understood as follows. For a central "up" spin with n "up"
neighbors and (y — n) "down" neighbors, the energy contribution is:

E=—-e[m)EDEHD +F-—n)EFD(=1D] = —€[2n —v] @1

The Boltzmann factor is:

exp(—fE) = exp[fe(2n —v)] (22)
For a central "down" spin with n "up" neighbors, the energy contribution is:
E=—e[(MEDED + @ —n)(1D(=1D)] =—€ly —2n] (23)
The Boltzmann factor is:
exp(—fE) = exp[fe(y — 2n)] (24)
The normalization condition requires:

Y JPHLN) +P(-1Ln)]=1 25)
Substituting the expressions and using the binomial theorem:
q = [exp(—Be) + zexp(Be)]” + [exp(Be) + zexp(—Pe)]” (26)

Equations (24), (25) and (26) are mutually consistent: the binomial sum of Eq. (24) yields
[eP€ + ze~B€]¥, which appears as the numerator of Eq. (27) below, while the binomial sum of

Eq. (25) yields the complementary term [e‘[” €4z ef E]y.

2.7 Determination of Order Parameters

Taking into account the significance of P(+1,n), we have:

1+L N 1
— =% = Zn=oP (+1,1) = _[exp(Be) + zexp(=pe)]¥ @7
=kt =y (nP(+1,n) = Zexp(Be)[exp(Be) + zexp(—Be)]Y ! (28)

These two equations express L and o in terms of the only variable z, which can be computed
by solving a transcendental equation (Huang 1963).

The two bracketed factors in Egs. (27) and (28) are identical, as they must be, since both derive
from the same binomial sum in Eq. (24). The factor zexp(fSe) in Eq. (28) arises from the
derivative z d, acting on the binomial sum.
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2.8 The Transcendental Equation
Taking the ratio of equations (27) and (28):
1+o0 zexp(fe)

1+L exp(fe)+zexp(—Le)

The Bethe-Peierls self-consistency condition requires that the thermal average of a central spin
equals that of a neighbour in the cluster. Denoting p, = (1 + L)/2 and introducing the
standard one-spin closure, we obtain the self-consistency equation

(29)

y—1
) (30)

P+ _ [3B6P++9_BE(1—P+)
1-py4 ePe(1-p)+e=Pep,

where the activity z is then defined implicitly by

1+L [(a+b)—(a—b)L7Y 1
Z = 1—L[(a+b)+(a—b)L ’ €2y

with a = ef€, b = e~P€. Equations (30) and (31) are the self-consistency conditions used in
the numerical solution below.

Remark on the self-consistency equation. The factor (1 + L)/(1 — L) in Eq. (31) reflects the
fact that the density of a single spin is related to that of a neighbour in the cluster by a factor of
(1 4+ L)/(1 — L); this factor is present in the standard Bethe-Peierls (quasi-chemical) closure
and is essential for a self-consistent solution. Setting L = 0 gives z = 1 identically,
corresponding to the symmetric disordered phase. A non-trivial solution L # 0 exists if and
only if the slope of the right-hand side of Eq. (30) with respect to L at L = 0 is greater than
unity, which reduces to the standard Bethe-Peierls condition

tanh(Be) > ﬁ (32)

For T < T,, with kT, given by Eq. (20), the non-trivial root L > 0 is unique and stable. For
T = T, the only physical root is L = 0, z = 1. In the limiting case y = 2, Eq. (32) cannot be
satisfied for any finite T, so L = 0 identically, in agreement with the exact absence of a finite-
temperature phase transition in the one-dimensional Ising model. This consistency check
confirms that Eqgs. (30)—(31) reproduce the known lower-critical-dimension behaviour of the
Bethe-Peierls approximation.

2.9 Glauber Dynamics: Embedding the Equilibrium Solution

The equilibrium distribution above can be obtained as the stationary state of a stochastic
relaxation dynamics (Prigogine 1977). Consider single-spin-flip Glauber dynamics: at each
step, a spin S; is chosen at random and flipped with probability

W(Sl - _Sl) = %[1 — Sitanh(ﬁe Zjeai S])], (33)
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where di denotes the y nearest neighbours. The master equation for the probability distribution
P{S;}t) is

Z_f =2 [W(=S8; = SHP(=5) —w(S; » =SHP(S)I. (34)

The Boltzmann distribution $\mathcal{P} {\rm eq}\propto e"{-\beta E}$ is stationary under
(15). Near T, the order parameter L obeys a relaxational equation of the form

dL _ 1 9F

P _;E + £(t), (35)

where F is the Landau free energy, t; a relaxation time, and ¢ a noise term (Landau and
Lifshitz 1980; Le Bellac 1991). Thus, while the equilibrium Bethe-Peierls solution describes
stationary states, the Glauber dynamics provides a genuine non-equilibrium framework whose
stationary state is the equilibrium solution. This clarifies the sense in which the model can be
said to describe non-equilibrium behaviour: it is a quasi-equilibrium approximation to a
stochastic relaxation process, valid when the dynamics are slow compared to microscopic flip
times.

Important qualification. The stationary state of the Glauber dynamics is the equilibrium
Boltzmann distribution; the dynamics itself does not generate a genuinely non-equilibrium
steady state. The “beyond equilibrium” language in the title should therefore be understood as
referring to the quasi-equilibrium nature of the approximation and to the fact that the model
captures relaxation towards equilibrium, not to a violation of detailed balance. For a true non-
equilibrium extension, one would need to break detailed balance explicitly (e.g., via
asymmetric transition rates or external driving). This remains an open problem.

2.10 Thermodynamic Properties

2.10.1 Internal Energy
The internal energy per spin is given by:
E

ﬁ=—62—y(20—2L+1) (36)

2.10.2 Specific Heat
For T > T,, the specific heat per spin is:

c _ 2ye?  exp(2€/kT)
kKN  (kT)2 [1+exp(2€/kT)]? 37

For T < T,, the specific heat must be computed from the full Bethe-Peierls solution. In the
ordered phase, the specific heat receives contributions from both the ordering and the local
correlations. To leading order in the Bethe-Peierls approximation, the specific heat below T,
can be written as (Huang 1963)

IJFMR260589611 Volume 8, Issue 5, September-October 2026 9



http://www.ijfmr.com/

International Journal for Multidisciplinary Research (IJFMR)

E-ISSN: 2582-2160 e Website: www.iifmr.com e Email: editor@ijfmr.com

__ 2ye?  exp(2€/kT)

(kT)? [1+exp(2€/kT)]? + aCord(T) (38)

where ACord(T) 1is a correction arising from the temperature dependence of the order

parameter L(T). In the Bethe-Peierls approximation, ACord(T) to zero as T — T, , and the
specific heat is continuous at T, in the disordered-phase formula but exhibits a finite jump when
the ordered-phase contribution is included. The jump is

ac = lim ¢(T) — lim c(T) = 2y’ (39)

T—>Ty T-T. (ch)

Fory = 4 and kT, /e = 2.885, this gives Ac/(kN) = 0.96. The values reported in Table 4
below are computed from Egs. (37)—(38) with the numerical L(T) from the self-consistency

equation.

At T/T, = 1.01, Eq. (37) gives ¢/(kN) = 0.21. At T/T, = 1.00, the jump is Ac/(kN) =

2.10.3 The Critical Temperature

The Bethe-Peierls approximation predicts a phase transition at the critical temperature:

—_ 2 (40)
log(y%z)

Fory = 2, log(y/(y —2)) = o, so kT,./e = 0: the 1D chain has no finite-temperature

phase transition. For y > 2, kT, increases with y (higher coordination stabilises order). The

critical temperature marks the threshold where traders coordinate below T, leading to bubbles

and crashes, while above T, markets become efficient and traders act independently. At exactly
T,., maximum volatility and critical behavior emerge, making the market most susceptible to
crashes (Stanley et al. 2000; Laloux et al. 1999).

Corrected relation between fe andt = T /T,. From Eq. (40), we have S.e = %log[y/ (y—
2)]. Since fe = S.€/t, it follows that

pe = ZtZOg [y 3 (0

For y = 4, this gives fe =

g2
2t

Table 1: Critical temperatures for different market structures, obtained from Eq. (40).

1D Chain Market 2 nearest traders (no  No finite-T transition

transmon)

IJFMR260589611 Volume 8, Issue 5, September-October 2026 10
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2D Square Market 4 nearest traders 2.885 2D Ising model
3D Cubic Market 6 nearest traders 4.934 3D Ising model
BCC Market 8 nearest traders 6.953 High coordination
FCC Market 12 nearest traders 10.97 Very high
coordination

2.10.4 Specific Heat Discontinuity

The specific heat exhibits a finite jump (not a divergence) at the critical temperature:

Ac = Tll,r%c(T) — TJLITQ_C(T) (42)

This discontinuity is characteristic of a mean-field-like second-order phase transition (Landau
and Lifshitz 1980; Kadanoff 1971). It is not a divergence; true divergences appear in exact
2D/3D Ising results, which the Bethe-Peierls approximation does not capture. As Gligor and
Ignat (Gligor and Ignat 2001) note, there are remarkable similarities between the shapes of the
curves for specific heat in the lambda transition of liquid helium and the theoretical result from
the Bethe-Peierls model, and on the other hand, the empirical financial data from stock market
crashes (Vandewalle et al. 1998; Johansen et al. 2000).

3 Results and Discussion

The results presented in this section are obtained entirely from the analytical Bethe-Peierls
solution developed in Sec. 2. For a given coordination number y and reduced temperature t =
T/T,., the order parameter L is first determined by solving the self-consistency equation (30)
numerically; the activity z and short-range order parameter o then follow from Egs. (31), (27)
and (28), and all thermodynamic and market-based indicators are evaluated as closed-form
functions of L and o alone. No empirical data are used at any stage, so every number reported
in Tables 2—4 and Figs. 1 and 2 is a model output for the stated parameters. The numerical
procedure is summarised below and reproduced in full in Appendix A.

3.1 Numerical Solution Procedure for Tables 2—4

Before presenting numerical results, we state precisely how every number in Tables 2—4 is
obtained from the model. No empirical calibration is performed; the values are model outputs
fory = 4.

Step 1. For a given reduced temperature t = T /T,., compute fe = %log[y/ (y — 2)] using
Eq. (40). For y = 4, log(4/2) = log2, so

IJFMR260589611 Volume 8, Issue 5, September-October 2026 11
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__ logz2
pe ==~ (43)

Step 2. Solve the self-consistency equation (30) for L € (0,1) at fixed fe. This is a single
scalar equation in the unknown L, solved by bisection on L € (0,1) with tolerance 10712, The
trivial root L = 0 is excluded by restricting the bracketto L > 0 for T < T...

Step 3. Given L, evaluate z from Eq. (31), g from Eq. (26), and ¢ from Eq. (28).

Step 4. Compute each indicator from its closed-form definition: MSI = L; Hl = ¢; CPI = 1 —
IL| ; RP=—E/N =¢€y[20(1+L)—2L+1]/2; SRI=(1+4+0)/(1+L); SBl=|L|e?;
STI=1-(SRI—1)%, ME =1 — L2

Table 2 lists the resulting values. Table 4 lists the specific heat from Egs. (37)-(38). All
quantities are deterministic functions of L and o only. The solved z values are listed in
Appendix A.

3.2 Market Sentiment and Herding Behavior

The temperature dependence of the order parameters reveals market dynamics within the
model, as presented in Table 2. The Market Sentiment Index (MSI = L) decreases
monotonically with temperature, indicating that as the market becomes more “energetic”
(higher temperature), trader coordination breaks down (Kaizoji 2000; Kim and Markowitz
1989). At low temperatures (T /T, < 0.5), the model gives MSI > 0.6, corresponding to strong
bullish sentiment. In this regime, the Herding Intensity (HI = o) also exceeds 0.4, confirming
strong local correlation among traders. The Crash Propensity Index (CPI = 1 — |L|) remains
below 0.35, indicating that, within the model, the disordered phase is far away. This is
consistent with the Speculative Bubble Index (SBI = |L| - e?), which exceeds 1.0 in this
regime in the model. The Risk Premium (RP = —E/N) is positive and large in this regime
within the model.

Note on terminology: The quantity CPI =1 — |L| is not a probability. It is a monotone
transform of the order parameter that we use as an index of proximity to the disordered phase.
To avoid implying unwarranted economic validity, we henceforth refer to these quantities as
model-based indices rather than “financial measures” or “risk measures.” The labels “Crash
Propensity Index,” “Systemic Risk Index,” “Market Efficiency,” and “Risk Premium” are
retained for continuity but should be understood as purely descriptive of the model’s internal
variables, not as empirically validated economic quantities. The risk labels
LOW/MODERATE/HIGH/EXTREME in Table 3 are illustrative model-based bands, not
empirically validated thresholds.

CPI(T/T;) =1 —|L(T/T,)]. (44)
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Figure 1: Model-based indicators from the Bethe-Peierls solution (y = 4): temperature
dependence of Market Sentiment, Herding Intensity, Crash Propensity, Specific Heat
(volatility proxy), Systemic Risk, Speculative Bubble Index, Market Efficiency, Stability
Index, and Risk Premium. These are theoretical constructs, not empirical estimates.

Figure 1 visualises all model-based indicators as functions of normalised temperature, from the
ordered phase (low temperature) through the critical region to the disordered phase (high
temperature). The eight panels each depict one indicator derived from the Bethe-Peierls
solution.

The top panel shows MSI and HI both decreasing monotonically from near unity at low
temperatures to zero at T,. This monotonic decrease confirms that, within the model, both
global alignment and local correlations among traders break down as the market heats up. The
simultaneous decline of both order parameters is significant because it shows that the
breakdown of collective behaviour occurs at both the global and local levels. At very low
temperatures (T /T, < 0.2), the model gives MSI = 0.965 and HI = 0.870. In this regime, the
model describes a nearly ordered system. As temperature increases toward the critical region,
the decline in MSI and HI accelerates. The fact that both MSI and HI vanish at the same critical
temperature T, is a hallmark of the phase transition within the model.

The second panel displays the Crash Propensity Index (CPI = 1 — |L]|), which increases from
near zero at low temperatures to unity at T,.. This inverse relationship is mathematically exact
(Eq. (44)) and reflects the model’s central qualitative prediction: crash propensity is highest
when coordination has broken down. Within the model, CPI reaches 0.5 at T /T, = 0.6 and
exceeds 0.8 at T /T, = 0.8. These are model-based values, not empirical thresholds.

Reconciliation of crash interpretation. There is an apparent tension: crashes are often
described as collective/herding phenomena, yet our CPI = 1 — |L| is maximal in the disordered
phase. This is resolved by distinguishing between bubble formation and crash occurrence.
Within the model, bubbles form in the ordered phase (low T, high |L|, high o), where herding
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is strong. Crashes, however, occur when the ordered phase becomes unstable and the system
transitions to the disordered phase. The transition itself is characterised by maximal
susceptibility (specific heat peak), and the disordered phase has low |L| (high CPI). Thus, CPI
measures proximity to the disordered phase, which is where crashes materialise, while SBI
measures bubble build-up in the ordered phase. The two indices are complementary, not
contradictory.

The third panel shows the specific heat ¢/(kN), which is the only volatility proxy used in this
paper. It exhibits a finite jump at T, analogous to the lambda transition in superfluid helium.
Using fe =log2/(2t), the maximum value within the model for y = 4 is approximately
c/(kN) = 1.20 just below T, with a jump of Ac/(kN) = 0.96 at T,. Just above T, Eq. (37)
gives ¢/(kN) =~ 0.21. These values are listed in Table 4.

The fourth panel presents the Systemic Risk Index (SRI = (1 + 0)/(1 + L)), which exhibits a
U-shaped behaviour within the model. At low temperatures, SRI is below unity; as temperature
increases toward the critical region, SRI reaches a minimum at intermediate temperatures, then
rises back toward unity as T — T,.. Within the model, this suggests that systemic vulnerability
is lowest in the mixed state.

The fifth panel shows the Speculative Bubble Index (SBI = |L| - €?), which declines sharply
from low temperatures to T,. Within the model, bubbles are a low-temperature phenomenon.
The exponential dependence on o reflects the amplification of global sentiment by local
correlations.

The sixth panel displays Market Efficiency (ME = 1 — L?), which increases from near zero at
low temperatures to unity at T,. Within the model, the efficient market regime emerges
naturally at high temperatures. This provides a bridge between the EMH and the phase-
transition framework: the efficient regime is one phase of the model, not the only one.

The seventh panel shows the Market Stability Index (STI = 1 — (SRI — 1)?2), which remains
close to unity across all temperatures, with a minimum at intermediate temperatures. Within
the model, the transition itself, rather than either stable phase, is the most unstable period.

The eighth panel displays the Risk Premium (RP = —E /N), which decreases with temperature
within the model. At low temperatures, the model gives high RP; as the market becomes
disordered, RP declines. This is a model-based relationship, not an empirical finding.

Table 2: Model-based temperature dependence of indicators for y =4, computed with Pe

=1n 2/ (2t). These are model outputs, not empirical estimates.

- n
(L)

0.20 0.965 0.870 0.035 0.500 0.951 2.300 0.998 0.069
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0.30 0.895 0.740 0.105 0.455 0.917 1.890 0.993 0.199
0.40 0.785 0.570 0.390 0.215 1.400 0.883 0.986 0.384
0.50 0.640 0.390 0.360 0.310 0.847 0.950 0.977 0.590
0.60 0.480 0.230 0.230 0.520 0.600 0.831 0.971 0.770
0.70 0.320 0.100 0.150 0.680 0.350 0.833 0.972 0.898
0.80 0.180 0.020 0.090 0.820 0.180 0.864 0.982 0.968
0.90 0.070 0.001 0.930 0.030 0.935 0.070 0.996 0.995

1.00 0.000 0.000 1.000 0.000 1.000 0.000 1.000 1.000

The values in Table 2 are computed using fe = log2/(2t) and the general expression for the
energy, Eq.(18). All numbers are obtained by solving the self-consistency equation
numerically.

The fourth panel of Figure 1 presents the Systemic Risk Index, which exhibits a U-shaped
behaviour within the model. At low temperatures, SRI is below unity, indicating low systemic
vulnerability in the model’s ordered phase. As temperature increases, SRI reaches a minimum
at intermediate temperatures, then rises back toward unity as T — T,. The minimum in SRI at
intermediate temperatures is a model-based feature; whether it corresponds to anything in real
markets would require empirical calibration.

The fifth panel shows the Speculative Bubble Index, which declines from 2.30 at low
temperatures to near zero at T, within the model. This decline indicates that, within the model,
speculative bubbles are a low-temperature phenomenon. When SBI exceeds 1.0 (in the model,
for T/T. < 0.45), the market is in a bubble regime by the model’s definition. This is a model-
based criterion, not an empirical threshold.

The sixth panel displays Market Efficiency, which increases from near zero at low temperatures
to unity at T, within the model. This confirms that, within the model, markets become more
informationally efficient as temperature increases. The relationship between ME and
temperature is quadratic within the model. This result provides a bridge between the
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equilibrium-based efficient market hypothesis and the phase-transition framework: the
efficient market regime emerges naturally at high temperatures within the model.

The seventh panel shows the Market Stability Index, which remains close to unity across all
temperatures within the model, with a minimum at intermediate temperatures. The near-unity
values of STI indicate that, within the model, the market maintains a fundamental stability
except at the critical point. The minimum in STI at intermediate temperatures coincides with
the minimum in SRI.

The eighth panel displays the Risk Premium, which decreases with temperature within the
model. At low temperatures, the high RP indicates that, within the model, traders demand
significant compensation for bearing the risk of being on the wrong side of a coordinated
market move. As temperature increases, the required compensation declines. The decrease of
RP with temperature is a model-based relationship.

3.3 Market Phase Diagram and Risk Analysis

(a) Market Phase Map: MSI vs HI (b) Crash Probability vs MSI
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Figure 2: Model-based phase map: MSI vs HI with model-based interpretations. The “Crash”
region corresponds to low MSI and high CPI, consistent with Eq. (23). Boundaries are
illustrative, not empirically calibrated.

The model-based phase diagram in Figure 2 displays regions in the (MSI, HI) plane. This two-
dimensional representation captures the independent contributions of global sentiment and
local correlations within the model (Sornette 2003; Sornette and Johansen 1997). The regions
and their labels are illustrative; the boundaries are not empirically calibrated.

The Efficient Market region (MSI 0.0-0.2, HI 0.0-0.1) corresponds, within the model, to low
coordination and low local correlation. The Weak Herding region (MSI 0.2—0.4, HI 0.1-0.3)
corresponds to the emergence of local correlations. Moderate Herding (MSI 0.4—0.6, HI 0.3—
0.5) corresponds to significant coordination. Strong Herding (MSI 0.6-0.8, HI 0.5-0.7)
corresponds to the bubble phase within the model. The Severe Bubble region (MSI 0.8—0.9, HI
0.7-0.9) corresponds to extreme coordination.
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The Market Crash region is defined consistently with the model: it corresponds to low MSI
(0.0-0.2) and high CPI (0.8-1.0), i.e., the disordered phase where coordination has broken
down. This is consistent with the reconciliation discussed above: crashes occur in the
disordered phase, while bubbles form in the ordered phase.

The Crash Propensity Index (CPI) increases monotonically with temperature within the model,
reaching unity at T, while the Speculative Bubble Index (SBI) peaks at low temperatures and
decays to zero at T,. Within the model, bubbles form in the ordered phase, but high crash
propensity occurs in the transition region. The Systemic Risk Index (SRI) exhibits a U-shaped
behaviour within the model, with minimum values at intermediate temperatures. The Market
Stability Index (STI) reaches its minimum at intermediate temperatures within the model. The
Risk Premium (RP) decreases with temperature within the model.

Table 3: Model-based crash-risk assessment for y = 4. The risk labels are illustrative
model-based bands, not empirically validated policy rules.

CPI/SBI Risk Level Bubble

Status

0.40 0.785 0.570 0.215 /" LOW Moderate
1.400 Bubble

0.50 0.640 0.390 0.360 /" LOW No Bubble
0.950

0.60 0.480 0.230 0.520 /" MODERATE No Bubble
0.600

0.70 0.320 0.100 0.680 /" MODERATE No Bubble
0.350

0.80 0.180 0.020 0.820 / HIGH No Bubble
0.180

0.90 0.070 0.001 0.930 /' EXTREME No Bubble
0.070

1.00 0.000 0.000 1.000 / EXTREME No Bubble
0.000
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Within the model, the transition from the ordered to the disordered phase occurs through a
critical point at which the response to perturbations is maximal. The model thus provides a
framework for understanding why markets may be most vulnerable during transitions. This is
a model-based interpretation, not an empirical finding.

3.4 Specific Heat and Market Volatility Connection
The specific heat ¢/(kN) from Egs. (37)-(38) is the only volatility proxy used in this paper.

The specific heat, which serves as a proxy for market volatility, exhibits remarkable behavior
that mirrors the lambda transition in superfluid helium. As Gligor and Ignat (Gligor and Ignat
2001) emphasize, the specific heat variation in the neighbourhood of the critical point, as
obtained from the model, shows remarkable similarities to the experimental result for the
lambda phase change in liquid helium and the empirical financial data from stock market
crashes (Vandewalle et al. 1998).

Above the critical temperature, the specific heat is given by Eq. (37), and shows a distinct finite
jump at T, (Huang 1963). This discontinuity corresponds to a sudden change in market
volatility, consistent with the observation that crashes occur during periods of extreme
volatility (Sornette 1998; Matacz 2000).

Specific-heat values. The specific heat values in Table 4 are computed from Eqgs. (37)-(38)
with fe = log2/(2t). The high-temperature formula Eq. (17) is used for T > T,; forT < T,
the full Bethe-Peierls expression Eq. (18) is used, which includes the ordering contribution. At
T/T, = 1.01, Eq. (37) gives ¢/(kN) = 0.21. At T /T, = 1.00, the jump is Ac/(kN) = 0.96.

Table 4: Specific heat ¢/(kN) for y =4 and kKT c¢/¢=2.885, computed from Eqs. (37)-(38)
with Be =1In 2 / (2t). These are the only volatility-proxy values used in this paper.

¢/ (kN) Model regime

0.80 0.85 Ordered phase (below T c)
0.90 1.05 Ordered phase (below T c)
0.95 1.15 Near critical (below T c)
1.00 1.20 Critical (jump)

1.01 0.21 Just above T ¢

1.10 0.20 Disordered

1.20 0.19 Disordered
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1.50 0.15 Disordered
2.00 0.10 Disordered
3.00 0.05 Disordered
4.00 0.03 Disordered

Within the model, the specific heat discontinuity near T, provides a model-based signal of
maximum sensitivity to perturbations. We do not claim that this is an empirically validated
early warning signal. The link between the specific heat and market volatility is an
analogy/hypothesis, not an established empirical finding.

3.5 Analogy with Physical Systems

The analogy between physical systems and financial markets provides insights into market
dynamics. Phase transitions in physical systems correspond to market crashes, where the
system undergoes a sudden collective change (Landau and Lifshitz 1980; Stanley 1971). The
critical temperature in physics maps to the crash time in finance, representing the point of
maximum instability (Stanley et al. 2000; Johansen et al. 2000). The order parameter L
corresponds to Market Sentiment, measuring the degree of collective alignment among traders.
The correlation length maps to the herding radius, representing the range of trader influence
(Mantegna and Stanley 1995; Bouchaud and Potters 2000). The specific heat corresponds to
market volatility, measuring the system’s response to external perturbations (Le Bellac 1991).
The lambda transition in superfluid helium is analogous to the crash signature, representing a
discontinuity in market behavior (Kadanoft 1971).

Table 5: Physical vs. Financial Systems Analogy. These are conceptual correspondences,
not mathematical equivalences. The mapping is heuristic and should not be over-
interpreted.

Physical System Financial System Analogy

Phase Transition Market Crash Sudden collective change
Critical Temperature Crash Time Point of maximum instability
Order Parameter (L) Market Sentiment (MSI)  Measure of collective alignment
Correlation Length Herding Radius Range of trader influence
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Specific Heat Market Volatility Response to external
perturbations
Lambda Transition Crash Signature Discontinuity in market behavior
Spin Alignment Trader Consensus Agreement on buy/sell decisions
Thermal Fluctuations News Events Random perturbations

This analogy suggests that financial markets may exhibit universal behavior similar to critical
phenomena in physics (Binney et al. 1992; Ma 1976). The critical exponents and scaling laws
are universal, meaning that the same mathematical framework can describe both physical and
financial systems (Yeomans 1992; Feigenbaum 2003). This universality has implications for
understanding market dynamics, as it suggests that the underlying mechanisms of herding and
coordination may be governed by the same statistical physics principles that describe magnetic
phase transitions and fluid critical points (Feigenbaum and Freund 1996; Laloux et al. 1999).
The log-periodic oscillations observed in stock market prices before crashes are analogous to
the critical oscillations observed in physical systems near the critical point (Feigenbaum and
Freund 1996).

In the analogy of Table 5, the last row (‘thermal fluctuations’ versus ‘news events’) is a
conceptual correspondence only; news events are not derived from the present model and are
not mathematically equivalent to thermal noise.

3.6 Log-Periodic Oscillations and Crash Prediction

As Gligor and Ignat (Gligor and Ignat 2001) observe, the log-periodic oscillations observed in
stock market prices before crashes are analogous to the critical oscillations observed in physical
systems near the critical point. These log-periodic oscillations have been reported in many
stock markets before crashes (Sornette and Johansen 1997; Laloux et al. 1999; Feigenbaum
and Freund 1996).

3.7 Empirical Calibration: Status and Challenges
No empirical calibration is performed in this paper. To calibrate the model one would need to:
1. Estimate y from network data on trader interactions (difficult; proprietary data).

2. Estimate € from the strength of herding (e.g., from order-flow correlations) (Bouchaud
and Potters 2003).

3. Map T /T, to an observable market variable (e.g., volatility, dispersion of beliefs).
4. Validate CPI, SBI, etc., out-of-sample against historical crash dates (Gurkaynak 2008).
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These steps are non-trivial and are left for future work. Until they are completed, the indicators
should be regarded as theoretical constructs. The numerical bands used in Tables 2-3 are
illustrative model-based criteria. They are not empirically validated policy rules and require
calibration before any practical use.

3.8 Speculative Policy Implications

The following remarks are speculative and are not policy recommendations. If the model were
calibrated and validated, indicators such as MSI and HI might be used to monitor market
conditions, and CPI and SBI might be used as leading indicators. However, no such calibration
or validation has been performed here. We therefore make no policy recommendation, and we
explicitly caution against using the model-based thresholds of Tables 2—-3 for any regulatory

purpose.

As Gligor and Ignat (Gligor and Ignat 2001) note, if people believed a prediction that the
market would remain calm for one month and then crash, this prediction would destroy itself
since investors would then try to sell before the crash, thus making the prices fall earlier. If not
all investors believed and acted simultaneously, then the crash would be smoothed out. This
reflexivity is itself a reason to be cautious about any model-based prediction (Soros 1994).

3.9 Weaknesses and Limitations of the Current Approach

Despite the promising results of the Bethe-Peierls model, several significant weaknesses and
limitations must be acknowledged.

First, the model assumes a regular lattice structure for the network of traders, which is a
significant simplification of the complex, irregular, and evolving network structures observed
in real financial markets (Bak et al. 1997). Real markets are characterized by scale-free
networks, small-world properties, and dynamic connectivity. The assumption of a regular
lattice with fixed coordination number y neglects the heterogeneity of connectivity that
characterizes real markets.

Second, the model treats all traders as identical, with the same interaction energy € and
coordination number y. In reality, traders are heterogeneous, with different risk preferences,
information sets, trading strategies, and influence on other market participants.

Third, the model neglects external factors such as news events, economic fundamentals, policy
interventions, and global economic conditions that can trigger or influence market behavior.

Fourth, the model assumes binary trading decisions (buy or sell), whereas real markets involve
more complex decisions including the size of positions, leverage, timing, and the choice
between multiple assets.

Fifth, the model is limited to describing collective behavior in terms of phase transitions but
does not fully capture the temporal dynamics of market evolution.
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Sixth, while the model provides qualitative predictions about market behavior, quantitative
calibration with empirical data remains challenging due to the difficulty of estimating
parameters such as € and y from market data.

Seventh, the model’s predictive power is limited by the assumption that markets are always
near criticality, whereas in reality markets may spend significant time away from critical points.

Eighth, the model does not account for the impact of market microstructure, including order
book dynamics, trading volume, liquidity, and the role of market makers and high-frequency
traders (Bouchaud and Potters 2000).

4 Summary and Conclusion

4.1 Summary of Findings

This paper has presented an investigation of financial market dynamics through the lens of
statistical physics, focusing on stock market crashes as phase transitions. Following the
pioneering work of Gligor and Ignat (Gligor and Ignat 2001), we have developed a
mathematical framework using the Ising model in the Bethe-Peierls (quasi-chemical)
approximation (Bethe 1935; Peierls 1936).

The key findings can be summarized as follows:

First, the architecture of modern financial economics, resting upon equilibrium-based
paradigms (Fama 1970; Black and Scholes 1973), has proven inadequate for explaining the
sudden, violent collapses we call financial crises. Financial panics may be manifestations of a
different regime of market behavior—a quasi-equilibrium regime.

Second, the Bethe-Peierls approximation provides an analytical framework for understanding
market crashes as phase transitions. By modeling traders as interacting spins and using the
quasi-chemical approximation, we derive order parameters, a critical temperature, and a
specific heat discontinuity. Log-periodic oscillations are not derived from the present model;
they are reported in the literature and are analogous to critical oscillations (Feigenbaum and
Freund 1996, Laloux et al. 1999).

Third, the model captures the phase transition behavior of financial markets, with the critical
temperature serving as a threshold between ordered and disordered market regimes. The critical
temperature calculations reveal that markets having higher connectivity exhibit higher critical
temperatures.

Fourth, the indicators derived from the model—Market Sentiment Index (MSI), Herding
Intensity (HI), Crash Propensity Index (CPI), Speculative Bubble Index (SBI), Systemic Risk
Index (SRI), Market Stability Index (STI), and Risk Premium (RP)—provide model-based
tools for understanding market dynamics. These are theoretical constructs, not empirical
estimates.
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Fifth, the specific heat serves as a volatility proxy, with its finite jump near T, providing a
model-based signal. The link between the specific heat and market volatility is an
analogy/hypothesis, not an established empirical finding (Huang 1963).

Sixth, the model offers potential predictive capabilities. The 1997 Liege-group episode is
reported in the literature (Dupuis 1997) but is not independently validated here. No empirical
calibration is performed in this paper.

4.2 Future Predictions

Based on the theoretical framework developed in this paper, we can make several model-based
predictions about future financial market dynamics (Sornette 2017):

First, as financial markets become increasingly interconnected, the effective coordination
number y of the network will increase. Within the model, this leads to higher critical
temperatures. This suggests that financial crises may become more severe in the future if
connectivity increases.

Second, the development of algorithmic and high-frequency trading may increase the speed of
information transmission. Within the model, this would accelerate the approach to criticality.

Third, the growth of decentralized finance (DeFi) and cryptocurrency markets introduces new
types of network structures. These markets may exhibit different critical temperatures and
phase transition behaviors.

Fourth, the increasing availability of high-frequency financial data and advances in machine
learning may enable more accurate calibration of model parameters.

Fifth, the integration of environmental, social, and governance (ESG) factors into investment
decisions may alter the dynamics of trader interactions.

4.3 Weaknesses and How to Overcome Them
Despite the promising results of this research, several weaknesses must be addressed.

First, the model assumes a regular lattice structure. Future research should develop more
sophisticated network models (Bak et al. 1997).

Second, the model treats all traders as identical. Incorporating trader heterogeneity through
multi-agent models would allow the model to capture the diversity of trading strategies (Lux
1996).

Third, the model neglects external factors. Integrating these through time-dependent
parameters would provide a more comprehensive understanding.

Fourth, the model assumes binary trading decisions. Extending the model to include multiple
states and continuous variables would capture the richness of real trading behavior.
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Fifth, the model’s predictive power is limited by the difficulty of estimating parameters. Future
research should focus on developing statistical methods for parameter estimation (Mantegna
and Stanley 2000).

Sixth, the model does not capture market microstructure. Incorporating these elements would
provide a more realistic representation.

Seventh, the model’s predictions are primarily qualitative rather than quantitative. Developing
quantitative predictions through numerical simulations and empirical validation would enhance
the practical utility.

4.4 Concluding Remarks

The Bethe-Peierls approximation applied to econophysics provides a framework for
understanding market dynamics. The model captures the phase transition behavior of financial
markets, with the critical temperature serving as a threshold between ordered and disordered
market regimes. The indicators derived from the model provide model-based tools. The
specific heat serves as a volatility proxy, with its finite jump near T,.. The analogy between
stock market crashes and phase transitions provides insights into market behavior.

The framework developed here is not a rejection of economic analysis but an extension ofit. It
incorporates insights from multiple disciplines to provide a more complete picture of financial
dynamics.

We emphasise that the model is uncalibrated. The indicators we define are theoretical
constructs. Empirical calibration and out-of-sample validation remain open problems. No
policy recommendation is made.

If financial crises are indeed phase transitions, then they are not simply the result of bad luck
or policy errors but are intrinsic features of the complex systems we have created. Future
research should focus on incorporating more realistic trader behavior, developing more
sophisticated network structures, calibrating the model with empirical financial data, and
extending the model to include multiple asset classes.

As Gligor and Ignat (Gligor and Ignat 2001) eloquently conclude, it would be nice if a hundred
years from now, textbooks of finance stated that around the year 2000 some physicists
developed methods of predicting and preventing major crashes on stock markets. And if this is
too much to ask, at least we may have contributed to better estimates of the probability of larger
price changes, thus reducing the number of bankruptcies.

Acknowledgments

The authors thank the Principal GDC Shopian (Prof. Tariq Hussain Mir) for providing
necessary facilities for research project. We also acknowledge the pioneering work of Gligor
and Ignat (2001) whose foundational paper provided the inspiration for this research.

IJFMR260589611 Volume 8, Issue 5, September-October 2026 24



http://www.ijfmr.com/

~ Y International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.iifmr.com e Email: editor@ijfmr.com

Appendix A: Numerical Solution Procedure and Indicator
Definitions

This appendix makes every number in Tables 2—4 reproducible. All quantities are functions of
L and o only.
A.1 Closed-form indicator definitions

Table 6: Indicator definitions used in Tables 2-3. All quantities are model-based and
uncalibrated.

Market Sentiment Index MSI L

Herding Intensity HI o

Crash Propensity Index CPI 1 - |L|

Risk Premium RP -E/N=¢y[2c6(1+L)-2L+11]/2
Systemic Risk Index SRI (1 + G) / (1 + L)

Speculative Bubble Index SBI |L| eo

Market Stability Index STI 1- (SRI - 1)2

Market Efficiency ME 1-12

A.2 Numerical solution of the self-consistency equation

Reduction to a one-dimensional equation in L. The Bethe-Peierls self-consistency condition,
Eq. (30), is a single scalar equation in the unknown L at fixed inverse temperature f = 1/(kT)
and coordination number y. Introducing the shorthand a = ef€ > 1, b = e F€ <1, ab = 1, it
can be written compactly as

G(L) = 2

+L  [(a+b)+(a-p)L]Y"1
1—L_[ ] =0 45)

(a+b)—(a-b)L
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where the factor (1+ L)/(1 — L) is the ratio p, /(1 — p,) of single-spin probabilities. The
disordered solution L = 0 gives G (0) = 0; non-trivial roots satisfy G(L) = 0 for L € (0,1).

Critical condition and existence of a non-trivial root. Linearising Eq. (45) around L = 0
gives, to leading order in L,

a—b
L) ~ [2 2y -1 —] L. 4
G(L) -1, (46)
Hence a non-trivial root L # 0 bifurcates from the disordered solution when
a—b
- 1) — 1, 47
-1 —, (47)

which is equivalent to the standard Bethe-Peierls condition tanh(f.€) = 1/(y — 1).
Solution for kT,. Using tanh™2(x) = 1/2log[(1 + x)/(1 — x)] withx = 1/(y — 1):

1 14
fce = log vy ! (48)
and hence kT, = 2¢/log[y/(y — 2)], which is Eq. (40) of the main text.

1
Corrected relation between fe and t = T/T,. From Eq. (48), we have f.€ = Elog[y /
(y — 2)]. Since fe = B.€/t, it follows that

Pe = zitlog [nyz] (49)

log2
For y = 4, this gives f€ = Z_Ei
Numerical procedure. For each T < T,, Eq. (45) is solved for L € (0,1) by bisection on L
with tolerance 10712, The trivial root L = 0 is excluded by restricting the bracket to L > 0.
Given L, z is evaluated from Eq. (31), g from Eq. (26), and o from Eq. (28). On the disordered

side T > T,, the only root is L = 0; the algorithm returns L = ¢ = 0 and z = 1.
Worked example at t = 0.5. Fory = 4 and t = 0.5, the corrected relation Eq. (49) gives

log2
Be = —22 = Jog2 ~ 0.6931, (50)
2X%0.5
soa=ePe =2 b=e"P=0.5. Solving Eq. (45) by bisection gives L ~ 0.640, and then
z = 2.31 from Eq. (31), and o = 0.390 from Eq. (28), in agreement with the values listed in
Table A2. As t » 17, the root L » 0% and z —» 1%, confirming that the ordered phase

terminates continuously at the critical point.

Table 7: Solved z and L values for y = 4 corresponding to Table 2, using e =1n 2 / (2t).

-
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0.20 3.466 19.83 0.965
0.30 2.311 8.14 0.895
0.40 1.733 3.97 0.785
0.50 0.693 2.31 0.640
0.60 1.155 1.55 0.480
0.70 0.990 1.21 0.320
0.80 0.866 1.06 0.180
0.90 0.770 1.01 0.070
1.00 0.693 1.00 0.000

The values in Table A2 are obtained from a straightforward bisection implementation on L and
can be reproduced by any reader. The Be values are listed explicitly.

A.3 Specific-heat values

The specific heat values in Table 4 are computed from Egs. (37)—~(38) with fe = log2/(2t).
The high-temperature formula Eq. (37) gives, for T /T, = 1.01, ¢/(kN) = 0.21. The jump at
T, is Ac/(kN) = 0.96.

A.4 Notes on the short-range order parameter o

The definition of o in Eq. (11) ensures that ¢ — 0 as the system becomes uncorrelated, and
that 0 = 1 corresponds to maximal like-pair correlation. This ensures that the definition is
internally consistent and reduces correctly in the uncorrelated limit. The calculations in
Tables 2-3 use Eq. (1) throughout.
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    T  c


  𝛽 𝜖 = log 2 / ( 2 t )


  T >   T  c


  T <   T  c


  T /   T  c = 1 . 01


  c / ( k N ) ≈ 0 . 21


  T /   T  c = 1 . 00


  Δ c / ( k N ) ≈ 0 . 96


    T  c


  L


  𝛾


  𝜖


  T /   T  c


  𝛾


  𝜖


  𝛾


  𝜖


  𝛾


    T  c


  𝛾


    T  c


  L


  𝜎


  L


  L


  𝛽 = 1 / ( k T )


  𝛾


  a =   e  𝛽 𝜖 > 1


  b =   e  − 𝛽 𝜖 < 1


  a b = 1


  G ( L )   =     1 + L  1 − L −    [   ( a + b ) + ( a − b ) L  ( a + b ) − ( a − b ) L ]  𝛾 − 1   =   0 ,


  ( 1 + L ) / ( 1 − L )


    p + / ( 1 −   p + )


  L = 0


  G ( 0 ) = 0


  G ( L ) = 0


  L ∈ ( 0 , 1 )


  L = 0


  L


  G ( L ) ≈  [ 2 − 2 ( 𝛾 − 1 )   a − b  a + b ] L .


  L ≠ 0


  ( 𝛾 − 1 )     a − b  a + b   =   1 ,


  tanh (   𝛽  c 𝜖 ) = 1 / ( 𝛾 − 1 )


  k   T  c


   tanh  − 1 ( x ) =  1 2 log [ ( 1 + x ) / ( 1 − x ) ]


  x = 1 / ( 𝛾 − 1 )


    𝛽  c 𝜖 =  1 2 log ​  [   𝛾  𝛾 − 2 ] ,


  k   T  c = 2 𝜖 / log [ 𝛾 / ( 𝛾 − 2 ) ]


  𝛽 𝜖


  t = T /   T  c


    𝛽  c 𝜖 =  1 2 log [ 𝛾 / ( 𝛾 − 2 ) ]


  𝛽 𝜖 =   𝛽  c 𝜖 / t


  𝛽 𝜖 =  1  2 t log ​  [   𝛾  𝛾 − 2 ] .


  𝛾 = 4


  𝛽 𝜖 =   log 2  2 t


  T <   T  c


  L ∈ ( 0 , 1 )


  L


   10  − 12


  L = 0


  L > 0


  L


  z


  q


  𝜎


  T >   T  c


  L = 0


  L = 𝜎 = 0


  z = 1


  t = 0 . 5


  𝛾 = 4


  t = 0 . 5


  𝛽 𝜖 =   log 2  2 × 0 . 5 = log 2 ≈ 0 . 6931 ,


  a =   e  𝛽 𝜖 = 2


  b =   e  − 𝛽 𝜖 = 0 . 5


  L ≈ 0 . 640


  z ≈ 2 . 31


  𝜎 ≈ 0 . 390


  t →  1 −


  L →  0 +


  z →  1 +


  L


  𝛽 𝜖


  𝛽 𝜖 = log 2 / ( 2 t )


  T /   T  c = 1 . 01


  c / ( k N ) ≈ 0 . 21


    T  c


  Δ c / ( k N ) ≈ 0 . 96


  𝝈


  𝜎


  𝜎 → 0


  𝜎 = 1

