ﬂ International Journal for Multidisciplinary Research

Plagiarism & Intellectual Property Rights in Digital Age (PIPRDA-2023)
1JFMR E-ISSN: 2582-2160 e Website: www.ijffmr.com e Email: editor@ijfmr.com

Common Fixed-Point Theorem of An Infinite Sequence of
Mappings in Hilbert Space

Dr. Arvind Kumar Sharma
Assistant Professor, Dept. of Mathematics, Govt. College Kaytha, district Ujjain (M.P.

Abstract:
The aim of this present paper is to obtain a common fixed point for an infinite sequence of mappings on
Hilbert space. Our purpose here is to generalize the previous result [1].
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Introduction:-
In 1991, Koparde and Waghmode have proved common fixed point theorem for the sequence {Tn}ni’1 of
mappings satisfying the condition
=Tyl <a(lx=To" +y-Ty[ ) A)
forallx,yeSandx=y;0<a<¥
Letter in 1998, Pandhare and Waghmode, have proved common fixed point theorem for the sequence

{T }njl of mappings satisfying the condition

o=y <o T b} |y T, ®)

forall x,y e Sand x # y;0£a,0£b<1anda+2b<1.

This result is generalizes by T.Veerapandi & S. Anil Kumar in 1999 & the new condition is
=Ty <alx=y +b(lx-Tx +|y-Ty" )

+%(||x—'|’ix||2 +Hy—TJ. sz ) (C)
forallx,yeSandx=#y;0<a,0<b<landa+2b<1

In 2005, V.H. Badshah and G. Meena, have proved common fixed point theorem for the sequence {Tn}ni”1 of
mappings satisfying the condition

+Blx=vl (D)

forallx,yeSandx=y;ax>0,>20&a+ <1
In 2014, A. K. Sharma, V. H. Badshah and V. K.Gupta have proved common fixed point theorem for the

sequence {T, }n‘jl of mappings satisfying the condition
2
=T +ly =T
=T +[y-Tyy]
forallx,yeSandx#y;x>0,>0&2a+ f <1
Then {T,} " has a unique common fixed point.

[Tx-Tyy|<a + Iy (E)
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Main Result
We proved fixed point theorem for the infinite sequence {Tn}nf1 to generalize our previous results.

Theorem. Let S be a closed subset of a Hilbert space H and {T”}n=1 WSS

mappings satisfying the following condition

be an infinite sequence of

-7
Ve Py e T

aZO,lZ,BZOanda+2ﬂ<l.

(F)

for all x, yinS and X#Y also

o0

Then {T”}n=1 has a unique common fixed point

Proof. Let S be a closed subset of a Hilbert space H and {Tn} i :S — S be an infinite sequence of

mappings. Let X, € S be any arbitrary point in S.
Define a sequence {X,} ~ inS by
X,=T1,%,forn=0,12, ...

For any integer n > 1.

Xn+l _Xn = Tn+1xn _Tan—l
X —T X
S[a+ﬂ - e j anl _Tanfl
Xn - Xn—l
X
s[a+,8 nl ol J X =X
Xn - Xn—1
<a Xn—l _Xn +ﬂ Xn—l _Xn+1
Sa”Xn—l_Xn”_'_ﬁ Xn—l_Xn +ﬂ Xn _Xn+1
Ie Xn+1_xn Sa Xn—l_xn +ﬂ Xn—l_xn +ﬁ Xn _Xn+1
=A-P|X., =X |<(a+B)|*x =X,
(a+p)
:> Xn+1_Xn Sl— Xn_Xn—l
-p
a+
If k= ’Bthenk<1.
Xn+1 - Xn <k Xn - Xn—l
<kl|lx —x_[<k?|x ,—x [I<k®[x ,—x ,[<..<k" xl—x0||
ie. [x.,—x[<k"[x —x]| forall n>1is integer.

Now for any positive integer m>n=>1
X, = X[ <%, =X ]|+

n+1
<K"[x, =%, |+ k™

_— ot X =X

X, = X[+ A K™% = X

X

n+2

[JFMR Special Issue PIPRDA-2345 2


https://www.ijfmr.com/

ﬂ International Journal for Multidisciplinary Research

Plagiarism & Intellectual Property Rights in Digital Age (PIPRDA-2023)
1JFMR E-ISSN: 2582-2160 e Website: www.ijffmr.com e Email: editor@ijfmr.com

(1+k+...+km’”’1)

'.xw—njg[lliWg—xJ|—>0asn—>w(k<1)

Therefore {X_} " is a Cauchy sequence.
Since S is a closed subset of a Hilbert space H, so {X_} " converges to a point u in S.

Now we will show that u is common fixed point of infinite sequence {Tn}:1 of mappings from S into S.

Suppose that T u=u forall n.
Consider for any positive integer m (£ n)

m
1&1—Tu”
<[ s pliz "”1mp—Tw
X, —U "

< a||u—Tmu||+,B ”L _—an|| lu—=T,ul
n-1
: u—x
ie. lu-T.ul|< afu-Tul+a )|( _:,||| lu—T,u]
n-1
= u-T,ul< |- —0asn—oo
l-a |X_ u||
So Ju-T.u|<o0.

Hence u=Tu andso u=Tu forall n.

Hence u is a common fixed point of infinite sequence {Tn}n: of mappings.

Uniqueness
Suppose that there is u = v such that T v=v for all n.
Consider |
[‘“ﬂ i
u-v]<0
= Ju-v]-o

Thus u=yv.
Hence fixed point is unique.
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Example. Let X = [0, 1], with Euclidean metric d .Then {X, d} is a Hilbert space with the norm defined by
d(x,y)=|x-y]| -

o0 1 - o0
Let {X,}" = {E} be the sequence in X and let {T, }" be the infinite sequence of mappings such that

_ 1
Taking XZE and y=

n=1

T x,forn =0, 1, 2,...

n+1"*n?

X

n+l

X#Yy.Alsol = n+1 and j=n.

n-1"7

Then from (F) {Xn}:1 is a Cauchy sequence in X, which is converges in X also it has a common point in X.
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